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23. Lesniewski’s Protothetics S1, S2. 1

By Shotard TANAKA
(Comm. by Kinjird KUNUGI, M. J. A., Feb. 12, 1969)

The systems S1 and S2 are defined originaly by S. Lesniewski [1].
The definitions, theorems and some relations between S1 and S2 are
also shown by K. Iséki [2]. The equivalences of some laws in S1 are
proved by K. Chikawa [3].

In this paper we shall prove that every theorem of S2 is a theorem
of S1.

Definition. The system which has equivalence as its only primi-
tive term, the following propositions S2A1-S2A4 as its axioms and in
which are valid the rule of inference specified below, shall be called
the system S2:

(a) the rule of substitution,

(b) the rule of detachment: if @ and a=§ are both theorems of
S2, then B is a theorem of S2;

(¢) the rule for the distribution of a general quantifier preceed-
ing an equivalence: if [f, ---, gl{ea=p} is a theorem of S2, then
Lf, -+, 9l{a}=lf, - - -, 91{B} is a theorem of S2;

(d) the rule of extentionality : any equivalential law of extention-
ality, i.e.,

LS, sl{{F=9=lel {o(N=e(9}}
is a theorem of S2;

(e) the rule of definition: any correctly built definition is a
theorem of S2. Of course, the definitions of S2 consist of equivalence.

S2A1 [p, ¢, TH{p==((r= ==},

S2A2 [p, ql{p=)=[/{/®=r}},

S2A3  [p,q{(p=)=[fHfD=f(@) ==},

S2A4  [FKfdpX{p) =(f(pl{p}=[p){p}) =[ql{f(p}{p) = f(@DD}.

Definition. The system which has implication as its only primi-
tive term, the following proposition Al as its axiom, and in which are
valid the rule of inference specified below, shall be called the system
S1;

Al [f, g}{f(Ip}{p 20D D(f ()P} D f(g)}.

(a) the rule of substitution :

(b) the rule of detachment: if &« and > are both theorems of
that system S1, then § is a theorem of S1;

(c) the rules for the general quantifier : the first allows to add
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the general quantifier to the anticedent of an implication, the second
to add it to the consequent of an implication, provided that the anti-
cedent does not contain a free variable having the same form as the
variable bounded by this quantifier.

(d) the rule of extentionality : given any functor of one argument
and at least the second semantic order, the law of extentionality
formulated for that functor, i.e.,

Lf, p, d{p=) D(f(P)= ()}
is a theorem of that system, where the following definitions are used :
def 1) 1) [p, d{(p=9)>((pDg)DgDp)DIp, dl{g>DP})
2lp, d{(p2>9) 2((g2p) DIp, ¢i{g>PPD}
i) [»,q{(((p>g)DgDp)DIp, ql{gDPP)DIp, 9dl{p D9
D((gop)Dlp, d{g>PPD D@ =9)};

(e) the rule of definition: any correctly built definition is a
theorem of S1. Of course, the definitions of S1 consist of implication
and negation. The negation is defined as follows:

D1 i [p{~®>@>Ipl{r)

i) [pl{(pDPph >~ (D).

Theorem 1. The following axioms of Tarski-Bernays for the
propositional calculus may be deduced from Al in the system S1:

T1 [p, q, "{(pD@)D(¢gD1D(PDM)},

T2 [p, ¢{¢> (D)},

T3 [p, ¢d{((p2>9)Dp)Dp}.

For the details of the proof, see J. Slupecki [4].

Theorem 2. The Lukasiewicz system of axioms in propositional
calculus, i.e.,

T4 [p, q, r"HpD9)D(gDr) DD},

T5 [pl{(~(p)D>p)Dp},

T6 [p, ¢dl{pD(~(®) DY},
result from the axiom Al together with the definition D2.

Proof. T4 is equiform to T1. The proofs of T5 and T6 are given
in J. Slupecki [4].

Theorem 3. All theorems of the propositional calculus which has
implication and negation as its primitive terms result from the axiom
Al together with the definition D2.

Proof. All theorems of the propositional calculus result from the
Lukasiewicz system of axioms in the propositional calculus. There-
fore this theorem deduced directly from Theorem 2.

In the discussion below we shall use theorems of the propositional
calculus, and particularly we often use the following theorems [5].

T7 I[plpDp},

T8 [p, d{~(»>D9@)Dp},
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T9  [p, d{~®>~(@)>Dq},
T10 [p, qi{pD(gD ~{@D ~(N},
T11 [p, q{~(@»Dq9) D ~(9)}.
Lemma. The following auxiliory definition holds
def (2) 1 I[p, qd{(p=@)D~((PDPD~(gDp)},
i) [p, d{~((@2g@)D~(@DP)o>=}.
Proof. Only to prove this lemma , we shall use the following
abbreviations:
instead of pD>q we shall write a,
instead of ¢Op we shall write .
The abbreviation of def (1) has the form:
D2 1) [p, qd{p=9D{ad(BDy)DIp, dlaD(BDD},
i) [p, q{laD (B2 DIp, ad{aD (B D=9)}.
We shall prove further theorems of S1.
T12 [p, q{((@>(BD ) DIp, dfaD(BDIP D ~(@>D ~(B)}.
Proof. (1) (aD(B27)>Ip, ¢d{ad(BDy)HD

@ ~@>(>7) (D1,ii; 1)
® a (T8;2)
4 ~@>op (T11;2)
G) B (T8;4)
6 ~@>~(P) (T10;3;5)

We introduce the definition of conjunction in terms of implication
and the general quantifier :
D3 1) Ip, ql{p-92((p>2(g2lal{g)) DIp, ql{p D(¢Dlgl{aPD},
i) [p, ¢{((p2(gDlgl{g)) DI, ql{pD(¢>D[el{ghP Dp-q}.
T13 [p, q{~@>~(P)D(aD(BDy)Dlp, ad{laD(BDP}.
Proof. 1) ~(@>~(B)>

2 a (T8;1)
3 B (T9;1)
4 (aD(BoIp, d{BP) DI, alfa D(BDIp, ¢i{BP}

(D8,i;2;3)
B (@>B>7)2Ip, dlad(BD7)} 4)

T12, T13 and def(1l) show that this lemma is true.

In this paper we shall prove that every theorem of S2 is a theorem
of S1. To prove this it suffices to show that the rules (a)-(e¢) and
axioms S2A1-S2A4 of S2 may be derived from the rules and axioms
of S1.

Lemma 1. Let a and B be any propositional expressions, and let
fy -+, 9, h beall the free variables of a and 8. We further assume
that f, --., g are all the free variables of «, and f, ---, h are all the
free variables of B, but we do not make any assumptions as to the
semantic categories of these variables.
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If the proposition
[f, v g, h]{aEﬁ}

1S a theorem of S1, then the proposition

(1) [f) M) g]{a}E[fy Ct h]{,B}
18 also a theorem of that system.

Proof. The proposition

T4 [f, -, 9, hKa=p}
is a theorem of S1 ex hypothesi. Hence the following propositions are
true.

T15 [f, - -, 9, hl{~(aDp)D~(fDa))} (def(2), i; T14)
T16 [f,---, 9, h{aDp} (T8; T15)
T17 [f,---, RS, - -+, 9l{a} DB} (T16; rule(e))
T18 [f, ---, gl{a}DLSf, ---, R)B} (T17 ; rule(c))
T20 [f,---, R{BIDLS, -+, 9l{a} (T19 ; rule(c))
T21 ~(Lf, -+, 9} DS, -+, RBH D

~(fy -y BH{a}DLS, -+, 9B (T10 ; T18 ; T20)

T22 is equiform to Proposition 1, and thus Lemma 1 is true. This
lemma corresponds the rule (¢) of S2.

Lemma 2. Let « and 3 be any propositional expressions, and let
f, -+, 9 beall the free variables of a and .

If the proposition

(2) [f; ] g]{aEIB}
s added to S2 by applying the rule of definition which is valid in that
system, then this proposition is a theorem of S1.

Proof. From the fact that Proposition 2 is added to S2 on the
strength of the rule of definition valid in that system it results that
the propositions

(3) [f’ R g]{a':)ﬁ},

(4) [f» R} g]{ﬁ:)a}
are theorems of S1, added to the latter system on the strength of the
analogous rule, valid in S1.

G If, -, 9g{~((a@adp)D~(BDa)} (T10;3;4)

® Lf, -, glfa=p) (def(2), ii ; 5)
This proposition is equiform to (2), and thus Lemma 2 is true.

Lemma 3. If the propositions

M a=p,
® «
18 o theorem of that system.
Proof. (1) a=p (ex hypothesi)

2 «a (ex hypothesi)
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@ ~{(a>dp)>~(B>w) (def(2),1; 1D
@ a>p (T8; 3)
® B 4;2)

This lemma corresponds to the rule of detachment of S2.

Lemma 4. If ¢ is a variable functor of one argument and of the
Nuie Semantic order (n=2), then the proposition

10) Lf, s{(f=9=lel{e(N=e(9)}}
18 o theorem of that system.

Proof. The system S1 has the following theorem i.e., the law of
extentionality :

Ay if, », dilp= > = 1)}

We add to the system the following definition ;

D4 1) [pHas(p)Dp},

ii) [plp>oas(»)}.

We shall prove further theorems of S1.

T23 [p, qd{p=@ D/ NS () =s(D}} (11; rule(e))

T24 [p, /S =f(@}D@=9)}

Proof. (1) [FHf®=f(@}D

(2) as(p)=as(q) 1; rule(a))

(3) ~((as(p)Das(@) D ~(as(g) Das(p))) (def(2),i;2)

(4) as(p)Das(q) (T8;3)

(5) as(q)Das(p) (T9;3)

(6) p>as(p) (D4, ii)

(7) p>as(g (T4;6;4)

(8) as(@)Dq (D4, ii)

(9) »>q (T4,7;8)

(10) g>oas(q) (D4, ii)

(11) as(p)Dp (D4, 1)

(12) q¢qop (T4;10;5;11)

13) ~((po>9>D~(@>p) (T10;9;12)

(14) p=q (def(2), ii ; 13)
T25 [p, ¢d{~{((p=DIf{f=r(@})D

~([SHf@=r@}o=0)} (T10; T23 ; 24)

T26 [p, d{w= =L/ =@} (def(2), ii ; T25)

Hence Lemma 4 is true. This lemma corresponds to the rule of
extentionality which is valid in S2. (To be concluded.)



