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7. On Measurable Functions. I

By Masahiro TAKAHASHI
Institute of Mathematics, College of General Education, Osaka University

(Comm. by Kinjirdo KUNUGI, M. J. A., Jan. 12, 1973)

1. Introduction. An integral structure I" was defined and an
integral ¢ with respect to I' was discussed in the author [3]. Let
A=W, G, K,J) be an integral system and S a measurable ring of A.
Then the fundamental integral structure I"'=(4; S, G, Q) is determined
by 4 and S. Theorem 1 in [3] states that there exists a unique integral
with respect to I provided that J is Hausdorff and complete. The set
G of all integrands is the integral closure of K in the total functional
group & of A with respect to the abstract integral structure (S, &, J).

In this part of the paper, we shall define the measurability of a
function fe & and state some properties of measurable functions.
Some relations between the set 4 of all measurable functions and the
set G of all integrands will be discussed in Part II.

2. Measurable functions. Assumption 2.1. M is a set and S
18 a ring of subsets of M.

A map f of M into a topological space K is measurable if f~(0)
NX e S for any open set O in K and for any X € S.

Proposition 2.1. Let N be a set and J o set of subsets of N.
Let f be a map of M into N such that f~(Y)NX e S forany Y e A and
XeS. Then we have

1) (Y)NXeS for any element Y of the ring generated by A
and for any X e S.

2) Assume that S is a pseudo-o-ring. Then f~(Y)NXeS for
any element Y of the o-ring generated by A and for any X € S.

Proof. Putting I={Y|YCN, f"(Y)NXeS for any X e S}, we
have JACY9. For Y,ZedJ and for any X € S, it holds that f~ (Y —2)
NX=(""V)—r"@DHONX=('"¥NX)—(f(Z)NX)eS and hence
Y—Zed. Analogously, YUZe Y for any Y,Ze 4. Since ¢eJ, it
follows that & is a ring containing 4. Hence I contains the ring
generated by 4 and thus 1) is proved. If S is a pseudo-s-ring, we
have |z, Y;e 9, for Y, e 9J,i=1,2, .-, and this implies that I is a
o-ring containing (4. Thus 2) is proved.

Corollary 1. Let K be a topological space and suppose that a map
f of M into K is measurable. Let I, and I, be the ring and the a-ring,
respectively, generated by the set of all open sets in K. Then we have

1) r\Y)YNnXeSforanyYed,and XeS.
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2) If Sisapseudo-o-ring, fF(Y)NXeSforanyY e, and X e S.

Corollary 2. Let K be a topological space and f o measurable
map of M into K. Let K’ be a topological space and g a map of K into
K’'. Then a sufficient condition for the composite map gof to be
measurable is that one of the following conditions is satisfied :

1) For any open set O in K’, g '(0) is an element of the ring
generated by the set of all open sets in K.

2) S s a pseudo-o-ring. For any open set O in K’, g7(0) is an
element of the a-ring generated by the set of all open sets in K.

3) g is continuous.

Proof. Let us prove that 1) and 2) are sufficient. Let O be an
open set in K’ and X an element of S. Then it suffices to show that
(9o HMO)NXeS. This follows from Corollary 1 and the fact that
(GoHUO)=F"Y 9 (0)). The sufficiency of 3) follows immediately
from that of 1).

To prove Theorem 2.1 below, we shall use the following topological
lemma.

Lemma 2.1. Let D be a completely separable topological space.
Then any open base © of D contains a countable open base of D.

Proof. Let ©@'={0;|t=1,2, ...} be a countable open base of D.
Put L={I,m)|0,cO0cO,, for some Oec (O} and let O,, be a fixed
element of © such that 0,20,,,<O0,, for each (I,m)ec L. Then ©&”
={0;, |, m) € L} is a countable open base of D contained in ©. In fact,
for any open set @ and for any p e Q, we have an element O, of ¢’
such that pe 0,,CQ. Further we have an element O of © such that
pe0cCO,. For an element O, of & such that pec O,CO, we have
(I,m)e L and p € 0,,,CQ.

Assumption 2.2. S is a pseudo-c-ring.

Theorem 2.1. Let K, be a topological space and f;, a measurable
map of M into K, for each i eI, where I is a finite set {1,2, ---,n}ora
countable set {1,2, ---,n,---}. Let K=T];c; K; be the product space
of K;,ie I, with the strong (or weak) topology. Let us define a map f
of M into K by f(x)=(fi(x), fo{x), --+) for each x ¢ M. Then a suffictent
condition for f to be measurable is that for each X € S the subspace
f(X) of K is completely separable.

Proof. Let O be an open set in K and X an element of S. Then
it suffices to show that f'(O)NXeS. Put D= f(X). Since
{DN]:c;0% O is an open set in K, (and, if K has the weak topology,
O'=K, excep: finite i’s)} forms an open base of D and since D is com-
pletely separable, Lemma 2.1 implies that D has an open base of the
form{DNO,;|j=1,2, .}, where O;=[];c; O with O} an open set in K;
for each ¢ and j. The measurability of f; implies f;7/(0)NX e S. Since
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S is a pseudo-o-ring, we have Y,=("ie; f7ONNX=ier (f74(O0?)
NX)eS for each j. Put L={I|DNO,CO} and Y=Jicz Y;. Then
Y, C X implies Y ¢ S. Hence it suffices to verify that f~(0O)NX=Y.
Suppose that y ¢ Y. Then wehavey e Y, =(Nic; £7H(0)) N X for some
le L. This implies that y ¢ X and f,(y) € O! for each eI and hence
F) = W), @), ---)eDNO,cO. Thus it followsthatye f~(0O)NX.
Conversely suppose that y e f~(0O)NX. Since f(¥) e DNO and O is
open, we have j such that f(¥) e DNO,CO. Then it holds that jeL
and (fi(y), f:(8), - )=S0, =Tlie; O5. This implies that ye
Mier f71(0%) and hence y € X implies that ye Y,;. Since je L we have
Y€ Uier Y, =Y. This completes the proof.

Corollary 1. Let K; be a topological space and f; a measurable
map of M into K, for each i=1,2,-..,n. Let D be a completely
separable subspace of []i, K, and ¢ a continuous map of D into a
topological space K. Suppose that (f,(x), - - -, fu(®x)) € D for each x ¢ M
and define a map f of M into K by f(x)=¢(fi(x), - -+, fu(2)) for each
xeM. Then the map f is measurable.

Proof. Define a map g of M into D by g(x)=(fi(x), - - -, f»(x)) for
each xe€ M. Then Theorem 2.1 implies that g is measurable. Since
Sf=¢og, this corollary follows from Corollary 2 to Proposition 2.1.

Corollary 2. Let K be a topological additive group and assume
that K is completely separable. Then the set of all measurable maps
of M into K is a subgroup of the additive group of all maps of M into K.

Proof. Define a map ¢ of D=KXK into K by o(u,v)=u—2.
Then ¢ is continuous. Since K is completely separable, sois D=K x K.
Now let f and g be measurable maps of M into K. Then the map f—g
is the map & defined by h(z)=¢(f(x), g(x)) for each xe M. Thus the
measurability of h=f—g follows from Corollary 1. Hence our corol-
lary is proved.

The following topological lemma will be used to prove Theorem 2.2
below.

Lemma 2.2. Let fand f;,1=1,2, - .-, be maps of M into a topolo-
gical space K and suppose that f; converges pointwise to f. Then, for
any subset E of K and for S(E)=\Js, N, f7HE), it holds that
(B CSE)C f-Y(E).»

Proof. For x e f~Y(E), we have f@) ¢ E and hence there exists
an » such that f,(x) e ECE for any ¢=n. Thisimplies z<c S(E). Now
suppose that y € S(E). Then it suffices to show that VN E=+¢ for any
neighbourhood V of f(y). Since f;(y) converges to f(y), we have an n,
such that f;(y) e V for any i=n,. Further y e S(E) implies the exis-
tence of an n, such that f,(y) € E for any i=n,. For n=max (n,,n,) it

1) E and E mean the interior and the closure, respectively, of E in K.
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follows that f,.(¥) € VN E and thus the lemma is proved.

Theorem 2.2. Let K be a uniform space and suppose that K has
a countable base for uniformity.® Let f;,1=1,2, ..., be measurable
maps of M into K and suppose that f; converges pointwise to a map f
of M into K. Then f is measurable.

Proof. Let O be an open set in K and X an element of S. Then
it suffices to prove that f(0O)NXeS. Let {Uylk=1,2,-.-} be a
countable base for uniformity of K. We may assume that U3, ,CU,
=U;* for each k. Putting O,=(U,co. Us(t))° we have open sets
0., k=1,2,..., in K. Let us prove 1) 0,CO,,, for each k and 2)
O=UJz.1 0, 1) is proved as follows. For any ze O, there exists
Yye U (x) N0, Suppose that x ¢ O,,. Since z e 0%, ;=,;coc Ug.:(D)
we have t, e O° and ze U, ,(®)NU,,,(t). Hence ye U, (x)C U3, ,(2)
CU () CU) T Useoe Up(t)CO: and this is a contradiction. Thus
we have 2 € Oy, for any x € O,. Letus prove 2). 04D\ ,co. Up(t) DO°
implies that O, O for each k. Let us show that z e | J;., O; for any
2 € 0. There exists k such that U,(x)CO and it suffices to show that
% € Og,,. Otherwise we have z e\ J;co. Ug.1(t) and hence there exist
t,eO° and ye Ui, () NUg,(t). This implies ¢ € Uy, ,(y) CU;, ()
cU,(x)cO, which is a contradiction. Thus 1) and 2) are proved.
Now put S,=Uz.: N, f710,) for each k. Then Lemma 2.2 implies
that f'(0,)CS,Cf %0, for any k. Thus it follows that f~'(O)
= (Ug=1 00) = Uiz 700 € User 81 € Ui S7100) = f7(Us=1 O0)
=" (U1 0)=s"Y0). Hence we have f'(ONX=(Uzr.,SoNX
=Ur SeNX).  Since S;NX =(Ur-1MNizn JTONNX = Nz
(f7Y(0,) N X), since the measurability of f; implies 7 (0 NX e S, and
since S is a pseudo-¢-ring, we have (O NX=Ug, Uz Mz (f7H(O00)
NX)eS. Thus the theorem is proved.
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1) A base for uniformity is a non-empty set U of subsets of KXK subject
to the condition: for each U,V e U there exists We U such that AcW2cUNnV-L
Here 4={(x,x)|x ¢ K},T?={(20, %n)|(#s-1,2:) € T,i=1,2,---,n} for TCKXK and for
a positive integer n, and T-'={(y,x)|(x,y)e T} for TcKXK. For each x ¢ K, the
set {¢|(t,x) e U} is denoted by U(x) for UcKXK and the set {U®)|U e U} forms
a base of the system of neighbourhoods of #« in the (underlying) topological
space K.



