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3. A Proof of Negative Answer to Hilbert’s 10th Problem

By Ken HIROSE and Shigeaki IIDA
Department of Mathematics, Waseda University

(Comm. by Kunihiko KODAIRA, M. J. A., Jan. 12, 1973)

0. Recently, the effective methods for Diophantine equations
make a rapid progress.

A. Baker gave an effective procedure for the existence of integer
solutions of some kinds of Diophantine equations in [1].

In his paper [2], Ju. B. Matijasevi¢ proved the unsolvability of
Hilbert’s 10th problem by using the results of Julia Robinson, M. Davis
and H. Putnum in [3], [4] and [5].

In the present note, we shall give a short proof of the negative
solution of Hilbert’s 10th problem. That is, we lead to the unsolvabi-
lity of the problem directly from the following result of Davis [3]:

Every recursively enumerable set S can be expressed in the form,
(%) ze S=ANVE) 1, (32) - - - @2 IIP(x, Y, k, 2y, - - -, 2,) =0],
where P is a polynomial with integer coefficients.

We shall give a full detail in [6].

1. First, we define certain sequences and state some lemmata.

Definition 1. Let u,,v,, (a), be sequences of numbers defined by

U =u,=1, Upps =W sy +Uny
v=1, v,=3, Vnp2=Vny1+Vns
(af)():o’ (a')l‘_"]-’ (a')n+z:a/'(a)n+l—(a)m
where ¢ is a constant.

Lemma 1. Q) If m|n, then u,|u,.

(2) 22Uy, =UpVp + Uy V.

3B 20,0 =bUpU, + V.

(4) U ns1=Wm o 1Un 11 Uy Uy

(B) UV, =1U,,.

©6) (uy,v,)=1, if 3tn.

Proof. For (1)~(6), let a=(1++5)/2, B=(1—+'5)/2 and then
we obtain u,=(a"—p"/v'5 and v,=a"+p", from which the above
formulae may be derived.

For (7), we put p=@2x),. By (2x),>x" we have z"(2p), <(2xp),
<(2"+1D(2p),.

Definition 2. We define sequences of numbers |al,, {a}, such that:

lah=1, |ah=a+1, |@ls,=0|Cl—|C,
{a’}ozl’ {a'}lza—l’ {a}n+2:a'{a}n+l'—{a}n°
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Lemma 2. (1) (®)aorsnyien=(@n(mod|af;,,)

@) @—axy+y=D=@mM(D)p,;=2) and (@), =¥)]

B @, »[x=(a),] is diophantine, iff (i, x)[x=|a|;] is diophantine.
(Similarly (23, ©)lx=(a),] is diophantine, iff (A, x)[x={a};] is diophan-
tine.)

@ If (03| (@), then (@),|p.

B {a}s[(@)y541e

6) (i, Ply={x};] is diophantine, iff (2, y, Dy=(2)s,.] is diophan-
tine.

M 0):=(2); (mod d—a).

Lemma 2 is proved by using induction and Lemma 1.

Lemma 3. (1) Qu,w[y=(a),] is diophantine, iff Qy,z,1, )y
=(a),) and (i=Ila?+n) and (2=(a),..)] are diophantine.

@ @Qv,%2,1,DE=la’+n) and (y=(a);) and (2=(a);22)] is diophan-
tine.

By Lemma 2, Lemma 3-(2) is proved by similar method to
Matijasevi¢’s one in [2].

Lemma 4. Qy,n)y=(a),], Qx,mx=u,] and Qz,m)[z=v,] are
diophantine.

Proof. By Lemma 3, (Ay, n)[y=(a),] is diophantine, then it follows
that (Az, n)[x =u,] and (12, n)[z=7v,] are diophantine by Lemma 1-(5).

Lemma 5. Az, m)[x=(a)..] and Ay, n, x)[y=(2)] are diophantine.

Proof. By Lemma 1-(7) and Lemma 4.

Definition 3. For a polynomial P satisfying (x), we define poly-
nomials P,, P,, and numbers #, t, z such that:

V1), <32 - - - @2W(P@, Y,y 7, 225 + - 5 20) =0) and (v, =2))]
E(VY]),]G,(HZJ e (azk)[Pl(x’ Ys 1 Ry 0y zk)::o]
And
3e)@3z) - - -@z)[Pa, t,n, 2, Y, 2, -+, 2)=0]
=@0)32) - - - Q2 (U )" | (u,)' - Py, Y, @, 21, - - -, 2;)] and
[(uzv-n)z l L1t zl] and [zk+2 B3t Rrpa Uy = 1] and
[Zis1=2015 (Us0.)" '] and [(Uy.,)" | (§)]
and (Vo) s<el (¢0.0)" | )]
where B is a maximal value of solutions z, --.,z, of the equation
P(x,y,n, 2, -,2)=0 for 0<n<y. Let ¢(x,¥y) be such a polynomial
that
(V"))ﬂ<y(vz1)z1<l3’ ) ’(Vzk)zk<B[] Pl(x, Ysy 2y v vy zlc) |<§0(x, y)]’
and let » be a number such that (v,)!>¢(x, %) and 3fn and z={— B
(Note that the existence of P, and P, is derived from Lemma 5.)

2. Next, we prove the following

Theorem 1.

(Ely)(Vk)ky(Elzl) ce (azm)[P(x, Y, ks Zy ottty zm)'-_—O]
=@a)@N)@)AY)EAMQAa) - - - @a)[Pya, t, 1, T, Y, 6y, -+, 0) =0
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Proof. First, we assume the left side of the equivalence and show
that it implies the right side. From Lemma 1-(5), we have u,-v,- - -
“Vgy—1.n =MWy, and from Lemma 1-(6), v,, Vsp, -+ +, Vyy-1., are relatively
prime. The remaining can be obtained from Chinese Remainder
Theorem and #,,, =y, (Mmod v,:,) for 0<i<y.

Next, assume the right side and prove the left side.

Let z;, be Rem (a;, (V;0.,)")=2;, (k<y). From (v,)*>¢(x,y) and
Vyin | Usun, We have

('vzin)z |P1(9c, Yy Oy Qyy =+ -,y a’k),
thus
(Vgin)? | PAZ, Yy 0y Zygy + + y Rit) for some a’ <y.
Hence,
P(x, Y, 7:’ Rigy * 0 s zmi):()-

3. Now we have:

Theorem 2. Recursively enumerable predicates are diophantine.

Proof. By (%), Lemma 4, Lemma 5 and Theorem 1.

Thus, we have obtained the negative solution of Hilbert’s 10th
problem.

It is very interesting to consider the relation between the positive
results and the negative ones.

In Baker [1], the homogeneity of polynomials is used essentially.
But it is impossible to extend the number of variables of the polynomi-
als, even if the homogeneity of the polynomials is used. We should
remark the following result:

There exists a positive integer m and an irreducible p-ary form f
of degree n=8 with integer coefficients such that the existence of solu-
tions of the equation

f(xl’ Loy =0y xp)=m
can not be determined effectively.
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