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1. Let X>1 be a real number, and let M, N be integers with N >0.
Suppose that there are w(p) residue classes a, ; (mod p) (=1, - - -, w(p),
0<w(p)<p) corresponding to each prime p, and put P=[],.xp». We
define then the integer sequence f, by

o(p)
fa= 3 Pp- ﬁl (n—a,,), (=M+1,.-.,M+N).

p<X
A. Selberg’s sieve method to estimate the quantity
M+N
Z= 3>, 1
n=M+1
(fn,P)=1

from above is as follows: define multiplicative arithmetic functions o,
D, p by

R if d|P,
w(d)___{ﬂdw(p) if d|
0, otherwise,

o) =qT] (1~2%’)-),

plg

Sy _ o
0@ =4 (@) [T = s

for natural numbers d, q, and put

A=) ( 5 p(q)) N ( =, p(q)),
(q,d)=1

o(d) \izx
et d
Then we have
1.1) Z<]%N(ZR)Z~ N + 3 2 2a,24,RUd,, d,])
( . T a4l dT7n d|] — Z p(q) = 2x d1/td o 19 Wol)y

q<X
where [d,, d,] denotes the least common multiple of d,, d,, [5].
On the other hand the large sieve method [1], [4] gives

M+N 2 M+N
> G| 2 p@S(NH2XY) 3, fa,f
n=M+1 q<X n=M+1
(fn,P)=1 (fn,P)=1

for arbitrary complex numbers a, m=M+1,...,M+N), so that we
have
N42X?
1.2) Z< 2t Tes |
( 2, 0(Q)
<X
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putting a,=1 for all .

Although Selberg’s method and the large sieve method give quite
similar results (1.1), (1.2), the connection between the two methods has
not been clear. The purpose of the present paper is to note that the
large sieve method can be understood as an algorithm which gives a

non-trivial estimate of the sum appearing in (1.1). Namely, we shall
prove

cXx:
1.3 A, RUAd, 4D |<—2
1.3) dlzsx dzZS:X a7 @ D q;fp(Q)

with some absolute constant C>0. This shows that a remarkable can-
cellation occurs on the left hand side of this formula, in spite of the
way of choice of 1, which does not care any possibility of cancellations
in the sum.

The process proving (1.3) will show at the same time a strong con-
nection between the two sieve methods.

2. Let

Cm= > e(ﬂ)
(a(f;)l.—.l q
be the Ramanujan sum, and define the multiplicative arithmetic func-
tion C¥(n) of q by its value
Ca(m) =Cpa(n) — p(p*)

at a prime power p?. Throughout this section, we use the conventions

a|b for a|b,(a,£):1
o

and

>oF for > ,
rmodq (f’b?;?g)t 1
where f(2)=3,., P! [[$® (®—ay,,) € Z[x].

Lemma 2.1. Let k be an integer. Then we have

P Cﬁa(h—k):{

h mod p&

—D, if (f(k)yp)#:ly CY:l,
0, if (f(k),»)#1, a>2.
Proof. Suppose that (f(k),p)=1. If a=1, then

* CE(h—I)=p—o@) —1 | —1—— 2@ _
2, C=R =@ =) ~D(-1-_ 2B

tpm1m_ o )
p—aw(p)
If «>2, then
2% Ckh — B)=p*—p*~t >* 1=0.
h mod p& h mod p&
h=k(pa—1)

Next, suppose that (f(k), p)+#1. If a=1, then
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>* CHh—h)=(p— co(p))( ——M—)
h'mod p p—w(p)
If «>2, then

Il
=

S* Chlh—R)=p" * 1—pt 3%
h mod pa hmod pa& h mod pa
h=k(pa) h=k(pa—1)

=p*-0—p*~1.0=0.
Q.E.D.
Lemma 2.2. For each positive integer q, it holds that

D= 3 |06@ P2y e(“qh)

a=1 h mod ¢
(a,q)=1

Proof. The right hand side of the above identity is equal to
O Z* cq(h—k)

h mod ¢ kmod g

=07 3* 22* >lelg/deci(h—k)

hmod g kmod ¢ dllg

=0(9)7* le(tlld)@(tl/ﬁl)2 2 2 ci(h—k)=p(9),

h mod d % mod

by Lemma 2.1.

Q.E.D.

Theorem 2.1. Let x,,---,x5 be real numbers with min, .| %, —,||

>0>0, (|z||=min,cz|2—n| for ze R), and let M,N be integers with
N>0. Then we have

M+N

2 ;bre( nz,)| =(N+0@) Z 1o,

for any complex numbers b,, where the zmplwd constant in the O
symbol is absolute.
Proof. The inequality

M+N R

) ‘< (N 4257 Z]b P

follows at once from the formula (2) of [1] using the well known fact
that the maximal eigenvalues of A*A and AA* coincide, denoting the
adjoint of a matrix A by A*, see also [2]. By means of the same
smoothing technique as in [1] we now prove

5 Zbe( ne)| >(N—Co-Y) 3 (b, .

To show this, we suppose Nd to be sufficiently large and put M +1
=—[(N—1)/2]= —N,, say, without loss of generality. Furthermore we

note the following fact: if (¢;;) is a positive semi-definite hermitean
matrix, then

n=M+1

2 CigZiZy> (min |¢is|—max > [cyy l) 21z
7 k3 J LEN [
for any complex numbers z;,. Using now the function

K, ()= Z (m—|p)e(pa) = (sin xma /sin wa)?,

we can easily see that
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M+N R 2 R —
Z Z b’r Z Z Crr'brb'r”
n=M+1|7r= ryr/=1
where
Crpri= —‘I‘I“(KNl(xr xr')_KNl—L(xr_xr'))’ L:[5_1]~
In fact
M+N R 2
2 |25 be(—na,)| >
n=M+1|r=1 |n|<Ny—
N1-L<Tnl<N: _—L—
= 3 Bbo 3 Me(n(xr—ww))
rir=1 1 EN; L
- Me(n(xr—x,,))> )
|01 €W -1 L

Therefore, to prove the theorem, it suffices only to show

L- ( i~ (V,—Ly— max Z|KN1(x x,,)——KN,_L(xT——xW)I)>N——C§“.

.....
B

'r#’l‘

But, this follows from
L&/2]

R

S Koy (1, — ) — Koy, 1 (6, — )| < (25)2 m‘2<——;; 5,
r=1 m=1

r#r’

Since 0< K (@) <@|lel)? |2, — 2, [ >0 if =7,
Q.E.D.
We now verify (1.3), which, as mentioned in 1, is the main aim of
this paper.
We apply Theorem 2.1 with {x,}={a/q; 1<a<q¢<X, (a,9) =1}, so
d=X"?, and put

bea=0(Q)™ 3* e(“")
. h mod ¢ q
Then we obtain

q
% % beee(—2)
¢<X a=1

(a,9)=1

II

(™ Z* Co(h—mn)

<X h mod g

T (@(p“)‘l > cpa(h—n))

9<X pellg

i (p(p“)—l—@(p“)l S et

X pelg h mod p«

©4(Q) ﬂ (D) H (=D

plfn p/t’fn

=&
P

by Lemma 2.1, and this is equal to
Z w(d) Z (Qp(g/d)= Z p(d) SZX/ p(m)

@ F-a (m, =1
=2 M) 2, em) 2, pa)
s

(m d) 1

=3 wd X Z ula)p(a)o(l)

alfn alfn (a,l
(a, l)-—
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= kéjx 0] a;k wa)u(d)o(a)

ki fn (a,d)=1

— Du) T — P
k%,:' P( )#( )1fl>_lllc »—a(p)

=3 p—F 5 )
klf (llslg/=k1

(50 3
q n
Combining this together with Lemma 2.2, we get
M+N 2 2
(dlzj‘ Zd> _ N+0X?»

n=M+1 - qux P(Q) '
This and (1.1) prove (1.3).
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®  As for the proof of Theorem 2.1, see also Montgomery’s Springer lecture

notes which the author could not read in preparing the present paper.



