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139. On Characterizations of Spaces with G,diagonals

By Takemi MIZOKAMI
(Comm. by Kinjird KUNUGI, M. J. A., Oct. 12, 1974)

A space X is called to have a G;-diagonal if the diagonal 4in X x X
is a G;-set. A space X is called to have a regular G,-diagonal if 4 is a
regular G;-set, that is, 4 is written by the following:
4=N{U,/ne N}=N{U,/ne N},
where U,’s are open sets containing 4 in X x X and N denotes the set
of all natural numbers. Ceder in [1] characterized a G,-diagonal as
follows :

Lemma 1. A space X has a G-diagonal iff (=if and only if) there
is a sequence {U,/n e N} of open coverings of X such that for each
point p in X

p=N{S®,U,)/ne N}.
According to Zenor’s result in [2], a regular G,-diagonal is character-
ized as follows:

Lemma 2. A space X has o regular Gy,-diagonal iff there is a
sequence {U,/n € N} of open coverings of X such that if p,q are dis-
tinct points in X, then there are an integer n and open sets U and V
containing p and q, respectively, such that no member of U, intersects
both U and V.

The object of the present paper is to characterize spaces with G,-
or regular G,-diagonal by virtue of above lemmas as images of metric
spaces under open mappings with some properties.

Theorem 1. A space X has a Gy,-diagonal iff there is an open
mapping (single-valued) f from a metric space T onto X such that

d(f~'(p), £~Y@))>0 for distinct points p, q € X.

Proof. Only if part: Define T as follows:
T={(et, s, - --) e N(A)/ N{Uz,/n € N}+# ¢},

where {U,={U"/ac A}/n e N} is a sequence of open coverings of X
satisfying the condition in Lemma 1. If we define a mapping f: T'—X
as follows;

fl@=N{U" /ne N} for a=(ay, a0, - - ) €T,
then f is clearly a single-valued mapping from T onto X. Since

JN(ey, -+ - o)) = n{Uii/léién}’

it follows that f is open. Let p,q be distinct points in X; then by
Lemma 1 we admit an integer #» in N such that ¢ does not belong to
S(p,U,). In this case it is proved that
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A1), 7)) g%,

where d is a metric on a Baire’s zero-dimensional metric space N(A).
Indeed, since
Sl/n(f_l(p))—_—' U {N(aly Crty C(11)/0(:(0(1’ Hgy * * ') € f_l(p)}’
q?.f(sl/n(f_l(p)))=s(p’ Cljl/\ te /\Cl]n)-
This implies
S (TN N fFHQD=4.

Hence the distance between f~!(p) and f~'(q) is positive.

If part: Suppose T and f are given. Let {U,} be a sequence of

open coverings of T with mesh CUn<l such that {S(p, U,)/ne N}is a
n

nbd (neighborhood) basis of each point p in T. If we set

then {C{/,} is the desired sequence. Indeed, each C{/, is an open cover-
ing of X because f is open and onto. Assume that p,q are distinct
points in X. Then there is an integer # in N such that

d(f“(p),f“‘(q))g%,

which implies
S (S NN D=9,
and consequently we have

7€ f(Syu(f @)
Since each mech CU,l<l-, it follows that
n

g€ S(p, V) =SS (D), V).
Hence by Lemma 1 4 is G;. Thus the proof is completed.

Theorem 2. A space X has a regular Gs-diagonal iff there is an
open mapping f from a metric space T onto X such that for any pair
of distinct points p, q in X, there exist nbds U and V of p and q, re-
spectively, such that

acO, f-1(v)>o.

Proof. Only if part: The construction of T and f is similar to
that of Theorem 1, except the fact that a sequence {U,/n € N} satisfies
the condition in Lemma 2 in place of Lemma 1. Then it is trivial that
f is open and onto. Suppose we are given a pair of distinct points
p,q in X. Then we get an integer » in N and nbds U and V of p and
q, respectively, such that no member of U, intersects both U and V,
that is, S(U, U,)NV=¢. Observe

S S ON=8W, U -+ ANUp).
Thus we have

S (fHONN fH(V)=¢,
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implying
a(~(), f~(vV)>0.
If part: Construct a sequence {{,/n e N} of open coverings of
X in the same fashion as in the proof of Theorem 1. Suppose p and
q are distinct points in X. Then by assumption on f we obtain nbd
U and V of p and ¢, respectively, such that

a1y, f‘l(V))z% for some ne N.

This implies
S (fHONN fH(V)=9,
which implies
SWU, Y )NV=4¢,
proving that {C{/,} is a sequence in Lemma 2. Hence X has a regular
G;-diagonal. Thus the proof is completed.

Hodel in [3] introduced the notion of G}-diagonal as follows: A
space X is called to have a Gy-diagonal if there is a sequence {U,/n € N}
of open coverings of X such that if for any pair of distinct points p, ¢
in X there is an integer » in N such that p does not belong to the
closure of S(q,U,). Such a sequence is called a G¥-sequence for X.
It is to be noted that a G¥-diagonal implies a G,-diagonal and that a
regular G;-diagonal implies a G¥-diagonal.

Theorem 3. A space X has a Gf-diagonal iff there is an open
mapping f from a metric space T onto X such that for any pair of
distinct points p, q in X thre is a nbd V of p satisfying

acr- vy, f~(@)>0.

The proof is similar to that of Theorem 1.

According to Heath in [4] a space X is called to have a G,-diagonal
with 8-link property if there is a sequence {U,/n € N} of open coverings
of X such that if p and ¢ are distinct points in X, then there is an
integer n in N such that no member of UJ, intersects both S(p, U,) and
S(q,U,). Which respect to this G,~-diagonal we have a comparable
characterization as follows:

Theorem 4. A space X has o G,-diagonal with 3-link property
iff there is an open mapping f from a metric space T onto X such that
for any pair of distinct points p and q in X and for some n in N

A S Sy, (S H@IN) >0.

Proof. Only if part: For a given sequence {<U,} of open cover-
ings, we construct 7 and f in the same fashion as seen in the proof of
Theorem 1. Let p, ¢ be distinct points in X. Then we have an integer
n in N such that ¢=S%(p,U,). Observe that

S, U -+ - AUy = FSuF P S yulF S @M.

Since
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SS(p’ Cl]l/\ tre /\C(Jn)CSS(p, Cl]n),
we obtain
qE f(Syn(S (S SyalS S Syl @MMN),
from which we conclude that
A(f Sy @), (S (fH @) > 0.

If part: We construct a sequence {C{/,/n e N} of open coverings
of X by the same way as in the proof of Theorem 1. Then we can
show by using the property of f that {C{/,} satisfies the 3-link property,
and hence the proof is completed.
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