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21. On the Boundedness of Integral Transformations
with Highly Oscillatory Kernels
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Department of Mathematics, University of Tokyo

(Comm. by Kosaku YosIDA, M. J. A., Feb. 12, 1975)

§ 1. Preliminaries. The aim of this note is to prove the L(R")
boundedness of a class of integral transformations which play a fun-
damental réle in our notes [2] and [3].

§ 2. Assumptions. We shall treat the following integral trans-
formation;

(1 AS@=|_a@y)exp @2S@ @y, >0,

which is defined at least for f e Cy(R®). Let |x| denote the length of
n vector x. Our assumptions are the following;
( A-I) S(z,%) is a real infinitely differentiable function on R x R”".
(A-II) O=|grad, (S(=z, y)—S(x, 2))|=&,(x, ¥, 2)0(y—=z)),
¥=|grad, (S(x, ¥) —S(z, Y)|=E,(x, y, 2)0(x—2)),
where 5,(z,y,2)>6>0, 82, y,2)>6>0, and @) =10+ 1 )°'t for 0<¢
<104/ and =t for 10/ n <t.
(A-III) For any multi-index « there exists a constant C>0 such that
we have

Ka—ax)a(s(“’ y) —S(z, z))’éCd)

l(aiy)a(S(x, y¥)—8(z, y))’§0¢-

(A-IV) For any multi-index « there exists a constant C>0 such that
we have

>(_%)“(a(x, na@, 2) ‘g CE\(x, y, 2"

‘(%Y(a(x,y)a(z, y))‘_g_cgz(x,y, 2,

§ 3. Result. Let | f| denote the usual L? norm of a function f.

Theorem. If assumptions (A-I), (A-II), (A-III) and (A-IV) hold,
we have estimate

IAfI=Ca 2| f,  for 2>1.

Here C is o positive constant independent of 1 and f.

§ 4. Proof. Let 9,=0, g,,9, -+, 9s, - -+ be unit lattice points of
R*. Let {p,(®)};-, be a smooth partition of unity in R" subordinate to
the covering of open cubes of side 2 with center at these points. We
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may assume that ¢,(2) =0, ¢,(x)=¢(x—g,). We set

a;:(2, ¥) =, (@X)or(Walz, Y).
Then we have

o3

(2) A= 3 Ay,

(3) Apf@=[ _asu(a, 1) exp @S, V)7 W)y,
The adjoint A%, of A, is given by

(4) A% f)= f @02 ) exp (—i2S(z, W) F (2)dz.

The kernel function k(x, y) of the operator A,,4%,. turns out to be
(5) K, 9=0,@p, ) | 0@, 1) DexWpn W)
X exp 1A(S(x, ¥) —S(z, y)dy.
Let L= —i(Z:] é, —aay_j) /@, where ¢j=_5?y_;(S(x, -8, ), i=1,2,
««,n. Then (L—2) exp (tA(S(x, ¥)—S(z,4¥)=0. Hence we have
(6) H@A=1e@e@ [ L@, v e @)

x exp 1A(S(x, y) —S(z, Y dy.
Here | is an arbitrary nonnegative integer. We use (A-II), (A-III)
and (A-IV) and have estimate

(7) | L*Y a2, 1)z, YerWoe @) | CO(z—2)~"
if supp ¢ Nsupp ¢ 2y. Therefore we obtain
(8) [k(x, 2)|< CA Y, ()¢, (2)0( @ —2 )~ "x(gr— i),

where y is the characteristic function of the set {x; 2<10vn }. Let
o be an arbitrary positive number p<<1. We divide the integral

(9) f |k, z)ldz:j ;k(x,z)|dz+j |k(z, 2)|dz.
Rn | p<lz—z|

First we have

z-x|<p

[ 1K@ lde=Crlon—gi)lo,@)] [IRZCLT e

(10) lz—-2|<p |2—2|<p
=Cx(9r—9x)2(9;—95)0".

If g;—9, & supp x, then |z—x|>4+/ 1 >p for any (z,2) in support of

0;(®)p;(2). From this we have

-1, . _ -1 )
(1) Lm_ﬂlk(w, 2)|dz < C1 (95— 91 )p4(%) Lﬁm_zl 0w —2)""p;(2)dz
<Ci'y(9u—9:)009;—9, D7  1=0,1,..-.
On the other hand, if g,—g; € supp x, we have
(12) I < I[k(x, 2)|dz < CA (9x—9x)x(g5—957) L |z —z|tdz
e<|Z—2

<lz-21<10¥7
SCrY(9p— 90 )x(95—9,)A 40" D).
Hence we obtain
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13) Il k(x, 2) |[dz < Cx(9— 9u)x(9,— 95 )(0" + 27! (1 +0"7Y)
+C (95— 9x)A+0(09;,— 95D,
for any pe[0,1] and 1=0,1,2,.... We choose p=2"' and 1>2
max (n,n/g). Then we have
14) J.Rnlk(x, 2)|dz<Ca"y(gx—9x )1 +0(9;—9, D)%
Similarly we have
(15) IR” |k(x, 2)|de < CA™"x(9x— ) A +0(9;,— 9, D)
It follows from (14) and (15) that
(16) “AjkA;k'k'”éC'z—nX(gk—gkf)(l'i'ﬁ(l 9;,—95 07"

Note that the kernel function k,(z, 2) of transformation A%A4,,. is
an  k(x, )=pu@)py(2) jRn a(y, x)a(y, 2) exp —iA(S(y, x)— Sy, 2))dy.

The same discussion as above proves that

(18) |AKA; |ISC (93— 9, )A+0(9%—9: D)L
We set p=(/, k) and p’=(’, k) in Z*». Then we have
(19) |A¥A, ISk (D, ")

and

(20) A, AL |I< R (p, D),

where

h(p, p)=C2"*(3(9;—9; )1 +0(9x— g D)~
+ 209 —9:)A+60(g;,— 9,5 D)2
We can easily see that sup, G, k(p, p)<Ca~**. This and lemma of
Calderon-Vaillancourt prove our theorem.
§ 5. A corollary. The above result is applicable to integral
transformation of the following type:

@) Br@=[[ oy exp i@ n-y-a@dzdy.

Corollary. Assume that functions S(z,y) and a(x, y) satisfy
assumptions (A-I), (A-II), (A-III) and (A-IV). Then the integral trans-
formation B defined by (21) 1s estimated as

IBfI=C2 ™1,

where C>0 i3 a constant independent of f and A.
Proof. Set

9:(¥) =Jm exp (—i2y-2) f(2)dz.
Then we have ||g,||=/2z)~"*|| f|l. We apply our theorem to
Bf@)=|_ o) exp 1S, 1ow)dy.
We obtain || Bf |=Ca"2||g.ll<Ca"| f].
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