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Throughout this paper, by a space we shall mean a completely re-
gular T',-space. According to Morita [14], [15], a space S is a countably-
compactification (=c—cf) of a given space X if

) S iscountably compact (=cc) and contains X as a dense subset,
and

b) every cc closed subset of X is closed also in S. In case X
admits a c—cf, X is said to be countadbly-compactifiable. Since X is
countably-compactifiable if and only if X hasa c—ecf S with XcScgX
([14], Proposition 8.4), in the sequel we will consider only a ¢c—cf S of
X as a subspace S of X with the exception of § 3. Interesting results
concerning countably-compactifiability have been obtained by Morita.
For example, an M-space X is countably-compactifiable if and only if
X is homeomorphic to a closed subset of a product space of a countably
compact space and a metric space [14], [15]. In [10] we introduced a
notion of closed c—cf and investigated some properties and characteri-
zations of spaces with the closed ¢c—cf. Let S beac—cf of X and
X*=pX—X and S*=SNX*. S*iscalled the X*-section of S. In case
S* is closed in X*, we say that S is the closed ¢c—cf of X. In Theorem
3.5 [10] it is proved that if X admits a closed c—cf, then it is uniquely
determined.

Concerning relations between countably-compactifiability of given
spaces and maps, it is natural to ask whether countably-compactifiability
of X (resp. Y) implies one of Y (resp. X) where Y is a quasi-perfect
image of X. For this problem, the following results have been obtained.

Theorem A (Morita [14], Proposition 4.2). Let f be a perfect
map from X onto Y. If Y is countably-compactifiable, then so is X.

Theorem B (Hoshina [2]). Let f be a quasi-perfect map from X
onto Y and X admits a c—cf. Then we have

1) if either Y is normal or an M-space, then Y admits a c—cf.

2) if f is open, then Y admits a c—cf.

Theorem A implies that if f is a perfect map from X onto Y with
ac—cf T, then S=(Bf)'T=XUS* is a ¢c—cf of X and fs=pS|S is
obviously a perfect map from S onto 7' where S*=(8/)"'T* and 8f is
the Stone extension of f. But as shown by Example 3.1, S is not
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necessarily a c—cf of X when f is quasi-perfect. On the other hand,
even if f is a perfect map from X with the closed c—cf S onto Y, g1 (S)
is not necessarily a ¢c—cf of Y as shown by Example 3.2 which also
shows that “M-ness” is not invariant under a perfect map as proved
by Morita [12].

In this paper, concerning these examples and Theorems A and B
we shall prove two Theorems 1.5 and 2.1 which imply the following as
special cases.

1) If f is a quasi-perfect map from X onto Y witha c—cf T and
either X is an M-space or Y is locally compact, then the closedness of
Js is equivalent to the condition that Sis a ¢c—cf of X.

2) Under the assumption that f is perfect map from an M-space
X onto Y and X admits the closed ¢—cf, the “M-ness” of Y is equivalent
to the condition that Y admits the closed ¢c—cf.

§ 1. In this section, we assume that for a map f from X onto Y
and YCTCBY, we put

T*=TNY* @) 'T*=S*,S=XUS* and fs=pS|S.

Verifications of Lemmas 1.1 and 1.3 and Corollary 1.2 are easy
from Theorem A and the definitions of ¢—cf and quasi-perfect maps.

Lemma 1.1. Let f be quasi-perfect. If Sisa c—cf of X, then
Tisac—cfof Y.

Remark. The converse of Lemma 1.1 is not necessarily true even
if f is an open quasi-perfect map from an M-space onto an M-space as
shown by 4) and 7) of Example 3.1.

Corollary 1.2. If in Lemma 1.1, f is perfect, then Sisa c—cf
(resp. the closed c—cf) of X if and only if T is a ¢c—cf (resp. the closed
c—cf)of Y.

Lemma 1.3. If f is quasi-perfect and T isa c—cf of Y and fg
s closed, then S is a c—cf of X.

Lemma 1.4. Let f be quasi-perfect and S be a c—cf of X. If
one of the following conditions i) ~iii) is satisfied, then fg is closed.

i) Y s locally compact.

i) S s the closed c—cf of X.

iii) X is an M-space.

Proof. We notice that f being quasi-perfect, f (y) is cc and
hence cl,x /() =(Bf)'(¥) X’ and S*N(BS)'(y)=¢ for every yeY
[7]. Let F be a closed subset of S and E=f(F). We shall prove that
E is closed in T. Suppose that there exists a point g e (cl,yE—E)NT.

In case ge T*. Since (Bf)"(g)cS* and F isclosedin S. (8f) (q)
Nel,xF'=¢ and hence there is an open set U of X such that (3/)"(q)

1) pX is the completion of X with respect to its finest uniformity and it is
known that the relation: XcpgXcoXcpX holds (for example, see [13]).
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cU and UNcl,;zxF=@. BY—pf(BX—U) is an open set of BY contain-
ing ¢ which is disjoint from gf(cl,xF)=cl,yE. This implies q ¢ cl,v &
which is a contradiction. This allows us to assume that qe Y. Let
us put

Fy=FNX,F*=FNS*,E,=ENY and E*=ENT*,
Since S*=(8f)"'T*, we have Ey= f(Fy) and pf(F*)=E*.

a) Since f is closed, Ey is closed in Y and hence q ¢ cl,yEy which
implies ¢ € cl,yE*. (Thus if Y is locally compact, then fg is a closed
map.)

b) In case geYNeclyE* and qe&clyEy. Since pf(cl,xF*)
=cl,yE* 5 ¢, we have (8f)~(¢) Ncl,xF'* is not empty and contained in
X*—8*, (Thus, if S is the closed ¢c—cf of X, then f; is closed.)

¢) Now suppose that X is an M-space. Since pX is a paracompact
M-space [11], X is of countable type [1] and hence there is a family
{U,} of open sets of X which is a neighborhood base at K with
cl,xU,_,C U, where K is a compact subset of zX containing q. (8/)7'(q)
being compact and disjoint from cl,xFx, there is an open set G of X
such that

cl,xFxNel,xG=08 and (BH(PCG.
Let us put K,=cl,xGNecl,xU,NF. Since cl,xF*N (B ) +#0, K,+0
and K, is cc, we have that K,=NK,#0# and K,CS*. On the other
hand, we have K,CuX which is impossible. Thus if X is an M-space,
then f is closed.

Remark. T isalwaysac—cf of Y by Lemma 1.1,

Theorem 1.5. Let f be a quasi-perfect map from X onto Y.

1) If either X is an M-space or Y is locally compact, then S is a
c—cf of X if and only if T is a c—cf of Y and fs is closed.

2) S is the closed c—cf of X if and only if T is the closed c—cf
of Y and fs is closed.

Proof. 1) is an immediate consequence of Lemmas 1.1, 1.2 and
1.4. To prove 2), it is sufficient to show that if S is the closed c—cf
of X, then T is algo the closed ¢c—cf of Y. S* being closed in X*,
cl,xS* is compact and contained in S. We have therefore cl,,7*
=(BS)(cl,xS*)CBf(S)=T, that is, T is the closed c—cf of Y.

Corollary 1.6. Let f be a quasi-perfect map from X onto Y with
ac—cfT.

1) If either X is an M-space or Y is locally compact, then S is a
c—cf of X if and only if fg is closed.

2) If T is the closed c—cf of Y, then S is the closed c—cf of X
if and only if fg is closed.

§ 2. In this section we consider only M-spaces.

Theorem 2.1. Let f be a perfect map from an M-space X onto
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Y, then Y admits the closed c—cf if and only if 1) X admits the closed
c—cf and 2) Y is an M-space.

Proof. Necessity. Let T be the closed c—cf of Y and S*
=(pf)'T*. Then S=XUS* is the closed c—cf of X by Corollary 1.2.
Since X is an M-space, S*=pX—uX by Theorem 5.2 [10] and pX is a
paracompact M-space. Thus S*=(8f)'T* implies (8f)'nY =pX which
shows that 4Y is a paracompact M-space and hence Y is an M’-space
[18]. On the other hand, Y is an M*-space and countably paracompact
[8]. Thus Y is an M-space [6].

Sufficiency. Since X and Y are M-spaces, pf =8f | xX is a perfect
map from xX onto xY by Theorem 3.4 [13]. Thus by Corollary 1.2 Y
admits the closed c—cf T=Y U (Y =4xY).

Corollary 2.2. If f is a perfect map from an M-space X onto an
M-space Y, then X admits the closed c—cf if and only if Y admits the
closed c—cf.

Corollary 2.3. If f is a perfect map from an M-space X onto Y
and X admits the closed c—cf, then Y ts an M-space if and only if Y
admits the closed c—cf.

Theorem 2.4, Let f be an open quasi-perfect map from an M-
space X onto Y, then

1) If X admits the closed c—cf, then Y admits the closed c—cf?.

2) If X is locally compact, then the converse of 1) is true.

Proof. We notice that f being open and closed, Y is an M-space
[16].

1) The closed c—cf S of X has the form S=XU (BX —pX). Since
(B)'uY =pX by Theorem 3.4 [13], we have (8/) (Y —puY)=pX—pX.
Thus T=YU(@Y—pY)isa c—cf of Y by Lemma 1.1. The closedness
(in T*) of T* is obvious.

2) Since Y is an M-space, the closed c—cf T of Y has the form
T=YU(@RY—yY). On the other hand, X being locally compact and f
being open and closed, Y is locally compact and hence we have that
BY —uY is compact. Let us put S=XU (BX—pX). From (Bf)'T*=_8%,
S* is compact and it is easy to see that S is the closed ¢c—cf of X.

Remark. If X is not locally compact, the converse of 1) is not
necessarily true (see (2) of Example 3.1).

§ 3. Examples. Let @ be the set of all rational numbers, N the
set of positive integers and 2 the first uncountable ordinal.

Exampe 3.1. Let f be the projection from X=0Q x[0,2) onto
Y=0Q.

2) Using Theorem B, Hoshina pointed out that 1) is true without the assump-
tion “M-ness of X’’. For, if f is an open quasi-perfect map from X with the
closed ¢—cf S onto Y, then T=8f(S) is a ¢c—cf of Y and it is easy to see that T*
is closed in Y'*,
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1) f is open and quasi-perfect but not perfect.

2) X is an M-space [4,7] and S(X)=X is not paracompact and
hence X does not admit the closed ¢—cf [10].

8) Let ¢ be the identity map from X(cgX) onto X(CgQ x [0, 2)).
Then S;=0"'(BQ %[0, 2]) is a ¢c—cf of X by Corollary 1.2 where @ is
the Stone extension of ¢. But S, is not the closed c—cf of X by 2).
Since Q* X [0, £2) is dense in pQ X [0, 2], we have cl,xS¥=pX.

4) Y admits the closed ¢c—cf BY because Y=Y [10, 14].

5) Since f is closed, we have pX =@ x[0, 2] [8, 9].

6) BNR=U{BNW; yeY}=U{clx/'®;veY}=Q x[0, 2]
=[,¢X.

7 S,=XU@S)'(BY—Y)isnota c—cf of X.

Proof. Suppose that S, is a ¢c—cf of X. By 5) pX=@ x[0, 21.
#X is C*-embedded in X, and hence K={(«, 2); a € Q} is C*-embedded
in BX. Thus cl,xK is homeomorphic with pK and X*Ncl,zK=K* is
closed. X being an M-space, pX is of countable type and hence fX —uX
is Lindelof ([1] or 2.11 of [12]). K* is a closed subset of X U (8X —pX)
which implies the countable compactness of K*. Thus K* is cc and
Lindelof, that is, compact which is a contradiction.

Example 3.2. Let X,Y and f be spaces and a map constructed
by Morita in [12, [14] and let us put a,=(2, 2) for each ne N. It is
proved that 1) f is a perfect map from a locally compact M-space X
onto a locally compact space Y which is not an M-space [12] and 2)
pY=Y —{p} and Y —nY is cc and hence T=YU@BY—uY)isac—cf
of Y [14]. It is obvious that T is not the closed ¢—cf of Y (For the
details of the construction of X, Y, f and the point p, see [12]).

D @N'BEY—-{p)=pX—clyx{a,; neN} is a c—cf of X by
Corollary 1.2 whose X*-gection is not closed in X*. It is obvious that
XU (BX—pX) is the one-point ¢c—cf of X because pX is open in gX
([10, 14]).

2) BfXUPBX—pX)=pY isnotac—cfof Y.
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