No. 71 Proc. Japan Acad., 52 (1976) 363

99. Some Results on Additive Number Theory. II

By Minoru TANAKA
Department of Mathematics, Faculty of Science,
Gakushuin University, Toshima-ku, Tokyo

(Communicated by Kunihiko KODAIRA, M. J. A., Sept. 13, 1976)

In this note we outline the proof of the

Theorem. Let k be an integer >1, and let «,;<p; (i=1, ---, k).
For sufficiently large positive integer N, let A(N) denote the number
of representations of N as the sum of k positive integers: N=mn,+ - .-
+n, such that
log log N +a;+/log log N<w(n,)<log log N+ p;vloglog N (i=1,.--,k)
stmultaneously, where w(n;) denotes the number of distinct prime
factors of n;. Then, as N—oco, we have

A(N)N__Zvi__(zn.)—kﬂ ﬁ A o~y
(k—1)! i=1Jay '

This theorem was announced as Theorem 3 in [2] without proof.
Our proof is elementary and makes no use of any limit theorems in
probability theory.

Lemma 1. Leta, (=1, .-, k) and b be positive integers such that
d=(ay, -, a;) divides b. Let S denote the number of solutions of the
Diophantine equation a,x,+ - - - +a,x,=b in positive integers, then we
have |S—db* !/ [(k—1)! a,- - -a,]|<Cb*?, where C is a positive number
dependent only on k and independent of a, and b.

We define the set Py consisting of primes as Py={p: etels My
<Nels M=% and put y(N)=> ,cryl/P. Then we have
(1) Yy(N)=log log N + O(log log log N).

We denote by wy(n) the number of primes p such that p|n, p € Py.

For any positive integer ¢, we define the set M(¢) consisting of
positive integers as M(t)=M(N ; t)={m: m is squarefree ; m has ¢ prime
factors; p|m=p e Py}. We put for convenience M(0)={1}.

For any k positive integers ¢;,, we denote by F(N; t, ---,t,) the
number of representations of N as the sum of k positive integers: N
=n,+ - - - + 1, such that oy(n,) =1, simultaneously.

For any k positive integers m, ¢ M(¢t,) with some positive integers
t;, we denote by G(NV ; m,, - - -, m,) the number of representations of N
as the sum of & positive integers: N=n,+ - - - +n, such that [], .. per,?
=m,; simultaneously. We have

FN;t, - td= 23 -+ 23 GIN;my -, my).

m1€ M (t1) mr€ M (tx)
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For any k41 positive integers ¢, and T, we put
HON Gty sty D)= >3 o0 20 KOWN;my, - -,my; 1),

m1€ M (t1) mi€ M (k)
27 27
JC(O)(N; Myy =+ s My s T): ZO. . Zo (_1)r1+u-+rk°£'(N; Mgy« v oy Moy
T1= =
Ty
-K(N;ml’"’:mk;fv""fk): Z Z Z 1.
#1€ M (z1) 2k € M (tg) Matese+np=N
(#1,m1)=1 (eryme) =1 mapg|ng (L=1,c-,k)

Similarly we put
j[(i>(N;t1""’tk;T): Z Z Jc(i)(N;ml"“,mk;T),

m1€ M (t1) mr€ M (tx)

KON my, -« - ymy; T)

27 2T +1 27
=Zo. o ZO T ZO(_l)q+~-~+rk_£’(N; Myy = v oy My 3 Tyy v 00y Tk)’
1= Ti= =

where 7, runs through O, - . -, 27 +1, and other z’s run through O, - -

Lemma 2. >% HY—(k—1DHOZF IO,
For brevity we write 4(® ete. for HOWN; t, ---,t,; T) ete.
we have
L= (wN(ni)_ ti>,
N1+ +np=N, mipilng i=1 T4

and, as in the proof of Lemma 8 in [1], we have
k

STHKY—(k—DKOZGZ KO,

t=1

from which the lemma follows.

o ,tk)’

Now

We shall use this lemma to obtain a certain asymptotic formula
for F' by proving easier ones for 4 and A giving T an appropriate
value. This procedure might be said to be a type of sieve method. As
P can be dealt with in almost the same way as 4, we shall be con-
cerned with 4. For this purpose we introduce some more functions.

We put
Hj(N;tu“';tk;T)= Z Z K/(N;mu“"mk;T),

mi1€ M (¢1) mr€ M (tk)

K, N;my, ---,my; T)
2T 2T
= Z=E) e Z (_1)t1+n-+kaj(N; Myy * vy My Tyy * * "Tk)’

=0

LO(N;mly""mk;le""Tk)= Z v Z ( 1 . k,lk)’

#1€ M (21) pEE M (tk) m s Myt
(p1,m1) =1 (pgsme) =1 1 L
(mapyyeesymepr) | N

L(N;mg, -, M5t t0)= 2, 1

e -

#1€ M (1) k€M (ex) Myt - M

(p1,m1) =1 (pr,mg) =1 14 ki
(map1,ees,mppx) =1

LN ;my, My 571 -5 Ty)

— Z . b (m1/«51, ey Mgft)
- ’
#1€ M (z1) p1€ M (k) myptys - M
(ha,m =1 (uymi) =1 14 2
(mapryess s mppr) >1, (Mmapi,essymepe) | N
1
L(N;my « oo yMy 3 Tyy » ooy Tp) = ;) %)W'
€EM(z 1€ M (zx “ e
’(‘zix,ml)il #E,my) =1 14 ke

(Map1se ey MEpur) >1
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Now, from the above definitions, we at once have

(2) HO=H1+H2,
k 1 2T 1
(3) H +H,=T] 2, (=D 2 —
i=1mi€M(ts) My <=0 #i€M (z1), (piame) =1 4y

Lemma 3. Let T=[4y(N)]+1. Then, as N—oo, we have
H +H,=(,! -t ) {yN)}or++ire=bv{]1 1 o(1)}
uniformly in t, with t,<2y(N) simultaneously.
We consider the k factors on the right-hand side of (3) separately.
By similar reasoning as in the proofs of Lemmas 4 and 5 in [1], we can
see that

Ly w o L@y gy

mi€M(ts) My vi=0 €M (z1), (piomi)=1 [,
uniformly in ¢, with ¢,<2y(XN), which gives the lemma.

Lemma 4. As N—oo, we have

H2=O[(t1 1 .. 'tk !)—1{y(N)}z1+---+tke—kz/(N)]
uniformly in t, with t,<2y(N) and in arbitrary T, and similarly for
H,.

For each summand of the sum defining L,, we put d=(m,py,, - - -,
Myptr), Mo =dmiyg with mf|m,, ui|p;.  Then, since (m,, 1) =1, it follows
that

1 [k & 1\
(4) sz (03 = L,
T A \i=14=0 m€Ra My
and this inequality remains true, when we let d run through the square-
free integers >1 such that the number of prime factors of d is <log N
and each prime factor of d is >etss™?  Now easy calculations give

(5) > 1/d=0(e~%ele M Jog N),

On the other hand

6) 5 op L5 WA e
(=0 mi€M ey My =0 t;]

It follows from (4), (5) and (6) that
H2=O(62k'y(N)—(1og log N)2 log N).

From this and (1), we obtain the desired estimation for H,. H, can
be treated similarly.

Lemma 5. Let T=[4y(N)]+1. Then, as N—oco, we have

Hy=(t, 1+« £, D H{y (N} e 20001 4 (1)}

uniformly in t, with t,<2y(N).

The lemma follows from (2) and Lemmas 3 and 4.

Lemma 6. Let T=[4y(N)]+1. Then, as N—oco, we have

J}[“”:{(k—l) ! t 1... ts !}—lNk—l{y(N)}tl+n-+tlce"k'£/(N){1+ 0(1)}

unsformly in t, with t,<2y(N), and similarly for 9 ®.

By Lemma 1,
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(7) HO—N¥='Hy/(k—1)! =O{Nk-z (zlljl tZ:O mﬁ;‘“’ 1)2}’

since t,<T. Also, since T<5log log N for large N by (1), we can see
that

2T

1= O(Nlo(log log N) —1) .

t4=0ms€ M (tg)

It follows from this and (7) that

J© __Nk—lHO/(k__ 1) | = Q(INE-2+2klog log N)=1)
The desired formula for 4 follows from this and Lemma 5. 4@
can be treated similarly.

Lemma 7. As N—oo, we have

F={(k—1)1t,!. . -t 1} N Hy(N)}irt - +ieg=kv@{] 4 o(1)}
uniformly in t, with t,<2y(N).

The lemma follows from Lemmas 2 and 6.

Lemma8. Leta,<B;,(¢=1,-.-.,k). Lett,(i=1,-...,k)bepositive
integers such that t,=y(N)+ x,/y(N) with a;<x;<p;. Then, as N—co,
we have

F={(k—1) 1} \N* {2y (N)} */2e~ @i+ +zb/(1 1 o(1)}
uniformly in t,.

This Lemma corresponds to Lemma 6 in [1]. The Stirling formula
is used in the proof.

Lemma 9. Leta,<B;(t=1,---,k). Let A*(N) denote the number
of representations of N as the sum of k positive integers: N=n,+ -
+n, such that

y(1\7)+ocm/y(—1\7)<wzv(m)<y(N)+ﬁm@—(ﬁ) (¢=1,.---,k
stmultaneously. Then, as N— oo, we have
* Ne-t —xe T (% p—oe
A3~ e @ L, e,

This lemma corresponds to Lemma 7 in [1]. It can also be proved

by (1) that
> Y {o(n) —oxy(m)}=0N*"log log log N).

The theoremlnow kfollows from this, (1), and Lemma 9 by similar way
as the proofs of Lemmas 8 and 9 in [1].

We could prove the theorem by induction on k. By this, however,
the proof will not essentially be shortened.

The author expresses his thanks to Prof. S. Iyanaga for his kind
advices.
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