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128. Canonical Forms of Some Systems of Linear
Partial Differential Equations

By Masaaki YOSHIDA
Kobe University

(Communicated by Kunihiko KODAIRA, M. J. A., Nov. 12, 1976)

§ 1. Introduction. It is well known that the linear ordinary
differential equation of the second order

(1) T 0@ L+ g
is transformed by a change of varlable
u=a(x)v
into an equation of canonical form
d*v
(2) i —P@w

and that the coefficient p(x) is equal to the Schwarzian derivative of the
quotient of two linearly independent solutions of (1). Note that the
equation of canonical form (2) is characterized by the condition that the
Wronskian of two solutions is reduced to a constant.

In this paper, we shall extend these facts to two kinds of com-
pletely integrable systems of partial differential equations:

2
®) o'u a“ A<i, k<n)
ax,ax,c a=l
and
o a,(x)——+b @u  A<i<n)
(B.) a””afu
52,90, —cjk(x) o +djk(w)u A<y, k<n)

where all coefficients are supposed to be holomorphic in a domain of C*
and azo(x) El, bto(x) =0.
§ 2. Canonical form of system (E). Given n+1 functions wu,, u;,

.+ +, 4, holomorphic in «,, - - -, «,, we call
[ Uy - Uy, |
U, ou,
det a?c‘ 6?01
Ny U
L 01, ax,,

the Wronskian of u,, u,, - -

-, U, and denote by W(u,, u,, - -

"un)°
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In the same way as for the ordinary differential equation (1), we
have

Proposition 1. For n+1 solutions u, u,, - - -, U, of system (E), we
have

AW s, -+ )= (33 37 Q@) )Wty 0 -+, ).

We say that system (E) is of canonical form if the Wronskian of
n+1 solutions of system (&) is reduced to a constant. The following
proposition is an immediate consequence of Proposition 1.

Proposition 2. System (E) is of canonical form if and only if

; G@)=0  (A<i<n).
We obtain from Proposition 2 the following
Proposition 3. System (E) is transformed by a change of variable

u=a(x)v
into a system of canonical form
2,
(E") N s RO

axja k @
where a(x) satisfies

n

da(w):ﬁT(Zj: b3 qgl(x)dxj)a(x)

and p5(x) and pj(x) are given by

« 03
pjk::qjk_'ﬁ 22 Qa— n+1 Z L
1
D=5~ ] -a—gj— ZL: qm“l' Z Z Qal5e— o -]—1)2 22 % Z Q-

0 being the Kronecker symbol.

In his thesis of master degree, T. Oda gave a definition of
Schwarzian derivatives for a locally biholomorphic map f of a domain
of C™ into C" as follows:

. & oz, 1 { 57 01 0w
S : - g
jlc(f) Z ox 0, of; n+1 I §n 02,0, Af:

afl awm}
O 2 Gt dxndx, of; )’

aZ
SO — 0 1/(n+1) ~1/(n+1)
WD =los el (T oraal

J

-1/(n+1)Sa (f)}

Proposition 4. Let wug,u, -+, 4, be a fundamental system of
solutions of system (E) and put f=(u/ty -+, U,/t). Then the
coefficients p5(x) and pl(x) of the canonical system (E°) associated
with (E) coincide with S5,(f) and S5.(f) respectively.

One should remark that the integrability condition yields relation
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among p%, % and their derivatives and in particular that, if n>2, pj,
are expressible in terms of p3, and their derivatives.

§ 3. Canonical forms of system (E;). Given two functions u,, u,
holomorphic in «,, - - -, %,, we call

Uy Uy
det| ou, ou,
ox,, 0%y,

the I,-Wronskian of «, and «, and denote by W, (u,«,). We say that
system (E,) is of /-canonical form if the [-Wronskian of two solutions
of system (E;) is reduced to a constant. Corresponding to Propositions
1,2 and 3, we have the following three propositions.

Proposition 5. If a, ()0, then for two solutions u, and u, of
system (E,), we have

AW 1(Uy, Uy) = ; 9 ,(@)dx ;W (u,, uy),

where
1 da,(®)
o, () Oy
Proposition 6. System (E,) is of l-canonical form if and only if
a;,(x)£0 and

29 ,(x)=

+ bj(x) + cjio(x)°

g,)=0  (ALi<n).

Proposition 7. If a,(®)#£0, system (E,) is transformed by a
change of variable

u=g(x)v
wnto a system of l-canonical form
9 a,@)-2 1 b
(E!o axf Lo
’ o =& ,,(x) v +d @)V
0% ;0% 7 0%, 7

where g(x) satisfies
dg(a) =3 31 0,(w)dz, 9(2)
and the coefficients of (E%) are given by
Gy=a;  b;=b;—9;+a,9,
Cir=Cyr— 039 ;— 3G,
A= —019;—D 91+ Cs19:— p

9 9%—919%-
Zy
Using the following differential expressions for f holomorphic in

Lyy * oy Xy
of
D = ,
i) 0x,

Pu(=_20 2 9 o

dxdx, dx, ox 0, 0F,
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ljk(f ) =

3 {Puye(N) + Py (N}
X4
_{‘2 azf of 2 a'f af} af

" ox0n, 0Xn0x,  0X0%,0%, 0y) 0w,
we have the following proposition analogous to Proposition 4.
Proposition 8. Let u, and u, be a fundamental system of solu-
tions of system (E,) and put f=u,/u,. Then the li-canonical system
(E%) associated with (E,) is written as
w _ Dyf) v 1 Pu,f)
(3) 19 Dull) 9w, 2 Dy(NDW() ’
v _ 1 Puu(D+Pu(f) v _ 1  Sis(f)
dwpr, 2 Dy(ND) %y & Dy(NDL)
We say that differential expression R(f) is a relative invariant of
degree r if

R( ‘Zﬁg )=(cf-11-d2’
a b

for every ( c d) e SL(2,C). A relative invariant of degree 0 is called
a Schwarzian derivative.

Proposition 9. The differential expression D,(f), P, (f) and
Sim () +S%,.(f) are relative invariants of degree 1,2 and 3 respectively

and the coefficients of the system (3) are Schwarzian derivatives.
Proposition 10. Let &,=(%, .- -, %,) be another system of coordi-
nates and let D, (F), P,,(), St3(F) be the corresponding operation for

J@ =f(x) in terms of T. Then we have the following formulas.

Dy(f)=D(f)Js,
Pyi(N)=P ()], + D (F)D( P,
im () + Stk ()= (Sz;,(f)+S,,3,(f‘))Jz‘J5J£JfJ;L
+ D, ()P s, (FIQbatn + Olhut

+D,(H)D.(F)D (f‘)(sm +SZZ£’)

R(f)

where
J;=0%,/0%;, J5,=0J5 /0%, Ji;,=0J5;/0%y,
_CP“ =J5 i —J5 5,
‘Sljk —J%‘m(@%? PN — 4@ 5 e —2T 11T 1),
Seofnd = J 4 J§ (T8 4 T8 1) + 205 JE 1T 5 + (T Iy + T )T ¢ I8,
+2(J 55+ I3 I DT
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