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(Communicated by Kenjiro SHOD)x, M. Z. )x., Jan. 12, 1977)

1o Introduction. In this paper we deal with the equivalence of
various ways of convergence in the ergodic theorems and establish an
ergodic theorem for the family of operators. More precisely, it is
shown that conditions considered by L. W. Cohen and W. F. Eberlein
are equivalent in some sense. This result is applied to get a mean
ergodic theorem for families of commuting operators. The details will
be published elsewhere.

The author would like to express his thanks to Prof. S. Koizumi
for his helpful suggestions.

2. Preliminaries. We call a matrix (a) satisfying the condition
(E) if the matrix satisfies the following conditions

(i) lim a=O (i--O, 1,2,...),
(ii) lim 7--0 a, 1,
(iii) Y,?=0 a,l=<K (n= 1, 2, 3, ...),
(iv) lim%la+--a{--0 uniformly in n.
Let T be a bounded linear mapping on a Banaeh space B such that

T I1=<A. Then W. Cohen showed that this condition (E) is sufficient
condition or the following to have. If Vx--,=o a,T*x’is sequentially
compact, then the sequenee converges strongly to an element x0 e B and
Txo--Xo.

Let X be a locally convex space and T a continuous linear mapping
o X to X. Let V(T)--,7-_0 a,T, where (a) is a matrix that V,,(T)
is well defined as a continuous linear mapping o X to X. Then we
call V(T) satisfying the condition (E) if

( ) lim ,?_-0 a 1,
(ii) lim_ (I-- T)V(T)x=O for x e X,
(iii) {V(T)" n=l, 2, 3, ...} is equi-continuous.

Throughout this paper we denote by Fr and Ir the set of fixed points
of mappings T and T* respectively, where T* is an adjoint mapping

of T. 1 ?__ T, is denoted by M(T).
n

Remark 1. If T is a linear mapping on a complete locally convex
space X such that the family of mappings {T" n=l, 2, 3, } is equi-
continuous, and let a matrix (a,) satisfy the condition (E), then V,(T)
==0 a,T satisfies the condition (E0.



No. 1] Mean Convergence for Ergodic Theorems 35

:. Equivalence. We shall show that for the summing process in
the mean ergodic theorems, various matrices satisfying the condition
(E) can be used indifferently.

Theorem 1. Le$ X be a complete locally convex space and T a
continuous linear mapping of X to X such that the family of mappings
{Tn: n--=l,2, 3,...} is equi-continuous. If, for a given x e X, there
exists a matrix (an) satisfying the condition (E) and a subsequence of
Vn(T)x--,.=oaTx which converges weakly to an element xoeX,
then Xo e Fr, and for every matrix (b) satisfying the condition (E),

x0=lim T%=lim bTx.
i=l

Remark 2. Theorem 1 still remains to hold, even if we replace
the condition (iv) on the matrix (a) by the weaker condition

(iv’) lim (I--T) aT=O.
Remark . I there exists a consan K(n) depending on n such

that, or any i(K(n)), aniO, bnO, the completeness assumption of
Theorem 1 is not necessary.

Next, we shall show hat Theorem I is sill valid in the normed
linear space if we replace the condition (E) by he condition (E).

Theorem 2. Let X be a normed linear space and T a 5ounded
linear operator on X such that [T]I. I/ there exists a sequence
V(T) satisfying the condition (E) such that, or every x X, a suS-
sequence o/ V(T)x converges weakly to an element xo X, then, for
every U(T) satisfying the condition (E), xo F and

x0=lim --1 T%=lira U(T)x.
i=l

Corollary. Let X and T satisfy the hypotheses of Theorem 2.
Then the following conditions are equivalent.

( ) For any x e X, there exists an Xo e X such that
x0=w--lim M,(T)x.

(ii) There exists a sequence V(T) satisfying the condition (E)
such that, for every x e X, there exists an xo e X which is the weak
limit of the subsequence Vn,(T)x.

(iii) For any x e X and U(T) satisfying the condition (E), there
exists an Xo e X such that Xo e Fr and

x0=lim M(T)x lim U(T)x.

(iv) Fr separates the points of IT.
Let S be a compact Hausdorff space. Then a linear space M of

continuous functions on S is called a function space if M separates the
points of S and contains the constants. We consider M a normed linear
space with sup-norm and denote by 3S the Choquet boundary.
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Then we have the ollowing.
Proposition 3. Let M be a function space on compact Hausdorf]

space and T a bounded linear operator on M such that T [[_< 1. If there
exists a sequence V(T) satisfying the condition (E) such that, for
every f e M, there exist an. element foe M and a subsequence V,(T)
of V(T) such that

f0(x)-lim V,(T)f(x) for x e 3S,

then, for every U,(T) satisfying the condition (E) and an f e M, there
exists an f e M such that Tfo-f and

f0--1im M(T)f--lim U(T)f

Theorem 2 and Proposition 3 yield the following.
Corollary. Let (S, [2, l) be a positive a-finite measure space, and

T a contraction linear operator on L. If there exists a sequence V(T)
satisfying the condition (E) such that, for every f e L, there exist an

f e L and a subsequence V,(T)f of V(T)f such that

whenever g is an extreme point of the unit ball of L. Then, for every

f e L, there exists an foe L such that
fo Tfo and f0 lim M(T)f lim V(T)f

4. Several operators. Theorem 4. Let X be a locally convex
space. Consider a finite number of commuting continuous linear mapp-
ings from X to X such that
( a ) for every x e X and T (1 <=]<__J), there exists an Xo e X depend-

ing on x and T such that x0=w--lim, M,(T)x,
(b) for each T (l__<]_<J), the family {T’n--l,2,3, ...} is equi-

continuous.
JLet T be a convex combination =aT of linear mappings T (1<]

<=J), where 0(a<l and ,.a 1. Then, for every x e X, there ex-
ists an Xo e X depending on x such that

(1) xo-lim M(T)x--lim M(T)M(T). M(Tz)x,
(2) Xo e FT -= FT.
Let S be a compact Hausdorff space and C(S) a Banach space of

real valued continuous functions on S. A Markov operator T is a
positive (Tf>= 0 whenever f_>_ 0) linear mapping with T1 1. We call
a Markov operator T uniformly mean stable (u.m.s.) if M(T)f con-
verges uniformly for every f in C(S). We hve the following corollary
which states a more precise result than Sine’s [7, Theorem].

Corollary. Let T=7,_T be a convex combination of commut-
Jing u.m.s. Markov operator T (l<]=<J), where ,__ a=l and 0<a

<1 (1 <=] <=J). Then, for any f e Ca(S), there exists an foe C(S) which
satisfies the following
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(1)
(2)

fo-- limn. Mn(T)f limn_. M(T1)Mn(T) M(Tj)f
fo e=Fr.
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