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1. Introduction. Let X be a Banach space and A be a densely
defined, closed linear operator in X satisfying
(1) the resolvent set p(—A) of —A contains the non-negative real
axis and

(2) [2A@+A) =M for 2>0,
or equivalently,
(2), 12a+A) =M,  for |ergll=sw

holds, where M, M, and » are some positive constants independent of
A.  Asis well known, the fractional power A%, 0<a<1 of A is defined
through

1
3 e — | A7%(A—A)7dA,
(3) 2t j‘r ( )

where I" runs in p(A) from cce ® to e’ (r—w=<60=r) avoiding the
non-positive real axis.

The purpose of the present paper is to describe a criterion for the
width of the domain D(A%) of A<, and then apply it to an evolution
equation of parabolic type:

du(t)/dt+ AQut) =1 @), o<st<T.

2. Basic theorem. We denote by D(4,), 0<a<1 the set of all
2 € X such that L 12"1A(Q—A)~xd2 is absolutely convergent and define
a linear operator A, by
(4) Ag=_L_ j #AQ—A)zdl,  weDA,).

2nt Jr

In view of (3) it is evident that D(A) is contained in D(4,), 0<a<1.

Lemma. If xe¢X and
(5), MAQ+A) 'z, |argl|So is uniformly bounded for some 0<B<1,
then x € D(A%) and A*x=A_ x for any ¢ with 0<a<p.

Proof. Clearly ze D(4,), 0<a<pg and (4) holds good. From

A AA g=A- A" A g=A 1 _ j 21— A)-eda
2rt Jr
=A"Alx=A""z,

it follows that A-“A x=2x, which implies that € D(A*) and A*x=A x.
Theorem. Let A bea densely defined, closed linear operator satis-
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fying (1) and (2). In order that an x ¢ X belong to D(A*) and
Argp=_1_ f 1A —A)-wda
2nt Jr

hold for some 0<a<<l, it s mnecessary and sufficient that
®) ¥AQ+A) 'z, 2>0 is uniformly bounded for some g with 0<B=<1.

Proof. The necessity. A simple calculation shows that
[|22A-=A(A+A)||, 2>0 is bounded. Hence if # € D(A%), 0<a<1, then
(5) holds with g=e«.

The sufficiency. If an xe X satisfies (5) with 0<g<1, it also
satisfies (5), with some small w>0. Therefore by Lemma we conclude
that # € D(A) and A*x=A x for 0<a<p. Q.E.D.

Remark. In the above we have proved that

D(A,)CDAfCB,CDA,)CDAYCB,
as long as 0<a<p<1, where B,;, 0<B=1 is the set of x e X which
satisfy (5) or equivalently (5), for some small »>0.

3. Application. In this section we consider a system A(f),fe
[0, T1 of densely defined closed linear operators satisfying (1) and (2)
(or (2),) with M (M, and o) independent of t. We assume that A(t)™!
is strongly continuously differentiable in £ € [0, T'].

Proposition. Under the above assumptions the followings are
equivalent :

(6) the range R(—dc%A(t)"‘) of gt-A(t)"l is included with D(A()) and

“ A(t)"T:llt—A(t)'l , t [0, T is bounded for some 0<p<1;

(7)

some 0<p,<1.

Remark. H. Tanabe [2] constructed the solution to the evolution
equation
(8) du(t)/ dt + A@But) =1 @), 0=st<T
by assuming o>r/2 (parabolicity) and (6). Recently A. Yagi [3] con-
structed the solution of (8) under the assumption (7) instead of (6).
But his method, which makes no explicit use of the fractional power
of A(t), is new and seriously interesting for the author.

Proof of Proposition. The implication (6)—(7) is clear. For the
proof of (7)—(6) we apply the lemma stated above to know that
—O%A(t)"w, 2 € X belongs to D(A(t)?) for any 0<p<p, and that the inte-
gral

zﬂxA(t)(HA(t))"%A(t)"

, tel0,Tl, |argl|Sw is bounded for

14 d =l 1 p=1 — -1
Aty-S b o= Lz A A— AB)-zdA
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is absolutely convergent uniformly in ¢ ¢ [0, T1].
4, Example. Finally we deal with an example of A(%), ¢ e [0, T1.
Let A(t) be for each t < [0, T] the associated operator with a regular
elliptic boundary value problem (A(t, x; D), {B,(t, x ; D)}™,, G) of order
2m in R®, where
GCR”, -D_':"(a/axl)m1 et (a/axn)an,
A, z; D)= 2, aft,2)D*, By, x; D) =m§n, b;s(t, ©)D?,

|a|s2m
0os<m,<2m—1, j=1, ..., m.

For the details we refer the reader to S. Agmon [1]. A(%) is defined
as usual by (A@®)w)(x)=A(, 2 ; D)u(x) for any u e D(A(t)), the set of all
u e Wi™@) such that B,(t, ; D)u(x)=0, x oG, j=1,--.,m. We sup-
pose on (A(¢, @ ; D), {B,(t, x ; D)}7.,, G) Agmon’s condition foré ¢ (—6,, 6,),
which furnishes A(t) with the following property: o(— A(¢)) includes a
sector |argd|<x—0b,, |A|=C, where

% llem. o +141 1|2l
9 so{|(x+Ac s DYu| + 1A+ 310 e o
9,@)=B,¢t, x; Dyw(®), x€dG, j=1,..-,m
holds for any u e Wi™(G).

We will prove here with the aid of the above proposition that
A(t), t [0, T] satisfies (6) if
(10) @, @), |a|=2m; Db ¢, ), |fl=my, |r|s2m—my, j=1, - - -, m
are continuously differentiable in t in [0, T1X G.

It is not difficult to verify that the strong continuous differentia-
bility of A(t)~* in t € [0, T'] follows from (10). We replace A(t)+ kI by
A(t) for a suitable number k if necessary. Putting

u(t)=A(t)"g, 1) =22+ A@®)'du(t)/dt
for any g € L,(G), we have

(a_+A(t,w;D))(%u(t, ) —vit, x>)=— > (%aaa:, x))Dau(t, 2),

la]=2m
ze@,

B (t, x; D)(-g’?u(t, ) —vy(t, x)) == (%b,,,(t, x))Dﬁu(t, %),

reo@, j=1, ..., m.
Making use of (9) we have

” zA(t)(z—l-A(t))"—d‘%A(t)"g

=l ” T‘li{u(t)-—vx(t)

b4
<o(1+ b 2152 ) ) om, = C 1+ 3 2= gl

for any te[0,T] and 2 with |argi|<z—6,, |A|=C, where, as in (9), we
use C to denote a positive constant independent of ¢ and 2. But
By, x; D) is, if m;=0, considered to be the identity operator and hence
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we obtain
HA@0+Amr5EAmﬂ

Lp(@)~Lp(®

11
<C(14m+ 33 ).
mj#0
Clearly (11) implies (7) with o=r—6, and
{Min (mj/zm) ((mly R} mm)¢(0, tt 0)),
p =

mj#0
1 ((mly “’,mm)=(09 ) 0))-
Thanks to the above proposition, we have proved that (6) is valid
for our A(t), te[0,T] with any positive p<p,; p=1/2mp, p>1 for
example.
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