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151. Some Remarks on a Theorem Concerning Star-shaped
Representation of an Analytic Function.

By Kenjird6 NABETANI
Mathematical Institute, Tohoku Imperial University, Sendai.
(Comm. by M. FUuJIwARA, M.I.A., Nov. 12, 1934.)

1. The following theorem is originally due to Mr. S. Takahashi®
and was completed by Mr. K. Noshiro.?

Let fR)=z+aP+ ----- R T A »
be regular for |z|<<1 and
@ f@I<M M>1)

for |z|<<1, then the circle |z| <ﬁ is represented conformally by f(z)

on a star-shaped domain with respect to the origin. Moreover the
limiting case is attained by the function

f(z)=MK Z_M: dz=M(Mz+(M2—1) log (1—7;))
1

whose derived function has a zero-point at z=ﬁ'

Examining the proof of Mr. Noshiro for this theorem, we see that
the condition (1) can evidently be replaced by

@) {;_njzﬁlf’(re“) \2d0}% <M for 0Zr<1.

2. Now we can naturally propose the following problems.

(I) To find the radius of the greatest circle with the center at
the origin which is represented conformally by every f(z) on a star-
shaped domain with respect to the origin under the condition

3) {_]-_jz"lf(reiﬁ) izdﬂ}% <M (M>1) for 0<r<1.
27 Jo

1) Tohoku Math. Journ. 33 (1931), p. 58.
2) Proc. 7 (1932).
3) In this note, f(z) means throughout the function of this form.
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(II) To find the radius of the same property as in (I) under the
condition

4) IfR)<M (M>1) for |z|<<1.

This problem has been solved by Mr. Dieudonné,” and the required
value of the radius is M—v M?—1.

(III) To find the radius of the greatest circle with center at the
origin which is represented conformally by every f(z) on a convex
domain under the condition (8).

(IV) To solve the same problem as (III) under the condition (4).

(V) To solve the same problem as (III) under the condition (1).

Among these problems, (V) and (IV) are equivalent to (I) and (II)
respectively which can be seen from the following

Lemma 1. The circle |z|<<r is represented conformally by f(z)
on a star-shaped domain, when and only when F(z), defined by
Sf(z)=2F"(z), represents |z| <7 on a convex domain.

In the next lines I will solve the problems (I) and (III) by the
same method as Mr. Noshiro.

3. First, the required value in the problem (I) is given by the
positive root of

R _ 1
1-R»® M2-1"
To prove this, we make use of a lemma® given by Mr. Noshiro.

Lemma 2. Let f(2) be regular in |z|<<1. If

ﬁ]znla,,lr"‘1<1 for 0Z5r<1,

the circle |z2|<7 is mapped by f(z) on a star-shaped domain with
respect to the origin.
Now by the condition (3) we have

L+ |agl+ | ag+ oo =tlim L[\ ftre) a0 < 2,
r>1 21 Jo
consequently
Sinla, |t < lan lz)*(i nzr""“”)é <vM2-1 ~/ <
n—2 T n=2 n=2 - 11—

1) Ann. PEcole norm. sup. 48 (1931), p. 350.
2) K. Noshiro: loc. cit. We can find this also in J. W. Alexander II, Annale of
Math. 17 (1915), p. 22
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R? 1
for 0<r<R and = .
- 1-R?» M2 -1
Hence by the lemma our assertion is proved. If a function which
satisfies the assumption of this theorem has a zero point of its derived
function on the circle |2]=R, then it must be

c’.22'n|aan"‘1=1.

In order that this holds good we must have
|a,|=(M2—1mR*!  (n=2,3, ...... ).
Here we are led to consider the function
=z—(M2-1 S R 1m= M2 — (M*—-1)z .
e I
For this function we have

1 (* . i 1 (™ agioyiegn— —1S -2
L [T iprenypas < 2|\ pdo=1+ 1) Syweree =,

and f’(R)=1—(M2—1)i n2RMn1=()

Hence R can not be replaced by any greater number.
Next, the value required in the problem (III) is given by the

positive root of
i ,n4R2(n—1)= _];_JZ”

n=1 2nJo

1+ Re® |2 M2
| df= .
1—Re™ Mi-1
Proof can easily be done by the aid of the following lemma,

which is an immediate consequence of the lemmas 1 and 2.
Lemma 3. If

iznzlanlr”‘l<1 for 0<r<1,

the circle |z| < r is mapped conformally by f(z) on a convex domain.
To prove that the value of R given above is the best possible one,
we take the function

—2— (M2—1) PRz = 2_q), 1t Bz
fR)=z— (M l)nz_‘.an” 2" = M?%(M?*—1)z A—Ref’
for which

{2 [istrenyran)' <{ o[ e vas) =

and
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n 2 __ & 3(nr -1,n-1
1+R{if;”-(-zl}=1—R{ P> (f DR
f(2) 1—(M2-1) zzn?»Rn—-lzn—l

(M?—1) 104 (Re) ' — (M2 —1) S 08 (Re)™
=1_R{ n=2 n=2 }<0,

1- (M2 - 1) 3 ni(Re)™
for |z|>R,
so f(z) does not map conformally any circle with the center at the
origin and a radius greater than R on a convex domain.
4. If we take in place of f(z) the polynomial
P,(2)=z+a?+ag+------ +a,z" n=2),
we get more precise results. For example, the radius 7, required in
the problem (III) for this function is given by the positive root of

- v-D M 2
,2_1 v M1
We can also easily answer the problems (I), (V) and give analogous

results to the theorem stated in §1 with the condition (2) for the
function P,(z).

1) cf. Bieberbach, Lehrbuch fer Funktionentheorie, II (1931), p. 81. R() denotes
the real part of ¢ as usual.



