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(Comm. by M. FUJIWARA, M.LA., Feb. 12. 1935.)

In a previous paper I mentioned some linear displacements in a
manifold of matrices.” The present paper is devoted to a study of the
most general displacements in a manifold of a matrices and of their
various special cases. Applications of this theory to geometry and to
the theory of spinors in quantum mechanics will be considered in
succeeding papers.

1. Let us define the covariant differential of a matrix A=((a}))
along some direction in the manifold of matrices by

1) VA=dA+TI'(4),

where I'(4) is a matrix whose elements are homogeneous functions of
the first dimension with respect to the matrix A4, i.e.

@) F(A)=%1‘(pA)

for any quantity p. By the transformation of matrix A=pA, ie. by
the variation of the weight of the matrix A, 7°(A4) let be transformed into

3) I'(A)=Adlog p+I'(A),
then it follows immediately

@) $Z=%VpA.

2. We consider
_ 3l _( al(4)

®) =220 (( I )

o . ar'(A) .
which is a matrix whose elements AN are also matrices, where

N
the row and the column are interchanged: (I)}= %. Making
N

use of the notation

1) A. Kawaguchi: The foundation of the theory of displacements, III, Proc. 10
(1934), 133-136.
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(6) r,-A= AN AY,
we have

)] r,-A=re4), I44-A=0,
by which (1) can be written in the form

(8) VA=dA+T,-A.

Especially, when the matrix is reduced to a unit matrix E, then (8)
becomes

9 VE=TI},

, ) ol
where [} denotes the norm of the matrix «B—E'ft,’_)) .
8. We draw into consideration a group of transformations of
matrices &, whose one element is

(10) A=VAW,
V and W being both square matrices. We call such a matrix a con-
travariant matrizor of order one, which depends on the matrix 4, and
undergoes exactly the same transformation as matrix A :

11) M<=VMA)W.
By the assumption that the parameter matrix of the displacement I is
transformed by this transformation (10) as follows:
IF'A)y=VI(AW—-dVAW—-VAIW

(12) rA)=vrAw+vdvVA+ AdWw,
it follows
(13) VA=VVAW,

that is, the matrix VA is also a matrixor of order one.

4. Let A-B denote the matrix whose elements are also matrices
(ALB3))omxney for which 2 and M are fixed. Then we have the rule
of change of the parameter matrices differentiated by 4 I,:
GG=(VXWOHYI(WxVY)—dVVLE-E-W4dW,
La=(VIx W) Z(WxV)+ VHAV-E+E-dWW,
where VX W denotes the general product of the matrices (V) W3)
and not (V)Wj). Making use of the elements of the matrices, (14)
will be written in the form
DY=V2W MWV E—dVIVEEY - ENW¥IWE,
L= VRWEREW-VE+ ENAWEW 4+ VSAVAEY,

(14

(15)
being
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(16) FA=((FJJIVM ).
5. From (15) we see easily
amn Fia=(VXWIx WYL (WxVIx VY,

We call r-ple matrix M‘”=((M:11:§_'fj_'jj::)) a contravariant resp.

covariant matrixor of order r, when it is transformed by the trans-
formation (10) according to the equation

MO=(VXVx-ener X VIMD(WX WX eoen- x W) resp.
¥ r J

e —

(18) MO=(W'x Wx oo X WHMP(V X VX oeeee x V)

and the mixed matrizor of order r, of covariant order r—s and of
contravariant order s, if

(19) MP=(VX VX XVXWIXx Wlx- oo x W)
MO(WX W Xeenen XWxXVIxV1Ix-..... x V1),

Then we see that /44 is a mixed matrixor of order 3, which is of
covariant order two and of contravariant order one.

Put
(20) I qa=(13%3),
then we have
(21) L.az=Wl. 4,V

which shows that .44 is a contravariant matrixor of order one.
6. The quantity /. ,=1}} changes by the transformation (10) into
(22) =TI ,4-dV-V-W1l.dw
=I 4 —dlog|V|-dlog|W|,
where | V| denotes the determinant of the square matrix V.

7. We shall proceed to discuss a special case VW=E. In this
case the difference between contravariant and covariant vanishes. In
fact, the inverse transformation of (10) is

M=WMV,
which we can write

*

M=VMW,
Il} being the matrix, which we obtain from M by the interchanging
rows and columns. For this reason we cannot recognize the difference
between contravariant and covariant, for example, (17) becomes in
this case

Fig=(VxVx VI (Wx Wx W).
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The following results are obtained easily.

(I) The norm of matrixor of order one is invariant under the
group. More generally, the norm of a matrixor of order r is a matrixor
of order r—1.

(II) Let A and B be both matrixors of order one, then A-B is
invariant under the group and AB is also a matrixor of order one.

(II1) I'., is an invariant under the group.

(1v) [I;=I,-E is a matrixor of order one.

For D=V WE—dVLV - W RIW
=V WE—dVIWE—-VIAWE
=VelIFWe.

(V) I is a matrixor of order one.

Put

(23) ()= T+ T3,

then we have
(HR)=(Vx VYL )Wx W),
from which follows

(VI) (I,) is a matrixor of order two.

The theories of the linear transformation group, of the manifold
of mixed tensors of the second order, and of spinors all belong to this
case.

8. In the theories of the manifold of contravariant or covariant
tensors and of quadratic forms, it is V= W. In this case the contra-
variant resp. covariant matrixor of order one M transforms according
to the equation

M=VMV  resp. M=VMV.



