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1. Let p denote d/dx and F(z) be a power series , a,z". Operat-
ing F(p)p on 1 we have formally

1 ( a, +1.3a2 +... (_i).1-3-5 (2n-1)a.
w/-x ao-

(2x) (2x)2- (2x)n
+.-. (1)

which is in general divergent. Denoting this series by S(x)and putting

F(p)p1/2. l=h(x),

we have h(x) S(x)

where means that S(z) is an asymptotic expansion of h(x). This is
one of the Heaviside’s rules.

To give a rigorous basis for this Heaviside’s rule, Mr. Carson
introduced Laplace operator and defined h(x) by the relation

F(p) i;e_,h() dt (2)

and proceeded as follows.1)

I:e-’g(t)He defined g(t) by F(p)= dt

and deduced a,= (-1)ig(t)t’dt (n=O, 1, 2, ...)
n! Jo

by assuming the existence of
0
g(t)t"dt and the termwise integrability

of J (-1)’t g(t). Then by making use of the relation
n!

1 foo-, dt
p/2 Jo e --and the so-called "Faltungssatz," he deduced further

h(x)_ f g(t) dt

o (t) N t"

If the termwise integrability assume, it resul

1) See Carson, Electric circuit theory and the operational calculus, 1926, Chap. V.



284 M. Fxiwm. [Vol. 15,

1 1-3-5 (2n- 1) g(t)t, dt.
o

Putting here I:=I:-i:,
1 1-3-5 (2n-1)h(x) ,( 1)

(2x)
a.

/x -2’
n

g(t)edt

S(x) N n ( . (t)tdt.

Mr. Carson denotes this in the form

S(x)- J=/u(x_ t)

and states that S(x) is the asymptotic expansion of h(x).
This latter part of his reasonings is, however, not quite rigorous,

since in the interval (x, oo), (x-t)-v can not be expanded in the form

] 1-3-5 (2n-1) " g(t) dt-+ 0 as x-+ oo, we
/x n! (2x)"

t", and although
j/u(--_ t)

can not say that S(x) is the asymptotic expansion of h(x), unless

lim x[ g(t)dt
il* j;w/)

=0 for all n

were not proved.

Mr. Carson took further a special case F(p)= 1 into con-
+

sideration, and deduced

1 I: sin o(x- t) dth(z)-
_o

-1 / I:sint I’eos,ot }V/- -coswx
o V t- dt+ sin x

o i
dt

Obeying the oillafing characr of this solution and comparing wi
1 ( 1 1.3-5.7the Heaside’s lution S(x)=..._ 1-+(2x) (2x),

he consider ts example as a prf of the existence of me
where Heaside’s solution ds not give the exact solution.

2. In the following lines we wish to discuss the relation of the
Hviside’s solution and that of Carn.

Inverting the relation (2)
1 +e::F(z) dz ,1) (3)weget h(x)=_. zV2

1) This formula was deduced from Fourier double integral formula by Levy, Bull.
des sciences math., (2) 50 (1926), and March, Bull. Amer. M.S., 33 (1927). But I have
given this formula in my paper, Ober Abelsche erzeugende Funktion und Darstell-
barkeitsbedingung von Funktionen durch Dirichletsche Reihe, Tohoku Math. Journ., 17
(1920).
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if we assume F(z)

F(z)

for tl- (z=c+it),

uniformly for - o, (z /it)

(a)

and F(z) is regular in the half-plane R(z) c ::> O.
We assume further that F(z) is a meromorphic function whose

poles do not lie on the negative
real axis, the origin inclusive.

Now let A be the point z--c,
and BCGH be a semi circle with
centre A and radius r. Then the
integral of eF(z)/2n’izm along the
straight line HAB is equal to the
sum of integrals along the circular
arcs BC, GH, those along real nega-
tive axis CD, FG, and a small
circle DEF about the origin O,
together with the sum of re-
sidues of eF(z) z-/ in the semi-
circle.

From the assumption" F(z)
Z/2 -- 0 for R(z) c, [zl- o, (b)

we can conclude that the integrals along the integrals along the cir-
cular arcs BC, GH tend to 0 as r- oo. Consequently the integral
along the infinite straight line (c-i, c/io) is equal to the sum of
residues in the half-plane R(z) c together with the integral along the
contour (C) consisting of the negative real axis, from -oo to -, a
small circle about the origin with radius , and the negative real axis,
from

Letting e-)O, we have

1 I e-F( e) dp (= J(x), say).

If F(-) be expansible in the Taylor’s series, and I/7)(-)1 <: M.
for all p O, then

F( p a a fl+ afl- /(- 1)"a fl’ -! (--1)n+lP+ F(n+l)(_0o)

Putting this in the integral J, we have

:-o (n+l)!

_1 (-1)a F(k+ 1)
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where IR! < F(n+3/2)
n+3/2

Whence we can conclude that

1 -, (-1)a r(k+ 1/2)
/. k ffio k+l/2

is the asymptotic expansion of J, which is nothing but S().
Thus we have

and

h(z) J(z)+ sum of residues of eF(z)

J(z) S().

For example, when F(p)=

we get 1 (h(x)----sin ox-- +S(x),

1 (-1)" 1-3-5 (4n- 1)s()= ,_/
,

(-2-j

This result coincides with the result obtained by Mr. Carson when

Isinxdx, IOOcsXdxaresubstituted by the asymptotic expansions.

Next consider the ease" F(p)- 1

In this ease, the residue of e’F(z)/z/ at the point z=2 being
e’/V’-, we have

h(x) +S(x) S(x)=- 1 {i_1
_

v/X
1-3 1-3-5

(22x)" (2x)+’’"
where is assumed not a negative real number.

Thus we have the following theorem.
Theorem. Let F(z) be a meromorphic function whose poles do not

lie in he half-plane R(z) c O, and on the negative real axis, the
origin inclusive. Then under the condition (a), (b), the Carson’s
solution h(x) of the equation

F(x) :e_th(t) dtx/ (F(p)p1/. l=h(x))

e=F(z)is equal to 1__ e-tF(-t)v/_i dt+ sum of residues of z/

The integral here stated has the asymptotic expansion 1
v/z J (- 1)

1) Carson. Trans. Amer. M.S.. 31 (1929).
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1-3-5 (2n-1) (2x)-, where a,=
F()(0) and [)(-t)l is assumed

n!
to be bounded for tO. This
asymptotic series is nothing but the
Heaviside’s solution.

3. If we take a rectangle BB’
CH’H instead of a semi-circle BCH,
then we can proceed as follow

Let B, B’, H’, H be represent
by c+iN, -M+iN, -M-iN,
c-iN, then

8

F(a+iN)

If F(z) uniformly for any finite strip a a f,

when t -- (z a+it)

(c)

then the integral above stated -- 0 as N--
for the integral along H’H.

The same holds good

Again from dt,

it follows that the left hand side - 0 as M- oo, if

dr= o(d), for any e :> 0. (d)

Thus we have the following theorem.
Theorem. When the conditions (a), (c) and (d) instead of (a) and (b)

eF(z) +are satisfied, then we can conclude h(x) sum of residues of /
Heaviside’s asymptotic series.

Added in proof. By the notice of Dr. Izumi I found that the
first theorem above stated is contained as a special case in Theorem 1
in a paper by Dr. Bourgin and Duffin, the Heaviside operational calculus,
American Journal of Math. 59 (1937). The second theorem is new.


