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11. An Abstract Integral, V.

By Shin-ichi Izumi, Noboru MATUYAMA and Masae ORIHARA.
Mathematical Institute, Tohoku Imperial University, Sendai.
(Comm. by M. FUJIWARA, M.I.A., Feb. 12, 1942)

Introduction. S. Banach has introduced an integral which has no
convergence properties, and wuich is defined for all bounded functions
in (0,1). Evidently this class does not contain the class (L) of Lebes-
gue integrable functions. Since Banach integral is the integral without
convergence properties, it will be desirable to define the Banach integral
so that the class (B) of Banach integrable functions contains the class
(L) and if Banach integral is pressed to have convergence properties
of Lebesgue, then (B) reduces to (L). This is possible by the Jessen-
Khintchine theorem.

In the case of abstract-integral, it is desirable to define such integral.
For this purpose, we have introduced the abstract Banach integral for
which above relation holds for the abstract-Lebesgue integrals in the
third and fourth papers. This is given in §1. In §$2 we define the
second Banach integral such that above relation holds for abstract
Riemann integral, $3 contains a certain uniqueness theorem of above
two integrals.

§ 4 contains that above consideration can be extended to the case
where the value of the integral lies in a semi-vector lattice instead of
real number field.

§1. Let E be a partially ordered linear space whose elements
are denoted by z,¥, ..., and M be a set of elements «,f3, .... Now we
shall consider a set of operations T“x(xe M) which transforms E into
the space of real numbers, and satisfies the following conditions.

(1.1) For every elements o, 3 of M and x,y of E, there exists a
r of M such that T7(x+y) < T+ T#y.

(1.2) AT*%=T*2x), for any real number A.
(1.3) If <0, then T2 <0.

(1.4) For any element « of M, there exists an element ¢ of M
such that T%e=1.

If we put
1.5) pk)=g.l.b.(T%; ae M),
then we have
(1.6) pl+y) < plx)+py) for every z and y in E.
(1.7) p(tx)=tp(x) for t = 0.

Proof. For every ¢e>0 and every x,¥ in E, we can find « and
f in M such that

1) g.1b. (Tex; ae M) means the greatest lower bound of T2x when a runs over
M. For the least upper bound we use the similar notation,
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T <p(x)+e, Thy < p(y)+e
by the definition (1.6). By (1.1) there exists y of M such that

T (x+y) < T+ Ty.
Consequently
plx+y) < p(x)+py) +2¢

and then letting ¢—0, we get (1.6). The relation (1.7) is evident by
(1.2) and (1.5).

By (1.6), (1.7) and the Banach’s extension theorem, there exists a
linear functional f(x) on the space E such that p(x) = f(x).

We denote f(x) by jx, then this integral has the following pro-
perties ;

(1.8) ~g(aoc+by)=ajoa+bjy, where a and b are real numbers.

(1.9) 2 =>0 implies Sw > 0.

(1.10) Se=1.

Proof. By the linearlity of f(x), (1.8) is evident. And =0 im-
plies —2<0. By (1.3) T4 —x) =<0, and then p(—x) <0. Therefore
S(—w) < p(—2) <0, and then Sm= —S(—m) = 0. This proves (1.9).

Now p(—e)=g. 1 b. (T"(——e); aeM) =—Lu b. (T"(e); aeM) =-1,
and then

ple)=g. L b. (T%; acM)=1.
Consequently

1=M@2&=—&—@Z—M—Q=L

that is Se=1, which is (1.10).

S2. Let E; be a vector lattice such that

(2.1) there exists an elements e which we call unit such that for
every element x of E) there exists a positive number p such that
—pe < < pe.

Let M; be an additive group. We shall consider a set of opera-
tions T*(xe M;) which transforms E, into E;, where x and a are re-
spectively the elements of E; and M,.

We suppose that

2.2) Tee=e.

(2.3) T4z+y)=Tz+T.

(2.4) T bx=TT*x).

(2.5) For any real number 2, AT% = T"%Ax).

(2.6) «=<0 implies T% < 0.

(2.7) for any xe E}, there exists C such that
| T*x| < Cl«| for any « in M,.
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If we put
28) A ay ey am)=g.1b. (3; i ST < se),

29) p@)=g.1b. (AG;ay - am); mel, e M),
where I denotes the set of all integers, then we have

(2.10) plx+y) < p(x)+p),

(2.11) p(tx)=tp(x), where t = 0.

Proof. (2.11) is evident by (2.5), (2.8) and (2.9).
By (2.8) and (2.9) there exist aj, ap, ..., @y} B1, P2 -+, Bo in M such
that A(x; a1, gz - ) <p@)+e and A(y; By, Be, ---, Bo) < p(¥)+e.

Now —1-—-%. T < Je implies —li T% . Ty < e by (2.2), (2.3) and

U =1 u =1
also —L Zn} 7% Py < e by (2.4)
wuY i=lk=1
Similarly -1—2” TPy < e implies 1 ST S TPy < pe. Thus we
v k=1 UY =1 k=1
have % % él T""+B"(m+y) < (A+me. Consequently A(x+y; a;+ By,
;‘;—:—i,’ 3’, g: ::::zﬁ) g /\(w y 0Ly Oy «ovy )+ /\(y 3 By By oy ‘B'v) and then

p(e+y) < p(@)+e+qlx)+e=plx)+glx)+2¢ .

Thus p(x+y) < p(x)+p(y), which is (2.10).
As in 82 there exists a linear functional f (x)=jw such that
f(x) < p(x). Then we have

(2.12) j(ax+by)=ajm+bjy, where a, b are real.
2.13) Se=1.

214) %0 implies jx >0.

(2.15) jT“w=Sw for all ae M.

Proof. (2.12)-(2.14) is proved similarly as in §2. It remains to
prove (2.15). If we put a;,=(k—1)a where k is a positive integer, then

—1—2‘. T (Teg—x)= 1 S {Ta"+aac — Ta"ac}
m m
— % Z {Taw — T(k—l)am} - i Z {Tmax —_ m}

which tends to 0 as m— o by (2.7). Thus p(T*—x)=0. Similarly
plx—T*)=0, and then

p(Tox—x) = j(T“x—w)=ST“x—Sx = —p(e— T)
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which gives jT"x=jx, that is, (2.16) is proved.

§3. In order to prove a unicity theorem we put g(x)=—p(—x),
then we have

(8.1) q(tx)=tq(x) for all t=0
(3.2) qlx+y) = qlx)+q(y).
Proof. Evident by

q(tx) = —p(—tx) = —tp(—x) =1tq(x)
and

qx+y)=—p(—x—y) = —p(—x)—p(—y)=q®)+9@).
We have also
(8.3) »(0)=4¢(0)=0,
(3.4) plx) = gl).

Proof. Putting t=0 in (2.1) and (8.1), we get (3.3). (38.4) is
evident by

pla) — g(x) = p(a) +p( —x) = p(x —2)=p(0)=0.
Let E, be a subset of E; such that E;—:El(x; p(m)=q(w)). As
Sac is defined by f(oc)=§ac, and the uniqueness of f(x) hard to under-

stand, also the uniqueness of sw But

The ““ integral ” having above four properties (2.12)~(2.15) coincides
with soc in K\

Proof. If f(x) has the properties (2.12)-(2.15), then for any x in
E, ;LE Ty < Ae implies f(x) < Ze, that is f(x) < p(x). We have

) Zf(@)=—f(—x) = —p(—2)=q(x) .
However
p(er) _>__Sw= -S—w = —p(—x)=qlx),
accordingly
p(x)=q(x)=sac=f (x) for all xeE;.
We can prove the similar theorem concerning the integral in §1.
§4. Let E and E, be partially ordered linear spaces such that
(4.1) In E,; “join” is defined and E; is (conditionally) join-com-
plete, that is,
a,=>a for all ae A implies A(a,; ae 4) exists.

Then we can prove the analogue of the Banach’s extension theorem.
If f(x) is an operation which transforms E into E: such that
(4.2) px+y) < ple)+p(y),

(4.4) p(tx)=tp(x) for all ¢ =0,
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then there is a non-negative linear functional f(x) such that
(4.4) f(x) = plx)

where “f(x) is non-negative” means that
(4.5) 2=<0 implies f(x) < 0.

Proof is done similarly as the Banach’s theorem. By this theorem
we can define two integrals of x in E with value in E, one being
similar as §1 and the other being similar as in §2.



