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87. On the Function whose Imaginary Part
on the Unit Circle Changes
its Sign only Tuwice.

By Stichi KAKEYA, M.LA.
Mathematical Institute, Faculty of Science, Tokyo Imperial University.
(Comm. Oct. 12, 1942.)

I. We are going to consider the function
f(z)=§cnz"=clz+czz2+ W

which is regular within the unit circle and is continuous, for simplicity,
to the boundary. Putting

z=ré?,  fR)=ulr, 6)+w(r, 6) 2)

we confine ourselves to the function which satisfies one of the follow-
ing two conditions :

1, D=v0)=0 for <0< o0,

3

<0 for 0 <0< and 02§0§_27r} ®)

or ) Z0 for a1 Z0<o, } @
=0 for 0<0<¢o and <0< 2n

namely the imaginary part of f(2) on the unit circle |z|=1 may
change its sign only at two points ¢ and ¢z, (0 < oy << o: X 2n).
It is easily to be seen that the funection

g(z)= e—i!—l;!l X Leg:g)z&wi:_z) (5)

becomes positive on the unit circle for 5, << 8 <o, and negative for the
remaining arc. Hence the function

F@)=ef(@g(@) =33, Ca"=Cot-Ciz+ C+ -+
=U(r, 0)+1V(r, 6) (6)
which is evidently continuous in the closed unit circle, must have the
property
V(A,0=V(0)=0 for 00 2n (D
if ¢ denotes +1 or —1 according as f(z) satisfies the condition (3)

or (4).
By the actual multiplication of F'(z) and

R 2 = L 1 (¢ — i)
g(x) (" =2)(€>—2) ;4 21 1
2 ®
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we obtain
C= -——f————~ {e7¥1—e")C, 1+ (e7% — g %), ,
2isin 2~ % ) )
ot (e — g Gy (9)

n=1,2,3....
On the other hand, if we put

C’n=an+7:ﬁn, n=0, 11 2, ... (10)
we get, by the well known formulas
=] V0 an
an=—l—s "sin ndV(0)do n=1,2,... (12)
T Yo
1 2
ﬁw=—;j0 cos ndV(6)do n=1,2,... (13)
We now assume, for simplicity, that
=1 (14)
which infers., from (9),
ty=r¢ COS —7’;"2 , Bo=¢ sin ”‘;”2 (15)
so that e sin E%"—z = j V(6)de. (16)
Substituting (12), (18), (15) and (16) to (9), it follows
2
cn="21ﬂ"“J'o 50:”(0, a1y 0'2) V(a)dﬁ ’ n= 1) 2’ ees (17)
. —-i(n—Doy __ ,~t(n-1)8
where Qn(d’ a1y 172) = ’_—_—6—'——' {e—’b(ﬂﬁw X ¢ —# e—-—'iﬂ
sin 22— 7L e
2
. -i(n-Da2 _ ,=i(n—1)0 —1ino) . ,—inds
_6_"(”2""” X : e*iﬂz _Z-iﬁ el _e-i(del+o'2)7“} (18)

From (7), (16) and (17), we see that the domain D, within which ¢,
should lie is the smallest convex open domain containing the curve
described by

esin - "1“;"2 ol o 09, 0<0=< 270 (19)

o1, o3 being fixed. Especially the upper limit of |c,| is equal to the
maximum of

1) See the authors paper “ On some mtegml equatlons—ll i Proc Math. Phys.
Soc. Tékyo, Ser. 2, 8 (1915).
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Sin —o‘l—_g_d‘z"fpn(a y 01y 02) (20)

with respect to 6. Let it be G.(oy, o).
If we put e =t (21)

the expression (19) becomes

1 — e-—i(a;+vz) te"'”l tn—l_ e-—i(n—l)al _ te-'idz,_tf:_}—_ e-—i(n—-l)az + e-—ina; — e—inaz
e-—ia; — e—m‘az t— e—ial t— e—-iaz 1 —_ e—i(aﬂaz)
(22)

and G,(o1, 0;) is the maximum magnitude of (22) with respect to |¢|=1.
Thus we get

Theorem 1. If the function
f@=z+c?+ - (23)

which is continuous in the closed unit circle, has the imaginary part
v(0) for z=¢€%, satisfying either the condition (3) or (4), then we must
have

|en| < Gulay, 02 (24)
For example, if we assume
o1= 0 N O3=T (25)

namely that both of |z|=1 and its image of f(2) are divided into two
corresponding ares by the real axes, then we get

Gn(al, 02) = Gn(O: 77-')

tn-—l_l tn—l__(__l)'n—-l 1__(__1)n _
=Max |t t =/ 26
ltla—)lc t—1 + t—(—1) + 1—-(—1) n (26
This is a result once obtained by Mr. Ozaki’.

If we let o; and o, vary themselves, then the maximum G, of
Galoy, 02) is the absolute upper limit of |¢,| in our case. Putting

etn=ty, etr=ty (27)
we get, from (22),

P2 | =1 42 7 __ ot
G.= Max '{xl x 1—y }1 tuy | 2"~y
lsl, lyl, 18] =1

1—x Y 1—y r—y r—y

=Max |1+ (@+y)+ @ +ay+y)+ -+ @ oy + o -yt
—tay {1+ @+y)+ - + @2y +y ) |
=(1+24+3++n)+ (1 +2+ - +(n—1)) =n? 28)

Hence the following theorem has been proved.

1) Science Reports, Tokyo Bunrika Daigaku. 4 (1941), p. 79.
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Theorem 2. If the function (23), which is continuous in the closed
unit circle, has the imaginary part v(0) for z=e“ which may change
its sign at most twice in the interval 0 < 0 < 2r, then we must have

len | <<m? (29)

II. Some remarks are to be mentioned.
From (7) and (16), we must have

esin f—l—g—f'i >0 (30)
The equality sign should occur only when V(6)=0, so that
(10='.t1, .BO=0y an=5n=0 ('n>0) (31)
namely F(z)=+1 or
— 1 outes o1+ o
)=—"g" 2 L1l =)
f(2) @ e ( 5 or n') (32)

In this case, v(0) becomes discontinuous. Hence we see that, under
our condition, it is mecessary that

esin -f"!i;‘-’»? >0 (33)

which was tacitly assumed in the preceding discussion.
We have also assumed previously that ¢;=1. But we can apply
the result to the general case, under the only condition

a0 (34)

In this case, we are to put
c=pe,  dz=¢& (35)
so that the function (1) can be written in the form

f (@)= pe“z+c’+ -+
= LT T
ple+ et =pe® (36)

Then ¢(£§) is of the form (23) and its imgginary part on the unit circle
may change its sign only at the points ¢“***®> and ¢¥**>, Hence the
theorem 1 shows that

| =| O | < Glart o, gt o) @7
re 51
and the theorem 2 shows that
Cn | < p? (38)
(4]

By the direct multiplication of the series (5) and (23), we get
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; d1taz. ; g1taz ; O1=02 ; 92701
Co=¢"2 , 1=Ce 2 —(e % +et 2 ) (39)
s I1toy ; I1—02 ;9201 _;atax
Co=Cni16" 2 —cule 2 +6 2 )t 2 (40)
/n=2, 3"" (01=1)

On the other hand (12), (13) and (16) show that the point C,=a,+%3x,
(n > 0) should lie within the circle deseribed by

2¢ sin —‘1‘—"5—”—2 (sin n6+1 cos nd) 0<0<2n (41)

So we get lCnl<2Isin —‘—’1'}'7"1 , n=12, .. (42)

Substituting in the place of C, the right hand member of (89) or (40),
we obtain a set of inequalities satisfied by cs, cs, ---

The constant G,(sy, 02) of theorem 1, so also n* of theorem 2, is
the smallest possible number satisfying the said inequality. For we can
so take the imaginary part v(6) of f(z), hence the function f(z) itself,
that the imaginary part V(6) of F'(2) should correspond to a constant
as near to Gu(oy, 02) as we please. Such V(0) can be same for all n
in the case of theorem 2, so that any finite number of |c.|’s can be,
at the same time, as near to n%s respectively as we please.



