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105. An Abstract Integral (VIII).

By Masae ORIHARA and Gen-ichir6 SUNOUCHI
Mathematical Institute, Tohoku Imperial University, Sendai.
(Comm. by M. FUJIWARA, M.LA., Nov. 12, 1942.)

Introduction. In this paper we intend to establish the theory of
Lebesgue integral of the vector lattice valued functions. This subject
has been discussed by Bochner” and Izumi®. Our consideration differs
from them in that it is based on the notion of semi-ordering,

We define the Lebesgue integral which is analogous to Young®,
Daniell¥, and Banach’s® one in real valued functions. It is noteworthy
that the integrable functions are not always approximated by step
functions or Riemann integrable functions, although the integral is
obtained by an extension from step functions or Riemann integrable
functions. This integral includes obviously the Bochner’s and, if we
neglect conditions on the vector lattice, includes the Izumi’s.

And moreover our considerations can be abstracted in that way
which regards the extension of an integral as the extension of a linear
operation between two given vector lattices. This problem has been
treated by Izumi and Nakamura® in the case of a linear functional.

1. The class To. Let f(t) be an abstract function defined in
abstract space and with range in a complete regular vector lattice L”.

We assume that the initial class T, of functions is closed with
respect to the operations :—c¢f, fi+fe, iUy fi N fe and that the fune-
tions of T, are bounded. Further let a functional operation I(f) be
defined on T, such that

Q) I(fi+f)=I(H)+1(f);
L) If i=zfo= - and lim f,=0, then lim I(f,)=0.
From these we can easily conclude that

(C) I(c¢f)=cI(f), where ¢ is a real constant;
P) If f=0, I(f) =0.

Then the class T, is obviously a lattice. For some instances of the class
Ty, we may consider the class of step functions or Riemann integrable
functions.

2. Euxtension to class Ty from T,. If i<fo< -+ where fie Ty,
then lim f, exists (if we adjoin + o to the range), and we define 7} as
class of such limit functions. For such (f,) we have I(f) < I(fo) < -
and then lim I(f,) exists (if allow + oo as limit).
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@1 If ASAES - (ieT) and limfa=heT,, then
Um I(f) = I(R).

(2~2) If fléfZg"U gl§92<"': (.fi,g'ieTO)’ and

limf,=limg,, then limI(f,)=>1limI(g,).
@23) If ASfis nS RS (fi,0:eT), and
limf,=limg,, then limlI(f,)=lim I(g,).

We define I(f)=lim I(f,), if Tysf=limf,, f.e T,. Then evidently
(P), (A) and (C) (when ¢ =0) are satisfied.

24) If AZfiZ e, f;eTy and limf,=f, then
feTy and I(f)=lmI(f,).

3. Semi-integrals. For any function f we define
IN=NI(p),

where /\ is taken for all functions ¢ e T, such as ¢ = f. This is called
the upper semi-integral of f. Then we have

B1) If ¢>0, I()=cI(f).
8.2) IAi+A ST+,
@3) If f<g, I(N=I.
We define I(f)= —I(f). This is called the lower semi-integral
of f. Similarly we get
B4 INH=I).
35) I(fug+I(frg) <I(NH+1).
36) K|SD=I1fH LI -1,
4. Integrability. If I(f)= I(f)=finite, f is said to be integrable
and we define
I =1(NH=I(f),

which is called the integral of f. Then we can prove the following
theorems.

4.1) If f=0 is integrable, I(f)=0.

(4.2) If ¢ is a constant and f is integrable, then cf is integrable.

4.3) If fuf: are integrable, then fi+f, is so and
I(fitf)=I(f)+I(f).

(4.4) If f is integrable, so is |f| and |I(F)IZI(S]).

4.5) If fi,fo are integrable, so are fiwfz, finfs.

46) If I<f,<-- s a sequence of integrable functions, and if
lim I{f.) is finite, then lim f,=f is integrable and
I(f)=lim I(f.).
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While if lim I(f,)=+ o, then I(f)=+ .
Proof. By —f< —f, we have I(—f)=I(—f,). And then
I(f)= I(f) for n=L2,....
Hence I(f) = lim I(f,). 1)

This proves the last part of the theorem.
If ¢®>f, and ¢PeT, then I(f)= /\I (¢P). But since L is
regular, there exists enumerable 509’ such that

/\ I(¢P)= NI (¢ .

If weput  ¢=0", PR Ned=0,...
then gP>gP > and ¢PeT.
A I(p) = A IG®) > I(f).
But since /\ I(g®)=Vm I(g?),
we get lim I(gP)=I(f), and ¢P=>f.

Thus for any e>0 and all n; == N;, there exist a U and N,, such
that

I(g”)<I(f1)+——eU for my=Ni; g0 =/

Similarly, taking the sequence f;—fi, fs—Jfs -.-, We have
162 < I(fz~f1)+-§g-eU, for m=Ny; g2ZH—fi20,

nz——-—

I(g‘3’)<I(ﬁ-—f2)+ for m=Ny; g 2fi—f20,

..............................................................................

Im=Gu+ g0+ gl
then S <
But since ¢, =f., and lim ¢, = limf,.=f,
we have I(gn)=I(g)+ L(g2)+ -+ I(gi7)
SIA)FI(f—f)+ -+ I(fn—fin)

+eU<2+ o+l +2m)

9 98
Therefore lim I(¢,) <lim I(f,)+eU.
That is I(f) Zlm I(f,)+eU.

I(f) Slm I(f,) . )
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By (1) and (2), we get the integrability of f and
I(f)=lm I(f,) .

4.7 If fufs--- 18 a sequence of integrable functions with limit f,
and if there exists an integrable function ¢ such that
|fu| Z o for all n, then f is infegrable and lim I(f,)=1I1(f).

Proof. If we put

gr,s=fr Ufr+lu "’Ufr+39
then gr.ségr,sﬂg o...—)gr
and 92 grnn = —f .

But since ¢, , is integrable and I(g,.) < I(¢), g, is integrable. And
since —¢, < —¢,n <+ and —f is also integrable, we have I(—f)
=lim I(—g,).

Then for any e¢>0, and r > 7, there exists a U, and 7, such
that

I(g,) < I(f)+eU;.
And then I(f) < I(g,) <<I(f)+eU,.
In the same manner, if we put

hr,s=fr mf1'+l MY e m.fr-rs ’
then hr,s Z hr.s+1 Z coe > hr .

Therefore h, < h,., < ---, h, is integrable and I(f)=lim I(h,). Thus
we have

I(h,) > I(f)—eU, (r=mr).
If we put Ulu U2=U,
then L I(f)—I(f)|<<eU.

Hence lim I(f,) exists and equals to I(f).

Summing up above results, we have reached that I(f) satisfied
the conditions (C), (4), (L), (P), and moreover the Lebesgue’s con-
vergence theorem (4.7) and the Fatou-Levi’s theorem (4.6), where the
functions now belong to the class of integrable functions. Thus the
integral I(f) becomes to have right to be called Lebesgue integral.



