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131. Induced Measure Preserving Transformations.

By Shizuo KAKUTANI.
Mathematical Institute, Osaka Imperial University.
(Comm. by T. TAKAGI, M.LA., Dec. 13, 1943.)

§1. The purpose of this paper is to investigate the properties
of induced measure preserving transformations. We shall give only
definitions and fundamental results, leaving the discussions of the details
to another occasion.

§2. A measure space (2,B,m) is a triple of a space 2={w},
a Borel field 8={B} of subsets B of £, and a countably additive
measure m(B) defined on B satisfying 0 < m(£2) < . Incase m(L)=oo,
it is assumed that there exists a sequence {B,|n=1,2,...} of subsets
B, of £ such that B,e®B, m(B,) <, n=1,2, ..., and /2 1B,=9.
A subset B of £ belonging to B is called B-measurable, and m(B) is
its m-measure. A B-measurable subset N of £ of m-measure zero is
called a null set of (2, B, m), and the family of all null sets of (2, B, m)
is denoted by N(£2, B, m).

For any B-measurable subset £ of £ with a positive m-measure,
let us denote by Bg the family of all B-measurable subsets B of 2,
and put mg(B)=m(B) on By.. Then (£, Bg,, my ) is a measure space
which we call the measure space induced on £ by (2,98, m), or simply
an induced measure space.

A one-to-one mapping o' =¢(w) of a measure space (2,8, m) onto
another measure space (£, %', m’) is a measure preserving transforma-
tion (m.p.t.) in a strong sense if Be B implies ¢(B) e Y, m’(go(B))=
m(B) and if conversely B’ ¢ B’ implies ¢ (B’) ¢ B, m(go“(B’ ))=m’(B’ ).
If there exists two null sets Ne NR(L2, B, m) and N e (2, B, w’), and
if o'=¢p(w) is a m.p.t. in a strong sense of (2—N, Bg-n, Mmg-n) onto
(2 —N,Bg-n, mg—n-), then o =¢p(w) is called a measure preserving
transformation (m.p.t.) in a weak sense of (2,B, m) onto (&, B, m).
D(p)=2—N is the domain of ¢ and R(p)=2 — N’ is the range of o.
When we speak of a m.p.t. in a weak sense ¢, the domain and the
range of ¢ are usually not explicitly stated. Given two m.p.t. in a
weak sense o' =¢(w) and o'=¢(w) which map the same measure space
(2,%,m') onto the same measure space (&,%',m'), ¢ and ¢ are
called almost equal (notation: ¢ X ¢) if p(w)=¢(w) almost everywhere
on (2,3, m), or more precisely, if there exists a null set N e N(L, B, m)
such that 2—~N < D(p) " D(¢) and p(w)=¢(w) for all we 2—N. This
notion of almost equality is clearly reflexive, symmetric and transitive.
The class of all m.p.t. in a weak sense which are almost equal with
¢ is denoted by [¢].

Let us now consider a case when two measure spaces (2,38, m)
and (2,9, m) coincide. Then we obtain the notion of a m.p.t. in a
strong sense or in a weak sense o’ =¢(w) which maps (2, B, m) onto
itself. The family @(£2,%B,m) of all m.p.t. in a strong sense of a
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measure space (2,8, m) onto itself is clearly a group with respect to
the usual way of taking product and inverse. Further it is clear that
for every m.p.t. in a weak sense o'=¢(w) which maps a measure
space (2,8, m) onto itself, there exists a null set NeR(L, B, m) such
that 2—NZ D(¢) N R(p) and o' =¢(w) is a m.p.t. in a strong sense
of (2—N,Bg_n, mg-n) onto itself. Let now o'=¢(0w) and o' =¢(w)
be two m.p.t. in a weak sense which map the same measure space
(2,8, m) onto itself. Then X=¢p¢ is, by definition, a m.p.t. in a
weak sense o' =X(w) which maps (2,8B,m) onto itself for which
D) =9 DAp) N R(P)), R =¢(D(p) AR($)) and Aw)=p(¢(w)) on
D). Further, if o’=¢(w) is a m.p.t. in a weak sense which maps
(2,8, m) onto itself, then o' =¢(w) is a m.p.t. in a weak sense
which maps (2, B, m) onto itself for which Dp™)=R(p), R H=Dp),
and ¢ Hw)=w' on Dp™) if ¢(o)=w. Since it is clear that ¢ = ¢’
and ¢ X ¢/ imply p¢ X ¢'¢ and ¢! X ¢'}, so we see that the family
of all classes [¢] of m.p.t. in a weak sense which map a measure
space (2,8, m) onto itself may be considered as a group in which the
product and the inverse are defined by [¢ll¢]=[p¢] and [p]t=[¢]
respectively.

A m.p.t. in a strong sense o' =¢(w) which maps a measure space
(2, B, m) onto itself is ergodic if, for any two B-measurable subsets
A and B of £ with m(4)>0 and m(B)> 0, there exists a positive

integer n such that m(<p”(A)mB) > 0. The ergodicity of a m.p.t.

in a weak sense may be defined analogously.
Two measure spaces (£, B, m) and (2, %', m') are isomorphic with

each other (notation (2, B,m)y=(,%, m’)) if there exists a m.p.t.

in a weak sense o'=X(w) which maps (£, B, m) onto (2,8, m’). Let
further o' =¢(w) and o =¢(w) be two m.p.t. in a weak sense defined
on the measure spaces (B, £, m) and (£,%B’, m') respectively. ¢ and
¢ are isomorphic with each other (notation: ¢ =~ ¢) if the measure
spaces (2,8, m) and (£,%B,m’) are isomorphic with each other by
means of a m.p.t. in a weak sense o' =X(w) which maps (£,8, m)

onto (£2,%’,m') such that X(so(w))=¢(x(w)) almest everywhere on

(2,8, m). It is obvious that ¢ X ¢ implies ¢ = ¢. The family of all
m.p.t. in a weak sense which are isomorphic with ¢ is denoted by
[ [e1 )

§3. Let o’ =¢(w) be an ergodic m. p.t. in a strong sense defined
on a measure space (2, B, m), and let £ be a B-measurable subset of
£ with a positive m-measure. Then

Lemma 1. There exists a nmull set Ne R(2, B, m) contained in
& such that we 2 —N implies p™(w) € & —N for infinitely many posi-
tive integers m and for infinitely many negative integers n.

For each we £ —N, let us put gglw)=¢"(w), where n=n(w) is
the smallest positive integer such that ¢“(w)e £ —N. Then

1) In case m(Q) < oo, we have no need to assume that o’=¢(w) is ergodic.
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Lemma 2. o =¢g(w) is an ergodic m.p.t. in a strong sense
which maps (2 —N, Bg:-n, Mgr—n) onto itself.

Thus, to every ergodic m.p.t. in a strong sense o’ =¢(w) which
maps (2, B, m) onto itself, there corresponds an ergodic m.p.t. in a
weak sense o' =g@pg{w) which maps the induced measure space (£, By,
mg,) onto itself. ¢g. is called the m.p.t. in a weak sense induced on
(2, Bg,mg) by ¢ or simply an induced m. p.t. in a weak sense.

Further, it is easy to see that to every ergodic m.p.t. in a weak
sense o' =@(w) which maps (£, B, m) onto itself there corresponds, in
a similar way, an ergodic m.p.t. in a weak sense o =g¢g(w) which
maps the induced measure space (£, Bg, mg/) onto itself. Since it is
clear that ¢ £ ¢ on (2, B, m) implies ¢ T ¢ on (2,B,m), so we
may consider that the operation of taking an induced m. p. t. is defined
on the classes [¢] by [¢le-=[¢g].

$4. Let ¢ and ¢ be two ergodic m. p.t. in a weak sense which
map the measure spaces (£2,B,m) and (£ B m’) respectively onto
themselves. ¢ is called a derivative of ¢ or ¢ is called a primitive of
¢ (notation: ¢>¢ or ¢ <¢) if there exists a B-measurable subset
2 of £ with a positive m-measure such that the m.p.t. in a weak
sense ¢g- which is induced on (£, By, mg) by ¢ is isomorphic with ¢.
Since it is clear that p=x ¢/, ¢=¢ and ¢<¢ imply ¢ >¢, so we
may say that a class [[;b]_] is a derivative of a class |_[go]_| or that
I_[gp]_l is a primitive of [[;b]_l, if ¢’ > ¢/ for some (and hence for all)
¢ ¢[[¢]] and ¢’ e[ [41]

Lemma 3. ¢>¢ and ¢ > X imply ¢ > 1.

There now arises a natural question whether ¢>¢ and ¢ >¢
imply ¢ = ¢ or not. As an answer to this question we first notice
that it is possible to find two m.p.t. in a weak sense ¢ and ¢ each
defined on a measure space with an infinite total measure such that
¢>¢ and ¢ > ¢ without being ¢ = ¢. On the other hand, if one (and
hence both) of the measure spaces (£, B, m) and (2,9, m') on which
¢ and ¢ are defined respectively has a finite total measure, then our
problem is trivial: for, ¢>¢ and ¢>¢ imply m(2)=m'(2), and
¢ > ¢ is compatible with m(2)=m'(2) < = if and only if ¢= ¢.

In order to investigate the situation in more detail, let us define
a weak isomorphism as follows: two measure spaces (£2,%,m) and
(2, %, m) are weakly isomorphic with each other (notation: (2,8, m)
£ (2,9, m’)) if there exist a one-to-one mapping ' =X(w) of 2 onto
£ and a positive number « such that Be®B implies ¢(B)eDB,
m’ (so(B)) =am(B), and further that conversely B’ ¢ B’ implies ¢ (B’) e B,

m(go“(B’))=a‘ 'm/(B’). (Such a mapping «'=X(w) is called a measure
multiplying tramsformation). Further, two m.p.t. in a weak sense ¢
and ¢ defined on two measure spaces (2,8, m) and (£, B, m’) respec-
tively are weakly isomorphic with each other (notation: ¢ % ¢) if
(2,8, m) and (2,8, m') are weakly isomorphic with each other by
means of a measure multiplying transformation «’=X(w) which maps
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(2,8, m) onto (£,%’, m') such that X( go(w)) =¢( Z(w)) almost everywhere
on (2,8, m). The family of all ergodic m. p.t. in a weak sense which
are weakly isemorphic with ¢ is denoted by r[go]J'.

Let now ¢ and ¢ be two ergodic m.p.t. in a weak sense. ¢ is
called a weak derivative of ¢ or ¢ is a weak primitive of ¢ (notation
p>=¢ or ¢<2p) if there exists a derivative of ¢ which is weakly iso-
morphic with ¢. Since it is clear that p % ¢/, ¢ = ¢/ and ¢ > ¢ imply
¢’ >¢’, so we may say that a class [[¢] | is a weak derivative of a
class I [so]J' or that [[qp] I is a weak primitive of [[¢] ] if ¢ =-¢ for
some (and hence for all) ¢’e| [q:]J' and ¢'e[ [¢] I

After these preliminaries we may say that it is possible to find
two ergodic m. p.t. in a weak sense ¢ and ¢ each defined on a mea-
sure space with a finite total measure such that ¢>-¢ and ¢>¢
without being ¢ % ¢.

§5. We are now in a position to state

Lemma 4. For any two ergodic m.p.t. in a weak sense ¢, and
@s, the following two conditions are mutually equivalent: (i) there ex-
ists an ergodic m.p.t. in a weak sense g3 such that ¢3;> ¢ and
@3> @5 (il) there exists an ergodic m.p.t. in a weak semse ¢, such
that ¢1> ¢4 and ¢ > ¢s

This result is due to J. von Neumann. The implication (i) — (ii) can
be proved by appealing to Lemma 3 as well as to the following

Lemma 5. Let ¢ be an ergodic m.p.t. in a weak sense defined
on a measure space (£, B, m), and let 2, and ¥, be two B-measurable
subsets of L with a positive m-measure. Then ¢g, = ¢, if there exists
an integer n such that ¢"(82))=4%.

The inverse implication (ii)— (i) may be proved by constructing
a measure space (2,3, m), an ergodic m. p. t. in a weak sense o’ =¢(w)
defined on it, and two B-measurable subsets £, and £, of £ with a
positive m-measure such that the m.p.t. in a weak sense ¢g, and ¢g,
induced on the induced measure spaces (2, Bg,, mg,) and (2, Bg,, mg,)
respectively are isomorphic with ¢; and ¢, respectively.

In case one (and hence both) of the conditions (i) and (ii) of
Lemma 4 is satisfied, ¢, and ¢, are called equivalent with each other
(notation: ¢;~ ¢). It is clear that this relation is reflexive and
symmetric. But the transitivity is not obvious :

Lemma 6. ¢1~ g2 and @2~ @3 ithply ¢~ ¢s.

We shall denote by [’_[go]_[l the family of all ergodic m. p.t. in a

weak sense which are equivalent with ¢.

Thus we have obtained a notion of equivalence among ergodic
m.p.t. in a weak sense. Our next problem is to find out what it means
in ergodic theory that two ergodic m. p. t. in a weak sense are equivalent
with each other, or in other words, to obtain an ergodic-theoretical
interpretation of this equivalence relation.

First it is interesting to observe that our equivalence relation
seems to have nothing to do with the spectral properties of the ergodic
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m. p.t. in a weak sense in question. In fact, as was shown by J. von
Neumann, there exists a pair of ergodic m. p. t. in a weak sense ¢ and
¢ equivalent with each other such that ¢ has a pure point spectrum
and yet ¢ uas a continuous spectrum. Further, for the most of the
well known concrete examples of ergodic m.p.t. ¢, it is possible to
find an ergodic m.p.t. in a weak sense with a continuous spectrum
which is equivalent with ¢. It is conjectured that every equivalence
class contains an ergodic m. p. t. with a continuous spectrum. Finally
we may even state a rather bold conjecture that any two ergodic
m.p.t. in a weak sense are equivalent with each other, or in other

words that there exists only one equivalence class [[ [so]:l:l. The meaning

of this equivalence relation and of these conjectures will be explained,
to a certain extent, in the following section.

§6. In order to state the main result of this paper, we need
the notion of a flow and of a flow built under a function’. A flow
in a strong sense is a one-parameter family @ = {p{w)|— 0 <t < o}
of m.p.t. in a strong sense of a measure space (£,B, m) onto itself
with the group property : pt(;o,(w))=;o,+,(w) for all we £ and for all
t,s with — 0 <t,s<< . If there exists a null set NeN(2, B, m)
and if @ is a flow in a strong sense defined on (2—N, Bg_n, Ma-n),
then @ is called a flow in—a weak sense.

A flow in a strong sense @={pw)| —0 <t <} defined on a
measure space (2, B, m) is ergodic if, for any two B-measurable sub-
sets A and B of £ with m(4)> 0 and m(B) > 0, there exists a real
number ¢ such that m(qpt(A)nB) > 0. The ergodicity of a flow in a
weak sense is defined analogously. Two flows in a weak sense
P={pfw)| —0 <t<<o»} and T={¢w)| —© <t<<oo} defined on
two measure spaces (2,8, m) and (2,8, m') respectively are isomor-
phic with each other if there exists a m. p. t. in a weak sense o' =X(w)
which maps (£,98,m) onto (£,%8,m’) such that Z(%(w))=¢t(x(w))
for all we D(X) and for all real numbers ¢.

A measure space (2,8, m) is completed if every subset of a
null set of (2, B, m) is again a null set of (£, B, m). A flow &=
{pw)| —0 <t<< oo} defined on a completed measure space (2, B, m)
is measurable if the mapping (w, t) — ¢(w) is measurable as a mapping
of the cartesian product 2= 2 x B! onto 2, where R'={t| — oo <t < 0},
ie. if, for any Be®B, the set B={a=(w,1)|pw)e B} <2 is B-
measurable with respect to the completed direct product measure
space (2,8, W)=(2, B, m) (R, &, 1), where we denote by (RS,
the ordinary Lebesgue measure space defined on R.

Let o'=¢(w) be a m.p.t. in a strong sense defined on a com-
pleted measui. space (£,9B,m), and let f(w)e L*(L2, B, m), where we
denote by L*(2,B,m) the family of all positive valued B-measurable
functions f(w) which are defined and integrable on (2,8, m). Consider

1) Cf. W. Ambrose, Representation of ergodic flows, Annals of Math., 42 (1941).
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the subset 2={a} of all pairs a={w,z}, we®, 0 <f(0) as a
subset of @=2xR. and let (2, B, m)=(2, By, Mg) be the measure

space induced on £ by (2,8, 7). Further, define a flow &= {g{a)|
— o0 <t<<wo} on (2B, m) by

B, 2)=(9"), 2+t - SELF ((#H))

if SpAf(eM0) -2 <t < Spof (M) -2, n=1,2, ...,
=(w,x+t), if —st<flo)—zx,

=(¢~"(w), ettt Spoaf (sf"(w)))’

if ~Shaf(eHe) -2 <t < —SEAf(9 M), n=1,2, ...

@ is called the flow in a strong semse built under the ceiling function
f(w) on the basis space (2, B, m) with respect to the m.p.t. in a strong
sense o =¢(w), or simply a flow built under a function. Similarly, a
Slow in a weak sense built under f(w) on (2,8, m) with respect to the
basis m.p.t. in a weak sense o’ =¢(w) is defined. We shall denote
this flow by @(¢,f). It is clear that @(p,f) is ergodic if and only if
¢ is so. Further, it is easy to see that a flow in a strong or a weak
sense is always measurable, and it was shown by W. Ambrose® that
conversely every measurable ergodic flow defined on a completed
measure space is isomorphic with a flow in a strong sense built under
a function.

Let now o'=¢(w) be an ergodic m.p.t. in a weak sense defined
on a completed measure space (2, B, m), and let @(p)={P(p,f)|f(»)e
L*(2,B,m)} be the family of all flows in a weak sense built under
a function f(w) on the basis space (2, B, m) with respect to o’ =p(w),
where f(w) runs through L*(2,8B,m). Then

Theorem. In order that two ergodic m.p.t. in a weak sense ¢
and ¢ defined on two completed measure spaces (2,8, m) and (2, %,
m’) respectively be equivalent with each other, it is mecessary and
sufficient that the corresponding families of flows @(p) and @(¢) are
identical up to an isomorphism, i.e. that, for any f(e)e L*(2, B, m),
there exists an f'(o') e L*(2,%, m') such that the flow built under a
Sfunction O(p,f) is isomorphic with &(¢,f’), and further that con-
versely, for any f'(o") e L*(&2, B, m’), there exists an f(w)e L*(L2, B, m)
such that @(¢,f) s isomorphic with d(p, f).

According to this result, the conjecture stated above that any
two ergodic m.p.t. in a weak sense are equivalent with each other
means that, for any ergodic m. p.t. in a weak sense o' =¢(w) defined
on a completed measure space (2,8B,m) and for any measurable
ergodic flow @ defined on another completed measure space, there
exists an f(w)e L*(L, B, m) such that the flow @(p,f) is isomorphic
with @.

1) W. Ambrose, loc. cit. 2).
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In concluding this note it is not without interest to observe that
the well known conjecture of E. Hopf” to the effect that, by changing
the velocity of a flow on each trajectory, we might obtain a flow with
a continuous spectrum may be stated as follows: every class @(yp)
contains at least one flow with a continuous spectrum. This conjecture
is clearly weaker than the preceding one.

1) E. Hopf, Ergodentheorie, 1937.



