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1. The notion of a free topological group was introduced by
A. Markoff’, and the existence of a free topological group for any
completely regular topological space was established by him. Recently,
further investigations were given to this problem by T. Nakayama?,
who among other things proved that every free topological group is
maximally almost periodic. The purpose of this note is to give a
simple and direct proof to the existence theorem of A. Markoff. Our
method of proof is based on the use of an infinite direct product
topological group, and will make it possible to obtain many other
known and new results concerning free topological groups almost im-
mediately.

2. A topological space R is a subspace of another topological space
S, if R is a subset of S and if the relative topology induced on R by
that of S is equivalent with the original topology of R. It was proved
by E. Cech? that, for any completely regular topological space R, there
exists a compact Hausdorff space B with the following properties :

(1) R s a subspace of E,
(2) R is dense in R,

() for any continuous mapping ¢(x) of R into any compact Hausdorff
space S, there exists a continuous mapping @) of B into S
such that &(x)=g¢(x) on R.

Such a compact Hausdorff space R is uniquely determined up to a
homeomorphism which leaves every element of R invariant. E is

called the Cech compactification of R.

A topolological group T is toroidal if it is topologically isomorphic
with the infinite direct product topological group P,¢rK,, where each
K, is a topological group topologically isomorphic with the additive
group K of all real numbers mod 1 with the usual compact topology.

Lemma 1. Every completely regular topological space is a sub-
space of a toroidal group.

Proof. Let R be a completely regular topological space. Let
{¢,|7€l} be the family of all continuous mappings ¢,(x) of R into
K. Consider the toroidal group T'=P,.rK,, where K,=K for each

1) A. Markoff, On free topological groups, C.R. URSS, 31 (1941), 299-301.
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3) E. Cech, On bicompact spaces, Annals of Math,, 38 (1937).
S. Kakutani, Concrete representation of abstract (J)-spaces and the character-
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rel, and observe a mapping ¢(x) of R into T defined by ¢(x)=
{¢/(x)|7rer}. (This means that the r-th coordinate of ¢(x)eT is
¢(x)e K;). Then it is easy to see that ¢(x) gives a homeomorphic
mapping of R onto ¢(R) < T.

Lemma 2. Ewvery completely regular topological space R 18 a subspace
of a totally bounded topological group G such that Y(G) < max (b(R), %).

Proof. Lemma 2 follows from Lemma 1 immediately. We have
only to consider the topological subgroup G of T generated by ¢(R) < T.

8. Theorem 1. For any completely regular topological space R,
there exists a topological group F with the following properties :

4 R i a subpace of F,
(5) R generates F algebraically,

(6) for any continuous mapping ¢(x) of R into any topological group
G, there exists a continuous homomorphism &(x) of F into G
such that @(x)=¢(x) on R.°

Proof. Let {G;|rel} be the family of all topological groups G,
such that p(G,) < m=max (p(R), xo). For any rel, let {¢,;|0e4,}
be the family of all continuous mappings ¢,s(x) of R into G,. Let us

further consider the infinite direct product topological group G=
P,.,pP,,e,rG,,,, where G,;=G, for any ded,, rel, and observe a map-

ping ¢(x) of R into G defined by o(x)={¢,s(x)|d e 4;, 7€ I'} (This means
that the yd-th coordinate of ¢(x)e G is ¢,s(x) € Gy;). From Lemma 2
follows easily that ¢(x) gives a homeomorphic mapping of R onto
¢(R) < G.

Let now F be the topological subgroup of G generated by ¢(R).
Then F' is a required group. In fact, the conditions (4) and (5) are
clearly satisfied because of its construction, and (6) follows immediately
from the following two facts: (i) without loss of generality we may
assume that P(G)<m in (6), (ii) every mapping ¢,(x) of R into
G,3=G,; is obtained by taking the ré-th coordinate of ¢(x)e@G.

It is easy to see that the group F' in Theorem 1 is uniquely
determined up to a topological isomorphism which leaves every element
of R invariant. This group F is called the free topological group of
R and is denoted by F(R). from our construction we can see easily
that R constitutes a free generating system in F(R) and that R is
closed in F(R).

4. By the same argument as in §8 we may prove

Theorem 2. Let R be a completely regular topological space. Let
Sfurther &={G} be a family of topological groups G with the following
properties :

(7 MG £ m=max (p(R), x(,) Jor any Ge@,

(8) if G 18 a topological subgroup of P,er G,, where G,e® for any
rel (we do not assume that G, G, for r>7r’') such that
NG S m, then Ge®,

4) A. Markoft, loc. cit,, 1), Theorem 1.
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(9) there exists a Ge® which contains B as a subspace.

Then there exists a topological group Fe® with the properties (4), (5)
and

(6’) for any continuous mapping ¢(x) of R into any topological
group Ge®, there exists a continuous homomorphism @(x) of F
into G such that @(x)=g¢(x) on R.

Such a group F is uniquely determined up to a topological iso-
morphism which leaves every element of R invariant. This group F'
is called the free @-group of R and is denoted by F(R, ®).

Example 1. Let &; be the family of all commutative topological
groups G such that p(G) <m. Then F(R, ®,) is the free commutative
topological group of R.

Example 2. Let &, be the family of all linear topological spaces
G such that ¥(G) <m. Then F(R,®;) is the free linear topological
space of R.

Example 8. Let &; be the family of all totally bounded topolngi-
cal groups G such that p(G) < m. Then F(R,®;) is the free totally
bounded topological group of R.

Example 4. Let &, be the family of all topological groups G such
that p(G) <m and G'®=(e), where G® is the k-th commutater group
of G and (e) is a trivial subgroup of G consisting of the unit element
alone. Then F(R,®,) is the free k-soluble group of R.

5. Theorem 8. The free topological group of a completely regular
topological space is maximally almost periodic®.

Proof. Let R be a completely regular topological space. It suf-
fices to show that F(R,®;) is a continuous isomorphic image of F(R).
Let @(x) be a continuous homomorphism of F(R) onto F(R, ®s) which
is the extension of the identity mapping of R << F(R) onto R < F(R, ®,).
In order to prove that @(x) is an isomorphism, it is sufficient to show
that R constitutes a free generating system in F(R,®;), and this
follows from the fact that for any finite system {w, ..., %,} < R there
exists a continuous mapping ¢(x) of R into a rotation group G (of
sufficiently high dimension) such that the image {¢(xy), ..., p(2,)} <G
constitutes a free system in G.

6. A uniform space R (i.e. a topological space R with a uniform
structure) is a subspace in the uniform sense of another uniform space
S if R is a subset of S and if the relative uniform structure induced
on R by that of S is equivalent with the original uniform structure
of R.

Every topological group and hence every linear topological space
may be considered as a uniform space. In case the group G in ques-
tion is not commutative we shall always consider the left uniform
structure of G.

Lemma 3. Every uniform space 18 a subspace in the uniform
sense of a linear topological space, and hence of a commutative topolo-
gical group.

5) T. Nakayama, loc. cit., 2), Theorem 1.
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Proof. This Temma follows easily from the following two facts:
(i) every uniform space is a subspace in the uniform sense of an in-
finite direct product uniform space of metric spaces®, (ii) every metric
space is isometric with a subset of a normed linear space”.

Theorem 4. For any umiform space R tnere exists a topological
group F with the following properties :

(10) R s a subspace in the uniform sense of F,
(11) R generates F algebraically,

(12) for any uniformly continuous mapping ¢(x) of R into any
topological group G there exists a continuous (hence uniformly
continuous) homomorphism @(x) of F into G such that &(x)=
p(x) on R.

This theorem may be proved in the same way as Theorem 1.
We have only to use Lemma 3 instead of Lemma 1.

The topological group F obtained in Theorem 4 is uniquely deter-
mined up to a topological isomorphism which leaves every element of
R invariant. This group is called the free topological group in the
uniform sense of R. It is not difficult to extend Theorem 4 in the
same direction as Theorem 2 generalizes Theorem 1, but we shall not
enter into the detail of the argument.

6) A. Weil, Sur les espaces a structures uniformes, Actualités, 551, Paris, 1937.
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des ensembles. Proe., 11 (1935), 351-853.
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