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105. On the Reducibility of the Differential Equations
in the n-Body Problem.

By Yusuke HAGIHARA, M.ILA.
Astronomical Department, Tokyo Imperial University.
(Comm. Oct. 12, 1944.)

It is known that the system of differential equations for the
motion of n bodies can be reduced to a system of differential equations
of order 6n—12 from that of order 6n by the aid of the Eulerian
integrals of the eliminations of the node and of the time. Lie’s
theory on the contact transformation groups and the function-groups
has been applied for carrying out the effective reduction of the order
of this system of differential equations®. Among others K. Cartan’s
procedure is the most elegant in employing the theory of integral in-
variants®. In the present note I propose to modify the procedure
by avoiding the explicit appearance of time in the treatment® and
also to discuss the m-body problem in the planar case.

Let, according to Poincaré®, s, 251,23 be the Cartesian co-
ordinates of the j-th body with mass my s=ma;-1=mgj, (7=1,2,...,m),
and Ysi-s Ysi—1, Ys; be the Cartesian components of the momentum of
the j-th body. Then the motion of the n bodies is represented by the
following canonical system of differential equations.

do; _0H  dy; __ 0H

s =—— '=1,2, ...,3 "'1,3 3
dt  o0y; dt 0x; ¢ " "

where H=T-U,

T=3——, = MM |
k"l 2m i u 12*1 d;,;

£ = (352 = Laj-a) + (g -1 — gj1)% + (35 — 25)? .

This system of differential equations admit the infinitesimal trans-
formations :

=0 = 0 O = .
Af=—r, Af=H— v Aof=2 ", Auf=3 )

Ci~2 3=1 051 3=l Ody;

Aszz’:;(_%a:i-l+¢3j_laa‘f%j), A&f":j%("xsa z—éa‘—f— Wag_a)
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=3 (- of of
=3 (~mwrg b ngrz ),

=3 (g0 42 O =5 (mas O 3.0
A7f~§ ('ms,-z a2 +t 0352 > el Jz‘; <m81_1 0Ysi-1 t 0351 ) ’

Aof' =]_$1 (mw‘éa;f;; + téax{;) .

Corresponding to each of these transformations we have ten Eulerian
integrals :

n n n
H0=H’ Hl= _Ey&f—Zy H2= _jz_lysf—ly H8= —Ey&‘lW
n n
H«=§‘1 (sY85-1— % -1Ys4) » Hs=§ (s5-gYas — aslsi-2) »
» n
Hy= ’5_._4; (035 -1Ys85-2 — Taj-2Ysi-1) , Hp= E (myj-g35-2— Ysi-2t) ,

ITIa":?;;(m«i—lxsi—l"?/s:'—lt); Hs=j23 (mase; — Ysit) -
In order to eliminate ¢ among these integrals we write
H{=H;H;—H;H,, H;=HHy,—HH,, H,=H,H;—HHy,
where we have the identity :
H\H;+H,Hy +HHy =0.

Hence the nine functions among the ten Hy, H,, H,, Hs, H,, Hy, Hs, H,
H{,’H] form the function-group in the sense of Lie. The schema for
Poisson’s brackets is:

H H H H H Hy Hy H Hi Hj

H | 0 0 0 0 ] 0 0 0 0 0
H | 0 0 0 0 0 H, —-H, 0 MH; —MH
H | 0 0 0 0 -H, O H, -MH; 0 MH
Hy | 0 0 0 0 H, -H 0 MH, -MH O
H | 0 0 Hy, —-H 0 Ha -H; 0 H; —H{
Hy | 0 —-Hy 0 H -Hy 0 H, -H 0 H
Hy | 0 H -H 0 H, -H 0 Hy —-H; 0
Hi | 0 0 MH; -MH, 0 Hy —-H; 0 MH; —MHg
H | 0 -MH, 0 MH, —-H/ 0 H{ —MH;, 0 MH/
Hy | 0 MH, -MH; 0 H{ —-H/ 0 MH; —MH; 0

where M denotes the total mass of the n bodies.

Let 4 be the determinant formed of the above matrix of order
10. The rank of the determinant 4 is 3. Hence the number of dis-
tinguished functions is 3.
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Now, according to Lie, if the order of the function-group is »
and the numbeér of the distinguished functions is m, then the number
of independent functions which are mutually in involution is (»+m)/2.
In our case »r=9, m=3. Thus the number of independent functions
mutually in involution is 6. In the following I obtain these three
distinguished functions and the six independent functions mutually in
involution.

H, is in involution with any of the nine functions H,, H,, H; H,,
Hy. Hy, H{, H{, H], as is evident from the above schema.

The functions H;, H,, Hy are also mutually in involution, because
Poisson’s brackets formed of these three functions are all zero. The
functions in involution with the six functions H;, H;, Hy H,, H;, Hg
must be functions of these six functions. Let it be denoted by
O(H,, H,, Hy, H,, H;, Hy), then it must satisfy

(Hy, 9)=0, (H, @)=0, (H, @)=0.
However, as there is an identity

Hy(H,, ®)+ Hy(H,, @)+ Hy(Hy, @) =0,
only two of these three equations are independent. From

0o 0o 00 00
H, —Hy——=0, — H;——+ H, =(
*9H, ' oH, *8H, i 0H;
we get ¢=H1H¢+H2P15+H3Hs .

Thus H,, Hy, H,, Hy, # are mutually in involution.

Let IT be a function of the ten functions H; (¢=0,1,...,6), and
H/, (7=17,8,9), and be in involution with H, H;, Hy, H;, @. Then it
must satisfy

(Ho, T)=(H,, 1)=(Hs, I1)=(Hy, l1)=(®, 1)=0.
From these equations we get
II=(MH,— H{ P+ (MH;— Hy)*+(MH,— Hy)* .
Thus the six functions mutually in involution are
H,, H,, Hy, H,, @, I .

The distinguished functions f are in involution with any other
function in the function-group. f must be a function of H;, Hy, H,, @, II
and such that

(Ho f)=(Hy, ) =(Hy, f)=(H1, f)=(Hg, f)=(Hy,f)=0.
The solutions of this system of differential equations are
=¥ =B+ H}+HY),
and f=II.
Hence H,, ¥ and II are the required distinguished functions.
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Finally Lie’s theorem states that the order 2v of a system of
differential equations is reduced to 2(r—pg), when there exist ¢ in-
dependent integrals mutually in invelution. We have six independent
functions mutually in involution. Thus #=6. Hence the order 6n of
our system of differential equations of the n-body problem is reduced
to 6n—16.

In the planar problem of n bodies the order of the system of
differential equations is 4n. Take w3;2=ysj-2=0, j=1,2,...,n. The
known integrals are

H0=T— U’ H1= _12_1 Ysi-1, I:I2= _.12_1 Ysi »
He=§(wm*ysf-1—xsj-nyaj) ,
H7=j2_‘i (Mg 1551 —Yss-1t) , Hﬁj‘é‘ (majas; —Ysit) .
The schema of the Poisson brackets is:

HO H 1 H2 -H.G H:l HS

H, 0 0 0 0 0 0
H, 0 0 0 —-H; -M 0
H, 0 0 H, 0 - M
H; 0 H, —H, 0 H;g —H,
H, 0 M 0 —Hy 0 0
H; 0 0 M H, 0 0

The rank of the determinant formed of this matrix is 4. Hence
m=2. r=6 on the other hand. Thus the number of independent
functions mutually in involution is 4 and the number of distinguished
functions is 2. The four independent functions mutually in involution
are Ho, H], H,, and X=MH;;—H2H7+H1H3. The two distinguished
functions are H, and X. Hence the order of the system of differential
equations is reduced to 4n—8.



