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Abstract

In this paper, we study a Korovkin type approximation theorem for a
sequence of positive linear operators acting from L ; (loc) into itself with the
use of Abel method which is a sequence-to-function transformation. Using
the modulus of continuity for L, ; (loc) we also give the rate of Abel conver-
gence of these operators.

1 Introduction

The classical Korovkin type approximation theory is essentially concerned with
the approximation of real valued functions by means of positive linear opera-
tors ([1]) . It provides conditions for whether a given sequence of positive linear
operators converges strongly to the identity operator in the space of continuous
functions on a compact interval. These theorems exhibit a variety of test functions
which guarantee that convergence property holds on the whole space provided
it holds on them ([1], [9]).

Approximation theory has many connections with theory of polynomial
approximation, functional analysis, numerical solutions of differential and inte-
gral equations, summability theory, measure theory and probability theory.

Some results concerning the Korovkin type approximation in the space L, [a, b]
of Lebesgue integrable functions on a compact interval may be found in [3], [5], [7].
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If the sequence of positive linear operators does not converge, then it might be
beneficial to use some summability methods. The main aim of using summability
methods has always been to nake a non-convergent sequence to converge. This
was the motivation behind Fejer’s famous theorem showing that Cesaro method
being effective in making the Fourier series of a continuous periodic function to
converge ([13]). The Abel method which is a nonmatrix summability method,
has been used in the Korovkin type approximation of functions in the weighted
space ([12]). Also L, approximation via Abel convergence has been studied in
[11].

The purpose of this paper is to use the Abel method, a sequence-to-function
transformation, to study a Korovkin type approximation of a function f by means
of a sequence {T}, (f; x)} of positive linear operators acting from the locally inte-
grable function spaces into itself. Section 2 is devoted to preliminaries and basic
definitions concerning L, 4(loc), the locally integrable function spaces. Section 3
deals with the Korovkin type approximation with the use of Abel convergence
in the space of locally integrable functions. The rate of the Abel convergence is
considered in Section 4.

2 Preliminaries

First of all, we recall some notation and basic definitions used in this paper.
Letg(x) =1+ x?; —c0 < x < 0o . For h > 0, by L, 4(loc) we will denote the
space of measurable functions f satisfying the inequality,

x+h 1/p
%/V(t”pdt <Mpq(x) ,—o0o<x<oo (1.1)
x—h

where p > 1 and M f is a positive constant which depends on the function f.
It is known [8] that Ly ;4(loc) is a linear normed space with norm,

x+h 1/p
(ﬁ J |f(t)|”dt>
x—h
1fll,q=sup

1.2
—oo<x <0 q (X) ( )

where ||f]|, - may also depend on h > 0. To simplify the notation, we need the
following. For any real numbers a and b put

b 1/p
fity o= 5 f f<t>mt) ,

4

. B |f;Ly (x —h,x+h)||
G A

;Lp (x —h,x+h
f}Lp,q(|x|ZEl)H:i1|1§l‘f p(xq(x)x+ )H
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With this notation the norm in L, ; (loc) may be written in the form

|

Fily (x—hx+h)|
q(x) '

1£1l,,4 = sup
pq R

xe

We recall that L’;‘W (loc) is the subspace of all functions f € Ly, (loc) for which
there exists a constant k¢ such that

\f =KLy x—hx+W)] _

lim
x|—e0 q(x)
As usual, if T is a positive linear operator from L, , (loc) into L, 4 (loc), then the

ITAlp,q
Vi

The following result is also considered in [8].

Theorem A. Let { T, } be a sequence of positive linear operators from Ly, ; (loc)
into itself and satisfy the conditions

i) The sequence (T,) is uniformly bounded, that is, there exists a constant C
such that || T,,|| < C for all ,

ii) For f; (y) =y',i =0,1,2;

lim 1T, (i) — f; (+)

operator norm || T|| is given by || T|| := sup
£0

g = 0.

Then
11]11’1’1 ||T”f _pr,q =0

for each function f € L’;Iq (loc) .
Some analogs of this theorem may be found in [2].

3 Abel Convergence of the Sequence of Positive Linear Opera-
tors

In this section ,using Abel convergence, we show that the Korovkin type approx-
imation theorem does not hold in the whole space L, (loc) but it does hold in
the subspace L’;’q (loc).

Let us recall the Abel convergence.

If the series

Y. ay*
k=0
converges for ally € (0,1) and
lim (1 — ayf =L 2.1)
o (1-y) k;,) kY

then we say that the sequence a = (ay) is Abel convergent to L (see, e.g, [4],[10]).
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1 o)
Since =y = Y a5, 0 <y < 1,(2.1) is equivalent to the fact that
- k=0

lim (1 — —Lyy*F=o.
yg{g( y);(ak )y =0

Note that any convergent sequence is Abel convergent to the same value but not
conversely ([4], [10]) .

Let {T,,} be a sequence of positive linear operators from L, (loc) into itself
such that

H:= sup (1-y)) [Tull,,y" < 0. (2.2)
ye(0,1) n

Then for all f € L, (loc) and y € (0, 1) the operator U, defined by
Uy :=Uy (f;x) = (1-y) ) Tu(fx)y"
n
is a positive linear operator from L ; (loc) into itself. It is shown [8] that

ITuflly < 41£1,,-

It follows from (2.1) that

uyll,, = sup (I—y) |} Tul(f)y"
1£1,,=1 7 b
< sup (1=y) ) Tull, v"
y€(0,1) n
< 4sup (1—-y))_ v"
y€(0,1) n
— 4

Now using Abel convergence we give prove that a Korovkin type approximation
theorem does not hold in L, 4 (loc) .

Theorem 1. Let {T}, } be a sequence of positive linear operators from Ly, ; (loc)
into itself such that (2.2) holds and satisfies

ylir?_ \uy (f) - fill ,, = 0fori=0,1,2

where f; (t) = t/;i = 0,1,2. Then there exists a function f* in Ly,q (loc) for which
. *\ ok
yligl, Huy (f ) f Hp,q # 0.
Proof. We consider the sequence of operators T, given in [8] :

T, (fix) = { oo R x e [@n =1k, 20+ 1)h)

f(x) , otherwise.

It is shown in [8] that

||Tnf||p,q S 4 Hf r.q-
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Now it is easy to verify that, for eachi = 0,1,2 we have

= ZynTnfz Zfz

—y) YY" Tufi — fi

p4 P4

= Q=9 (Tufi— fi)y"

< A=Yy ITufi—fill,,
- 0 (y—17).

p4

Consider the following function f* given in [8] :
2 ifxe Ul(2k— 1)k 2kh)
k=1
FFO)=93 —x2 ifxe U2kh (2k+1)h)
k=1
0 ,ifx<0.
Then f* € Ly, (loc) and we get

1

. x+h p p
% fh (L=y)Ly"Tuf* — f*) dt
_ nTn * % Z x—
y);y r=1 b xe[(Zk—?;lhl,DZ(k—s—l)h} q(x)
1 x+h p %
<ﬁ Fla-weyiar e -r @) d@)
x—h

= sup

xe[(2k—1)h,2(k+1)h] q(x)

| b : e , ) pd v

5 I |a-wry e @en-r @l d

- q (2kh)
2kh+h ) p 5

<§—thhf ATy {~@+n?} - @’ dC)
= 1+ 4k212

(% I } 262}”015)
- 1+4k2h2

(F2 (k=) m)>n)’
~ 1+ 4k212

2170 (2k — 1212

1+ 4k2h?
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On applying the operator lil’{l on both sides one can see that
y—1-

£0

lim
y—1-

A=y y"Tif = f
" pA
Therefore the theorem is proved. This result shows that Korovkin type theorem
does not hold in the whole space L, 4 (loc) .
Now we show that the above mentioned problem has a positive solution in
the subspace L’;‘,,q (loc) . First we give the following simple lemma.
Lemma 1. Let {T,;} be a sequence of positive linear operators from L, (loc)
into itself such that (2.1) holds and satisfies

yli}nlrh Uy (fi) - fill ,, = 0fori=0,1,2

where f; () = t:i=0,1,2. Then, for any continuous and bounded function f on
the real axis, we have

lim ||Uy (f) — f;Lpq (a,b)]| =0

y—1
where a and b are any real numbers.

Proof. Since f is uniformly continuous function on any closed interval, givene > 0
there exists a positive § = ¢ (¢) such that

If(t) — f(x)| <eif |t —x| <J, wherex € [a,]],t € R. (2.3)
Also, setting M = sup |f (x)|, we can write
xeR
If(t)— f(x)| <2Mif |t — x| > J, where x € [a,]],t € R. (2.4)

Combining (2.3) and (2.4) we have

£ = F ()] <et 2 (122, @5)

where -co < t < o0; x € [a,b]. Let ¢ := max{|a|, |b|} and using the positivity and
linearity of operators T; and (2.5) we obtain

1y (F (£)52) — £ (1) Lpg (@ B)| < [[Uy(1f (1) = F )0,
FIf @] U0 -1,

Uy (e + 22 (1~ 22 %)

< Juer Sremaria],
+M ||Uy(1;x) — 1HM
2M 2. . 2
< e+5—2Huy(t ;X)) —x b

4Mc
+§—2 Huy(t; X) - pr,q

2
+ <2MC —i—e—i—M) HUy(l;x) — 1H

62 pa-
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Hence by the hypotheses the proof is completed.
Theorem 2. Let {T},} be a sequence of positive linear operators from Ly, ; (loc)
into itself such that (2.1) holds and satisfies

lim |[Uy (f;) - fil| ,, = 0fori=0,1,2

y—1-

where f; (t) = t';i = 0,1,2. Then for any function f € Llr‘,’q (loc) we have

yligl_ Hu]/(f) _pr,q = 0.

Proof.  We follow [8] up to a certain stage. If f € Ll;:,q (loc) then

f—kpq € L%q (loc) . So it is sufficient to prove the theorem for the function
fe Lg,q (loc) . For any & > 0, there exists a point xg such that the inequality

1 x+h 1/p
(Zh / f(t)”dt> <eq(x) 26)
x—h

holds for all x, |x| > xg. By the well known Lusin Theorem, there exists a contin-
uous function ¢ on the finite interval [—xp — h, xo + k] such that the inequality

If — @ Ly (—x0,x0)|| < & 2.7)
is fulfilled. Setting
. 2heP
0 <6 < min {7MP (xo)'h} , (2.8)

where M (xg) = max {| |max o (x)],1 }, we can define a continuous function g
x|<xo+h

by

0 Jif x| >xo+h+06
linear , otherwise.

@ (x) Jif x| <xo+h
g (x) =

Then by (2.6), (2.7), (2.8) and the Minkowski inequality, we obtain
1f—8ll,, <e (2.9)

for any € > 0 (see [8]).
Now we can find a point x; > x( such that

q(x1) > M (sxo) and g (x) = 0 for |x| > x, (2.10)

where M (xp) is defined above. Then by (2.7), (2.8), (2.9) and the definition of g
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and Lemma 1 we get

Uy (f;x)— f (x)Hp,q

Uy (f (1) =g () +8 (1) ;x) = f(x) =g (x) + g ()],
Huy (f_g)Hp,q"‘ Huyg_gHM"‘ ||f_g||p,q
e(1=y) ) v IITull,, +e+ [[Uyg —2ll,,,

IN

IN

IN

€ ((1 -y [Tl q + 1) + ||Uyg — 85 Lp,g (—x1,x1) |
+ ||Uyg — & Lp,g (Jx] > x1) ||

: ((1 ~n Ly ||Tn||p,q+z>

IA

+ ||Uyg; Lpg (Jx] > x1)]]- (2.11)
Since |g (x)| < M (xp) for all x € R, we can write

[Uy8; Ly (%] = %), < M (x0) [Uy1; Lyg (%] = x1)|

< M (%) ||Uyl = 1Ly (|x] > x1)]|
+M (x0) |1 Lpg (Ix] > x1)|

M (x,)

q(x1)

IN

M (xo) || Uy1 —1HW+

Considering hypothesis and (2.10) we get by (2.11) that

im U f = £, =0

which proves the theorem.

In the whole space L, ; (loc) we have the following
Theorem 3. Let {T,} be a sequence of positive linear operators from L, ; (loc)
into itself such that (2.1) holds and satisfy

where f; (t) = t/;i = 0,1,2. Then for any functions f € Ly,q (loc) we have

. Huyf—f;Lp(x—h,x-i—h)leq o
x€R q*(X)

y—1-

where g* is a weight function such that lim % = 0.
|x| =00 %)

Proof. By hypothesis, given € > 0, there exists x( such that for all x with |x| > x
we have
1+ x2

q* (x)

<e (3.2)
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Let f € Ly, (loc) . Then we get

ay = ||Uyf — f;Ly (|x] > x0)||

x+h p 1/p
(ﬁ J (1—y)§y”Tnf—f‘ dt)

. x—h
- ‘S‘Lip T
X XO
| X p 1/p | X 1p
i (1=y) Ty"Tuf | di o | IfIPdt
< sup > 5 +sup ~— 2
x€R ]‘+x xelR 1+x
< la—pzyms| +is1,
" pa
< A=)y ITufl,, + £,
- pAq pAa

< fllq ((1 -y " \ITn||p,q+1> < N, say.
n
Hence we have «y is bounded. By Lusin’s theorem we can find a continuous
function ¢ on [—x, — h, xg + h| such that
|f =@ Lp (—x0 —h,xo+h)| <e. (3.3)
Now we consider the function G in [8] given by

p(—xo—h) ,x<—xo—h

G(x):= ¢ (x0) , x| <xo+h
o (xo+h) ,x>x0+h

We see that G is continuous and bounded on the whole real axis. Now let
f € Ly, (loc) and we get that

By : = Huyf—f}Lplq(—XOIXO)H
= |[Uy (f = G);Lpg (—x0,%0) || + [|UyG — G; Ly, (—x0, %0) |
+ Hf —G; LP,EI (—XO —h, Xo + h) H

(=) YY" I Tull 0 [|(f = G) s Lpg (—x0 =l x0 + ) |
+ ||UyG — G; Lpg (—x0, x0) || + || f = G; Lp,g (—x0 — h, x0 + 1) ||
|f = GiLpg (—x0 — h,xo +1)|| ((1 —y) Y V" (1Tl + 1)

+||UyG — G; Lp,q (—x0, x0) || -

IN

IN

Hence by the hypothesis and Lemma 1 we have

li —0. 3.4
yg{l_ By (3.4)
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On the other hand, a simple calculation shows that

Yo ==y Y Tuf — f
" pa*
x+h p 1p
(% S |A=y) Sy Tuf — f dt)
< sup h " 7(x)
|x] <xp q* (x) q (x)
x+h p 1/p
(% J (1—y)2y”Tnf—f) dt)
+ sup xh ’ 7(x)
|x|>xq q* (x) q (x)
_ q(x) q(x)
- ey 07 @) T oy 07 ()
< Byq (x0) + eay. (3.5)

It follows from (3.2), (3.3), (3.4), (3.5) and Lemma 1 that

Ty < q(x0)[|f = GiLpq (—x0—h,xo+h)| ((1—y)2y” I T

+¢ (x0) ||UyG — G; Lpg (—x0,x0)|| + eN
= Ke+q(xo) ||UyG — G; Lp,q (—x0, x0) ||

pag T 1)

where K := Mg (x9) + N and M := H + 1. By Lemma 1 we get

lim

sup
y—1-

xeR q* (x)

4 Rates of Abel convergence in L, (loc)

In this section, using the modulus of continuity, we study rates of convergence in

Ly, (loc).
P4
We now turn to introducing some notation and basic definitions to obtain the rate

of convergence of the operators given in Theorem 3.
Also, we consider the following modulus of continuity:

w(f,0) = sup |f(y)—f ),

lx—y|<o

where 4 is a positive constant, f € Ly, (loc) and g (x) = 1+ x2. It is easy to see
that, forany ¢ > Oand all f € L, (loc),

w(f,8) < (1+[c)w(f,9),

where [c] is defined to be the greatest integer less than or equal to ¢ (see [6]) .
To obtain our main results we first need the following lemma.
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Lemma 2. Let {T,, } be a sequence of positive linear operators from L, 4 (loc) into
itself such that (2.1) holds.Then for each y € (0,1) and 6 > 0, and for every
function f that is continuous and bounded on the whole real axis, we have

Uyf = fiLpg @ B)]| < w(f:0)|Uyfo— foll,
—|—2w(f;(5)+C1Hnyo—foHM

where fo () =1, ¢ (t) := (t—x)*,C; = sup |f (x)|and 6 := ") = Uy .
X preh k H y pr,q
Proof. Let f be any continuous and bounded function on the real axis, and let

x € [a,b] be fixed. Using linearity and monotonicity of T, and for any § > 0, by
modulus of continuity, we get

Uy (f;x) — f(x)] < Uy(w<f,|t_5x|5),x)
+|f ()] Uy (fo; %) = fo (x)]
w (f,0) |Uy (fo;x) — fo (x)| +w (f,9)

U |+ 1f () Uy o) — fo ()]

Now let C; = sup |f (x)]and ¢ := ucl(cn) =, /HUyq)pr’q. Then we have

IN

_|_

a<x<b
[Uyf = fiLpg (ab)]| < wq(f,0) iulzbq(x)Huy(for’x)_fO(x)Hp,q‘f'w(fré)
LD g,
( Huyqopr,q>
[ty (forx) = fo ()], sup 1f ()]

= w(f,8) Uy (fosx) — fo ()], + 2w (£,0)
01 Uy (o)~ fo ()],

Theorem 4. Let {T,} be a sequence of positive linear operators from L, , (loc)
into itself such that (2.1) holds. Assume that for each y € (0,1),¢ > 0 and for
each continuous and bounded function f on the real line, the following conditions
hold:

(i) lim [[Uy (fo; %) = fo (¥)]],, =0,

y—1-

(ii) lim w (f,6) = 0.
y—1

Then we have

ylg?_ Huyf—fi Lpg (a,b)H = 0.
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Proof. Using Lemma 2 and considering (i) and (ii) , we immediately get

lim [[U,f — f;Lpq (a,b)|| =0

y—1-

for all continuous and bounded functions on the real axis.
Theorem 5. Let {T,} be a sequence of positive linear operators from L, (loc)
into itself such that (2.1) holds. Assume that

Jim [[Uy () = £ ()], = 0
where f; (y) = y' fori =0,1,2. If

(i) Jim.[[Uy (fo:) = fo (x)],, = O,

(ii) lim w(G,d) =0
y—1-
where G is given in the proof of Theorem 3. Then, for f € L, (loc), we have

o (o It =y ]
%r@& 7 ) )‘0

where g* is a weight function such that | 1|im 1j(fs = 0.
X|—00

Proof. It is known from Theorem 3 that

)

where K := Mg (x9) + N and M := H + 1. Then by Lemma 2 and Theorem 4 we
get

! < q(x0)[|f = GiLpg (—x0—h,xo+h)| <(1—y)2y” 1T

+4 (x0) ||UyG — G; Lpg (—x0, x0) || + eN
= Ke+q(xp) HUyG —GiLpyg (—xo, x0) H

u]((”) < Ketq(x0)w(G;9)||Uy (fo;x) = fo(x)|,, + 29 (x0) w (G;6)
+4 (x0) Cy Uy (fo; %) = fo (g

where C/1 = x81<15<x |G (x)| and the proof is completed.
-0 0
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