Invariant g-means for abstract Segal algebras
related to locally compact groups
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Abstract

In this paper, for a locally compact group G we characterize character
amenability and character contractibility of abstract Segal algebras with re-
spect to the group algebra L' (G) and the generalized Fourier algebra A,(G).
As a main result we prove that G is discrete and amenable if and only if some
class of abstract Segal algebras in L!(G) is character amenable. We also prove
a similar result for abstract Segal algebras in A,(G) and Co(G). Finally, under
some conditions we investigate when a commutative, semisimple, Tauberian
Banach algebra is an ideal in its second dual space.

1 Introduction

Let A be a Banach algebra and let X be a Banach .A-bimodule. A derivation from
A into X is a linear map D : A — X such that

D(ab) =a-D(b)+ D(a) - b,

for all a,b € A. For example, the map ady : A — X defined by ady(a) =
a-x—x-aisa derivation for alla € A and x € X. Such derivations are called
inner derivations. Here, let us mention that X*, the first dual space of X, becomes a
Banach A-bimodule in the natural way. The algebra A is called amenable if every
continuous derivation D : A — X* is inner for each Banach A-bimodule X. The
notion of amenability for Banach algebras was introduced by B. E. Johnson [11].
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Let ¢ € A(A), consisting of all non-zero characters on .A. Kaniuth, Lau and
Pym in [12] and [13] introduced and studied the concept of p-amenability for Ba-
nach algebras as a generalization of left amenability of Lau algebras or F-algebras
[14]. In fact, A is called ¢-amenable if every continuous derivation D : A — X*
is inner for each Banach 4-bimodule X with the left module action given by
a-x = @(a)x forallx € X and a € A. Recall from [12] that A is ¢-amenable
if and only if there is a ¢-mean in A**, i.e., a bounded linear functional m on A*

satisfying
(m, @) =1, (m, f-a) = ¢(a)(m,f)

foralla € Aand f € A*. Around the same time, Monfared introduced and
studied in [16] the notion of character amenability for Banach algebras. Pre-
cisely, a Banach algebra A is called character amenable if A is p-amenable for all
¢ € A(A) and it has a bounded right approximate identity. There are many char-
acterizations for p-amenability and character amenability of Banach algebras. For
example in [12, Theorem 1.4], the authors characterized g-amenability of Banach
algebras in terms of the existence of bounded approximate ¢-means, i.e., a bounded
net (a,) in A such that

¢(ae) =1, laay — ¢(a)an| — 0

for all a € A. Also, concepts of ¢-contractibility and character contractibility of A
were laid by Hu, Monfared, and Traynor [10].

Recently, Nasr-Isfahani and the second author have introduced and studied
p-pseudo-amenability and character pseudo-amenability of A as a new notion of
amenability based on the existence of approximate ¢-means and right approx-
imate identities (not necessarily bounded) [18].

Several authors has been studied various notions of amenability for abstract
Segal algebras; see for example [1, 5, 6]. Here, we characterize som notions
of amenability such as g-amenability, character amenability, character pseudo-
amenability, ¢-contractibility and character contractibility of some Banach
algebras. In particular, we offer some applications to the abstract Segal algebras
related to group algebra and generalized Fourier-algebra of a locally compact
group G. Moreover, we investigate when certain abstract Segal algebras in L!(G)
or A,(G) are ideals in their second dual spaces.

2 Character amenability of abstract Segal algebras

We start the paper with the definition of abstract Segal algebras.

Let A be a Banach algebra with the norm || - || 4. Then a Banach algebra B with
the norm || - || 3 is an abstract Segal algebra with respect to A if

(1) B is a dense left ideal in A.

(2) There exists M > 0 such that ||b|| 4 < M]||b||5 for each b € B.

(3) There exists C > 0 such that ||ab||g < C||a||4]|b||s for alla,b € B.

We recall from [2, Theorem 2.1] that A(B) and A(.A) are homeomorphic.

Definition 2.1. Let A be a Banach algebra and let ¢ € A(A). We say that A is
@-pseudo-amenable if it has an approximate p-mean (not necessarily bounded).
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We also say that A is character pseudo-amenable if A has a right approximate
identity and it is ¢-pseudo-amenable for all ¢ € A(A).

Let G be a locally compact group with left Haar measure A and let L'(G) be the
group algebra of G endowed with the norm || - ||; and the convolution product *

and let M(G) be the measure algebra of G. We denote by G the set of all continu-
ous homomorphisms p from G into the circle group T, and define ¢, € A(L!(G))
to be the character induced by p on L!(G); that is,

po(h) = [ pGIf(x)dMx)  (f € L1(9)).
It is known that there are no other characters on L! (G); that is,

ALY G) ={po:peG}

see, for example [9, Theorem 23.7]. Recall that, G is called amenable if there is a
bounded net (k,) € L'(G) such that ky, > 0, ||ks||1 = 1 and ||6y * ke — ku|[1 — O
for all x € G, where J, denotes the Dirac measure at x € G; see Runde [19] for
detalils.

Lemma 2.2. Let G be a locally compact group and let S(G) be an abstract Segal algebra

with respect to LY(G) such that p € G. Then S(G) is ®ols(g)-pseudo-amenable if and
only if G is amenable.

Proof. Suppose that G is amenable. Then 5(G) is ¢,|s(g)-amenable by [1, Corollary
3.4]. Consequently, it is ¢,|s(g)-pseudo-amenable.

Conversely, suppose that S (G) is @pls(g)-pseudo-amenable. Then L}(G) is
@p-pseudo-amenable by the same argument used in the proof of [1, Proposition

2.3]. Moreover, it is easy to see that L!(G) is ¢1-pseudo-amenable if and only
if it is ¢pp-pseudo-amenable; this is an immediate consequence of the following

equality
1f 1= @o(H)hlly = l[(f) * (Ph) — @1 (o) (Ph) |1
for all f,h € L'(G). Now, suppose that (f,) C L'(G) is an approximate ¢;-mean

and let hy = h * f,, where fo € L'(G) with ¢1(fo) = fg fo = 1. Then for each
x € G we have

102 % ho = halln < [[(6x * fo) * fu = fallt + [ fo* fa — fallh = O.
We may assume that ||l ||y > 1/2 for all a. So, if we put
ko = |ha|/ ||ha |1

for all «, then we have k, > 0, ||ky||1 = 1 and ||y xky — k|7 — O forall x € G;
indeed,

102 % [ha| — [halll1 = [||0x * ha| — [halll1 < ||0x * ha — hall1 — 0.

Thus, G is amenable. [
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For a locally compact group G and 1 < p < oo, denote by A,(G) the general-
ized Fourier algebra of G as defined in [4]. Elements of A,(G) can be represented,

nonuniquely, as u = Zfil(fi *gi)/ where f; € LF(G) , 8i € L7(G), %+% =1
g(x) = g(x71) and Y2 || fill pllIgills < co. Then

[l a, = inf{i fillpllligilly = u = i(fi *gi)}
i=1

i=1

is anorm on A,(G). For p = 2, Ay(G) coincides with the Fourier algebra A;(G)
which is denoted by A(G). With the usual operations of pointwise addition and
multiplication, A,(G) is a commutative Banach algebra and A,(G) C Co(G), the
space of continuous functions on § vanishing at infinity. We also recall that the
spectrum of A,(G) can be canonically identified with G. More precisely, the map
x — ¢x, where ¢, (u) = u(x) for u € Ay(G), is a homeomorphism from G onto
A(Ap(G)). The

In the sequel, we characterize character amenability of abstract Segal algebras
with respect to them.

Lemma 2.3. Let G be a locally compact group, and A be either of the Banach algebras
LY(G) or Ay(G) for 1 < p < oco. Suppose that BB is an abstract Segal algebra with
respect to A. Then the following statements are equivalent.

(a) B is character amenable.

(b) B is character pseudo-amenable and has a bounded right approximate identity.

(c) B = Aand G is amenable.

Proof. That (a) implies (b) is trivial.

(b)=>(c). First let A = A,(G). Then it is known that A,(G) is ¢r-amenable for
all x € G; see [15, Lemma 3.1]. Thus, B is ¢x-amenable by [1, Proposition 2.3].
Now, if B has a bounded approximate identity, then B = A; see [1, Theorem 2.1].
Hence, G is amenable by [8, Theorem 6].

(c)=-(a). When A = A,(G), this follows from the fact that G is amenable if and
only if A,(G) has a bounded approximate identity. For the case of A = L'(G), it
follows from Lemma 2.2 and [1, Theorem 2.1]. [ ]

For1l < p < oo, let

£,(G):=LYG)NL"G), |f

Lp = Ifll =+ (1 f1lp

for all f € ﬁ%,(g ). Then ﬁ%,(g ) endowed with convolution product becomes an
abstract Segal algebra with respect to L!(G).

Theorem 2.4. Let G be a locally compact group and let 1 < p < oco. Then the following
statements are equivalent.

(a) E%, (G) equipped with the convolution product is character amenable.

(b) G is discrete and amenable.

Proof. Suppose that £}7(g) is character amenable. Then G is amenable and
L'(G) C LP(G) by Lemma 2.3. So, it suffices to show that G is discrete. For
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this end, let (e, ) be a bounded right approximate identity for £;1, (G) and let u be
a weak*-cluster point of (e,) in LP(G). Then f xu = f forall f € L(G). If G were
not discrete, then we can find a compact neighborhood U of the identity element
e of G such that

1

<
29|ully

AU

Since the indicator function x{; of U lies in LP(G) forall 1 < p < oo and LP(G) is
a left L'(G)-module, it follows that || xull, = [lxu *ulp < |lxull1llu|p. Now, on
the one hand,

Ixulls < lixullpllxullg,
which implies that 1 < || xy1]|4]|u||p. On the other hand,

1 1
Ixullgliully = A ully, < 5

which is a contradiction. Converse is trivial. n

For a locally compact group G, we denote by Cy(G), the space of all bounded
continuous complex-valued functions on G, and we denote by LUC(G), the space
of bounded left uniformly continuous functions on G as defined in [9].

Theorem 2.5. Let G be a locally compact group. Then the following statements are
equivalent.

(a) LL(G) equipped with the convolution product is character amenable.

(b) LL.(G) equipped with the convolution product is character-pseudo amenable.

(c) G is discrete and amenable.

Proof. The implication (a)=-(b) is trivial.

(b)=>(c). Suppose that £}, (G) is character-pseudo amenable. Then, L1 (G)
has a right approximate identity such as (ey). Therefore, ||f * ex — fllec — O
for all f € L£L(G). Moreover, f e, € LUC(G) for all « and consequently
f € LUC(G). Hence, L1,(G) C LUC(G). Now, let A be a measurable subset
of G with A(A) < . Then the indicator function x4 of A lies in £.,(G) and so
Xa € LUC(G) which implies that A is an open subset in G. Thus G is discrete.
Amenability of G follows from Lemma 2.2. Finally, (c)=-(a) is trivial. ]

Let X be a closed subspace of L*(G) with Cyo(G) € X C LUC(G) which is
left invariant; i.e. ¢xf € X forall f € X and x € G. Then L}(G) N X with
the convolution product and the norm || - ||1,« is an abstract Segal algebra with
respect to L1(G).

Theorem 2.6. Let G be a locally compact group and let X be a closed and left invariant
subspace of L*(G) such that Co(G) C X C LUC(G). Then the following statements
are equivalent.

(a) LY(G) N X endowed with the convolution product is character amenable.

(b) G is discrete and amenable.
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Proof. (a)=>(b). Suppose that L!(G) N X is character amenable. Then L}(G) N X =
L'(G) and G is amenable by Lemma 2.3. Thus L'(G) C X. Now, consider the
inclusion map ¢ : L'(G) — X. Then ¢ is continuous by the closed graph theorem.
Suppose on the contrary that G is not discrete. Then we can choose a sequence
{U,} of open neighborhoods of the identity element e of G with compact closure
in G such that A(U,) — 0. Let f,, be a continuous function vanishing outside
Uy, fule) = 1and 0 < f,(x) < 1forallx € G. Let g, := A(Un)_lfn and note
that ¢, € L'(G) N X. Moreovet, ||gn|l — o and ||gx|l1 < 1 for all n € N. This
contradicts the continuity of ..

(b)=>(a). Now, suppose that G is discrete and amenable. Then L'(G) is char-
acter amenable by Lemma 2.3. Moreover, L!(G) = L1(G) N X. Hence, the norms
| - |10 and || - ||; are equivalent on L!(G) N X by the open mapping theorem.
Thus L'(G) N X is character amenable. n

It is not hard to see that L!(G) N Cy(G) with pointwise product and the norm
|| - |l1,00 is an abstract Segal algebra with respect to Co(G).

Lemma 2.7. Let G be a locally compact group. Then the following statements are equiv-
alent.

(a) LY(G) N Co(G) endowed with the pointwise product has a bounded approximate
identity.

(b) G is compact.

Proof. (a)=(b). Suppose that e, is a bounded approximate identity for
LY(G) N Cy(G). If G were not compact, then we can find a sequence {U,} of
open neighborhoods of the identity e with compact closure such that A(U,) — oo.
Choose a symmetric neighborhood V of e with compact closure. Set

fu = oy
n = A(V)Xunv XV.

Then it is easy to see that f;, € C.(G), the space of all continuous functions with
compact support, and f,|y, = 1. By assumption for each n € IN there is a &, such
that |lea fn — fulloo < % for all « > ;. In particular, |e,(x) — 1| < % for all x € U,,.
Therefore, )

leallreo > lexlls = /u lea(x)]dx = SA(Un) — oo,

n

which is a contradiction. The implication (b)=-(a) is trivial. ]
Recall that A(Cyp(G)) = {@x : x € G} and Cy(G) is px-amenable for all x € G.
As a consequence of Lemma 2.7 we have the following result.

Theorem 2.8. Let G be a locally compact group. Then the following statements are
equivalent.

(a) L1(G) N Co(G) endowed with the pointwise product is character amenable.

(b) G is compact.

Let G be a locally compact group and let
Ap(G) =LYG) N AG), Il =1Ifl1+Ifla,
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forall f € A;l, (G). Then .A;l? (G) with this norm and the convolution product is an
abstract Segal algebra with respect to L!(G); see [7] for details.

Now, we have the following result whose proof is omitted, since it can be
proved in the same direction of Theorem 2.6.

Theorem 2.9. Let G be a locally compact group and let 1 < p < co. Then the following
statements are equivalent.

(@) A%,(G ) endowed with the convolution product is character amenable.

(b) G is discrete and amenable.

Recall from [7] that A%, (G) with the norm ||| - ||| and the pointwise product is
an abstract Segal algebra with respect to A,(G).

Theorem 2.10. Let G be a locally compact group and let 1 < p < oo. Then the following
statements are equivalent.

(@) A} (G) endowed with the pointwise product is character amenable.

(b) G is compact.

Proof. Suppose that G is compact. Then it is clear that the constant function

1 is the identity of A}(G). Moreover, A;(G) is ¢,-amenable for all x € G by
[15, Lemma 3.1] and [1, Proposition 2.3].

For the converse, we can apply the same argument for the proof of Lemma 2.7.

]

Recall that if A is a Banach algebra, then A**, the second dual of A with the
first Arens multiplication © which is defined as follows is a Banach algebra

(mon)(f) =mn-f), (n-f)(a)=n(f-a), (f-a)b)=f(ab)
forallm,n e A*, f € A*,and a,b € A.

Theorem 2.11. Let G be a locally compact group and let S(G) be an abstract Segal
algebra with respect to L1(G). Then S(G)** endowed with the first Arens product is
character amenable if and only if G is finite.

Proof. Suppose that S(G)** is character amenable. Then S(G) is character amena-
ble by [10, Theorem 3.8]. In particular, it has a bounded right approximate iden-
tity. Thus S(G) = L'(G) by [2, Theorem 1.2]. The rest of the proof follows from
[10, Theorem 3.10]. [ ]

Using a same argument for the proof of the above theorem and applying
[10, Theorem 3.12] we have the following result.

Theorem 2.12. Let G be a locally compact group and let SA(G) be an abstract Segal
algebra with respect to A(G). Then SA(G)** endowed with the first Arens product is
character amenable if and only if G is finite.
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3 Character contractibility

Let A be a Banach algebra and let ¢ € A(.A), and recall that a ¢-diagonal for A is
an element m € A®A such that

¢(m(m)) =1 and a-m = @(a)m

for all 2 € A. Here and in the sequel 7 always denotes the product morphism
from A®A into A, specified by 7(a ® b) = ab for all a,b € A. The Banach
algebra A is called ¢-contractible if there is a ¢-diagonal m € A®.A. Also, A is
called character contractible if it has a right identity and it is ¢-contractible for all
¢ € A(A). These notions was introduced by Hu, Monfared, and Traynor [10].
Before, we give the next result, recall from [3] that a Banach algebra A is a left
(resp. right) ideal in A** if and only if, for every a € A, the operator A, : b — ba
(resp. ps : b — ab) is weakly compact on A. We also recall that when A is
commutative then for each a € A the letter @ refers to the Gelfand transform of a
which is defined on A(.A) endowed with the Gelfand topology by @(¢) := ¢(a)
for all ¢ € A(A). As usual, we say that A is Tauberian if the set of alla € A
such that 7 has compact support is norm dense in .A. Note that this condition is
obviously fulfilled if .4 has an identity or it is a C*-algebra. Moreover, Tauberian
Banach algebras form an important and large class of Banach algebras related to
locally compact groups.

Theorem 3.1. Let A be a commutative, semisimple, Tauberian Banach algebra. Then the
following statements are equivalent.

(a) A is a left ideal in its second dual and it is p-amenable for all ¢ € A(A).

(b) A is @-contractible for all ¢ € A(A).

(c) A(A) is discrete with respect to the Gelfand topology.

Proof. (a)=(b). We note that if (a) holds, then n := m ® ag is a ¢p-mean in A, where
mis a ¢p-mean in A** and ap € A with ¢(ag) = 1. Therefore, n ® n is a ¢-diagonal
in AR.A.

(b)=(c). Let ¢ be an arbitrary element of A(.A). We will show {¢} is an open
subset of A(A) with respect to the Gelfand topology. Since A is @-contractible,
there is an element m € A®.A such that

—

n(m)(¢) =1 and a-m = @(a)m.

—

This implies that 77(m)(¢) = 1 and art(m) = @(¢)mr(m) for all a € A. Thus,

—

we conclude that 77(m) is the the indicator function at ¢. That is, {¢} is open in
A(A) with respect to the Gelfand topology.

(c)=(a). Let a be an arbitrary element of A and consider the operator
Ag 2 b — baon A. Since A is Tauberian, there exist a sequence (4, ) in .A norm con-
vergent to a such that each 4, has compact and hence finite support, say K;. By
Shilov’s idempotent theorem for each ¢ € A(.A), there is an idempotent a, in A
such that 2, equals the indicator function at ¢. This implies that a,, is a ¢-mean in
A and that the operator A, , 18 one-dimensional. Moreover, a, = Y€K, an(@)ay.
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Therefore, each A, has finite rank. Since (A,,) is norm convergent to A,, we ob-
tain that A, is a compact operator. It follows that A is an ideal in A**. n

In the sequel, we present some examples to motivate and complement the
main result of this section.

Example 3.2. Let X be a compact metric space with metricd and let0 < a < 1.
Then Lip,, (X) denotes the set of all Lipschitz functions of order one on X’; that is,
all continuous complex-valued functions f on X for which

Pa(f) == sup {W

is finite. Moreover, lip,, (X') denotes the set of all functions in Lip, (X’) satisfying

1f(x) = f(y)]
d(x,y)"

Then Lip,(X) endowed with the pointwise operations and the norm ||f||, :=
| fllsup + pa(f) is @ commutative, semisimple and Tauberian Banach algebra, such
that lip,, (X') is a closed subalgebra of Lip,, (X'). The map x — @y, where ¢, (f) =
f(x) for f € Lip,(X), is a homeomorphism from X onto A(Lip, (X)) endowed
with the Gelfand topology. Similarly, A(lip, (X)) can be identified with X". If X
is finite, then lip, (X') = Lip, (X') is semisimple and finite-dimensional and hence
is an ideal in its second dual. Therefore, by [13, Example 5.3] and Theorem 3.1,
we have the following characterizations.

(a) Lip, (X) is an ideal in its second dual.

(b) Lip, (X) is ¢x-amenable for all x € X.

(c) Lip, (X') is ¢x-contractible for all x € X,

(d) X is finite.

Note that a same result is true for lip, (&X').

: x,yeX,x;«éy}

»0 as d(x,y) — 0.

Lemma 3.3. Let A be a commutative Banach algebra and let B be an abstract Segal
algebra in A such that the linear span of the set AB = {ab :a € A,b € B} is dense in
B. Then the following hold.

(a)If A is Tauberian, then B is also Tauberian.

(b) If A is semisimple and Tauberian and it is p-amenable for all ¢ € A(A), then A
is a left ideal in its second dual if and only if B is a left ideal in its second dual.

Proof. (a). First note that, for arbitrary b € B, by assumption, there are u; € A
and b; € B (i = 1,..,n) with ||b — Y ; u;b;||g < €/2. Since A is Tauberian, it
follows that for each 1 < i < n there is v; € A such that 9; has compact support
and ||u; — v;|| 4 < €/ (2nM]||b;|| g). Thus

n n
2 uibi — Z Uibi
i=1 i=1

n
< Y Mlju; —vil| 4 ||billg < €/2.
B i=1

Therefore,

<
B

+
B

< &
B

n
b— Z Z),‘bi
i=1

n
b— Z uib,‘
i=1

n n
Z uibi — Z Z),‘bi
i=1 i=1
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It is clear that } /' v;b; € Band }' ;u;ib; = Y/ 4 9:b; has compact support as
required.

(b). Suppose that A is semisimple and Tauberian which is p-amenable for all
¢ € A(A) and that the linear span of the set AB is dense in B. Then, from part
(a) and the correspondence between A(.A) and A(B), we obtain respectively, that
B is semisimple and Tauberian. Moreover, it is shown in [1] that A is p-amenable
[resp. ¢-contractible] if and only if B is ¢|z-amenable [resp. ¢|z-contractible].
Therefore, in light of Theorem 3.1, A is a left ideal in its second dual if and only
if B is a left ideal in its second dual. n

Next, we examine the abstract Segal algebra in generalized Fourier algebra.

Example 3.4. Let G be a locally compact group with identity eand let1 < p < co.
Then Ap(G) is a commutative, semisimple, and Tauberian Banach algebra. In
[15, Lemma 3.1], it is proved that A,(G) is ¢x-amenable for all x € G. Note that
m € Ap(G) is a py-mean if and only if £,—1m is a p.-mean in A,(G), where £, 1 is
the left translations by x ! on A,(G).
(i) If SAp(G) is an abstract Segal algebra in A,(G) such that the linear span of
Ap(G)SA,(G) is dense in SA,(G), then SA,(G) is Tauberian and so by Theorem
3.1 the following statements are equivalent.

(a) SA,(G) is an ideal in its second dual.

(b) SA,(G) is gx-contractible for all x € G.

(c) SA,(G) is @x-contractible for some x € G.

(d) G is discrete.
(ii) If MA,(G) is the space of pointwise bounded multipliers of A,(G) equipped
with the multiplier norm

loll = sup { [0l a, () : 4 € Ap(G), ulla,g) < 1};

that is, those (necessarily continuous and bounded) functions v on G such that
vAp(G) € Ap(G). Itis well-known that A, (G) € MAp(G) and [[u|m < [[ul 4,9
forall u € Ay(G). We denote by AQ/I(Q) the || - || m-closure of A,(G) in MA,(G).
Then, Aﬁ/f (G) with pointwise product is a commutative, semisimple, and Taube-
rian Banach algebra containing A,(G) as an abstract Segal algebra. Therefore, by

Theorem 3.1 the above characterizations are true for AQ/I (G) to be an ideal in its
second dual.

Before giving the following result, recall that a locally compact group G is
called amenable if L'(G) is ¢1-amenable. The following result on unimodular
locally compact groups is from Mustafayev [17].

Theorem 3.5. [17, Corollary 3] Let G be a unimodular locally compact group. Then
Lilg (G) endowed with the convolution product is an ideal in its second dual if and only if
G is compact.

Here, we will now show that this result is also valid for the class of amenable
groups.
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Theorem 3.6. Let G be a locally compact group. Then ﬁ%(g ) endowed with the convo-
lution product is an ideal in its second dual and G is amenable if and only if G is compact.

Proof. Suppose that G is compact. Then ﬁ%,(g ) = LP(G) and consequently ﬁ%,(g )
is an ideal in its second dual.
Conversely, Suppose that ﬁ%,(g ) is a left ideal in its second dual. Since G is

amenable, it follows from [1, Proposition 2.3], that £%, (G) has a bounded approx-
imate ¢1-mean, say (fy). Let m be any weak* cluster point of (f) in (ﬁ%,(g )+
Then ¢1(m) = 1 and for each f € E%,(Q) we have f © m = ¢1(f)m by the weak*
continuity of the map n — f ®n on (ﬁ%,(g))** Take go := (m ® fy), where
fo € ﬁ}j(g ) with ¢1(fo) = 1 and note that gg € ﬁ}j(g ). Furthermore,

91(80) = 91(m © fo) = ¢2(m) =1,
and for each f € L},(G),
frgo = fx(mofo)
= (fom)xf

¢1(f)(m © fo)
= ¢1(f)8o-

That is, go is a @-mean in ﬁ%,(g). Consequently G is compact by [1, Theo-
rem 3.3]. [ |

Theorems 3.5 and 3.6 lead us to the following problem.

Problem 3.7. Is Theorem 3.6 true for each locally compact group G? That is, must G
be compact when Lilg (G), endowed with the convolution product, is an ideal in its second
dual?
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