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Abstract

Consider an abstract Banach lattice. Under some mild assumptions, it
can be identified with a Banach ideal of integrable functions with respect to a
(non necessarily o-finite) vector measure on a é-ring. Extending some nowa-
days well-known results for the Komlés property involving Cesaro sums,
we prove that the weak o-Fatou property for a Banach lattice of integrable
functions E is equivalent to the existence for each norm bounded sequence
(fu) in E of a regular method of summability D such that the sequence (f?)
converges.

1 Introduction

The relevant Komlés Theorem on the hereditary Cesaro summability of a sub-
sequence of any bounded sequence in L![0,1] is nowadays known to be also
true in Banach ideals of integrable functions whenever they satisfy the weak
o-Fatou property. It was shown by Day and Lennard in 2010 [6]. These results
are however strongly dependent on the fact that the spaces are defined over an
integration structure that is constructed having a o-finite measure as a starting
point. Although this situation covers a lot of spaces, there are still some relevant
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Banach lattices that cannot be described using this framework —for example
¢, (I)-spaces for a non countable set of indexes I, 1 < p < oco—. In [12], the
authors of the present paper showed how far this equivalence can be extended
when general Banach lattices are considered. The main tool for doing this was
the recently developed representation theory for abstract Banach lattices using
spaces of v-integrable and weakly v-integrable functions with respect to a vector
measure v defined on a J-ring (see [4, 7, 8]; see also [15, Ch.3] and the references
therein for the finite measure case). This allows, for instance, to include lattices
as the £, (I)-spaces mentioned above.

The aim of this note is to show that the main result that was proved in [12] can
be extended for giving this characterization by means of a Komlds type
property but changing the hereditary Cesaro summability of a subsequence
through hereditary summability by any other regular summability method. We
prove the following result, that in a sense closes the analysis of the equivalence
among regular summability properties of bounded sequences and the weak
o-Fatou property, and establishes the limits for this to hold in terms of the mea-
sure space. Note that no o-finiteness of the measure is needed, and that the result
can be applied to any Banach lattice which allows to be represented as a space of
integrable functions; for instance, under some mild requirements any order con-
tinuous Banach lattice can be written as such an space. Let v be a vector measure
on a J-ring R and write R'°¢ for the o-algebra associated by R. Let L (v) be the
Banach lattice of all (classes of v-a.e. equal) v-integrable functions.

Theorem 1.1. Let E be a Banach lattice of classes of v-a.e. equal R'°°~measurable func-
tions which is also an ideal of L' (v). The following statements are equivalent.

(i) E has the weak o-Fatou property.
(ii) E has the Komlds property.

(iii) For each norm bounded sequence (f,), C E there is a regular method of summa-
bility D such that (fP), converges v-a.e. to a measurable function fP in E.

Here fP is written for the n-th sum resulting of the application of D to the
sequence (f,)n. Let us introduce some concepts and notation regarding summa-
bility. Let D = (d,, ) be an infinite matrix of scalars and let (x, ), be a convergent
sequence in a Banach space X. We will say that D defines a regular method of
summability, if for each n € IN, the sequence xJ = ¥%_, d, ,x,, exists and is
convergent to the same limit as (x,),. The following result will be crucial for us
(see [9], Theorem 1). A scalar infinite matrix D = (d ;) is a regular method of
summability if and only if it satisfies the following three conditions that do not
depend on the Banach space X.

1. Y01 |dnm| < M for some M > 0 and for all n € IN.
2. lim, dy,;, =0 forall m € IN.

3. lim, Xy dym = 1.
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Notice that if we drop an infinite (or finite) number of rows or if we add an infinite
(or finite) number of columns of zeroes in a regular method of summability, we
still have a regular method of summability.

A relevant result regarding regular methods of summability is due to Erdos
and Magidor (see p.2 in [11]). It establishes that for a given bounded sequence of
a Banach space, there is a subsequence such that two mutually exclusive options
are given: either it has a subsequence such that each subsequence of it converges
with respect to D (same limit), or there are no subsequences that converge respect
to D. This fact will be implicitly used in our arguments for proving Theorem 1.1.

A particular method of summability is the one related to the Cesaro sums
which involves the so called Komlés property of a Banach function space X(y), as
follows. Let ( f,)» be abounded sequence in X (), then there exists a subsequence
(fn)x and a function f € X(p) such that for any further subsequence (k;); of

(fiue ), the series %2]7-1:1 h; converges p-a.e. to f.

To finish this section, let us introduce some definitions and basic results that
are needed on Banach lattices and spaces of integrable functions with respect to
a vector measure on a é-ring.

Let E be a Banach lattice with norm || - || and order <. An ideal of E is a sub-
space F in E such that y € F whenever y € E with |y| < |x| for some x € F. An
ideal F in E is said to be order dense in E if for every 0 < x € E there exists an
upwards directed system (x)r C F such that 0 < xr 1T x = sup x;. The Banach
lattice E is said to have o-order continuous norm, or briefly, to be c-order con-
tinuous if for every order decreasing sequence (x,), J 0 it follows that ||x,|| { 0.
If this property holds by means of downwards directed systems, E is said to be
order continuous. We denote by E;; the order continuous part of E, that is, the
largest order continuous ideal in E. The Banach lattice E satisfies the o-Fatou
property if for every norm bounded and increasing sequence (x,), of positive
elements in E we have that x = sup x, exists (in E) and ||x,|| 1T ||x||. The space is
said to have the weak o-Fatou property if the last condition on the norms is not
required. Again, if we consider upwards directed systems in the last definitions,
we will have the Fatou and the weak Fatou properties, respectively. Finally, every
bijective operator T € L(E, F) between Banach lattices which preserves the lattice
operations (thatis, T(x Vy) = Tx V Ty and T(x Ay) = Tx A Ty for all x,y € E)
is called an order isomorphism. We refer the reader to [1, 14, 19, 20] for issues
related to Banach lattices.

Recall now the basis of the theory on spaces of integrable functions with respect
to vector measures on a é-ring. Throughout this paper, R will be a J-ring of
subsets of a set (), that is, a ring of sets closed under countable intersections.
We consider R!%¢ the associated o-algebra to R defined by R/ = {B C Q :
BNA € Rforevery A € R} and denote by M (R/%) the space of measurable
real functions on (Q, R'¢). Also, we use S(R) for the set of simple functions
with support in R!°. Let v : R — X be a Banach valued countably additive vec-
tor measure on the é-ring R, thatis, v(U® ;A,) = Y, v(A;) in the norm topology
of X for every sequence (A;), of pairwise disjoint sets in R with UA,, € R. For
each element x' € X' the formula v,/(A) := (v,x')(A), A € R, defines a scalar
measure (see [7, Preliminaries]), where X’ denotes, as usual, the topological dual
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of X. We write |v,/| for its variation, that is, for every A € R/,
vu|(A) :=sup{)_ [vur(A;)| : (A;); finite disjoint sequence in R N 24},
and define the semivariation of v by [[v|[(A) = sup{(v,x")(A),x' € X/,

|x'|| = 1}, A € RI°¢. Tt is monotone, increasing, subadditive, finite on R and
satisfies that

A < qupgus)) < B e R 2% < vl(a),

for all A € R°°. We say that a set B € R'¢ is v-null if ||v||(B) = 0 and that a
property holds v-almost everywhere (briefly v-a.e.) if it holds except on a v-null
set. From [3, Theorem 3.2], there always exists a measure A: R — [0, 00| with
the same null sets as v. We will refer to such kind of measure as a local control
measure of v.

A function f € M(R¢) is integrable with respect to v (or v-integrable) if it is
integrable for each scalar measure |v,/| and moreover for every A € R/ thereis a
vector in X denoted by [, fdv such that for every x" € X/, ([, fdv,x') = [, fdv,.
The space L'(v) of v-a.e. equal v-integrable functions is an order continuous
Banach lattice when endowed with the norm || f||, := SUPyep., [ 1f1d){v,x")],

f € LY(v) and the v-a.e. order, containing S(R) as a dense subset both in order
and in norm (see [13, Theorem 3.3]). Here By’ denotes the unit ball of X’. Further-
more, the space L!(v) is also an ideal of measurable functions, that is, if |f| < |g]
v-a.e with f € M(R"") and g € L'(v), then f € L1(v).

We say that a function f € M(R/¢) is weakly v-integrable if it is integrable
with respect to |vy| for all x' € X’. We denote by Ll (v) the space of functions
in M(R!¢) where functions which are equal v-a.e. are identified. This space
is a Banach lattice when endowed with the norm || - ||, and the v-a.e. order in
which convergence in norm of a sequence implies v-a.e. convergence of some
subsequence (see Lemma 3.13 in [17] or Theorem 100.6 in [20]). The space L%U(v)
has always the o-Fatou property and L!(v) is a closed ideal of L., (v). Moreover,
following Theorems 3.2 and 4.2 in [4] the order continuous part of L}, (v) is actu-
ally L'(v) (LY, (v))an = L'(v)) and L'(v) is order dense in L} (v). Again Ll (v) is
an ideal of measurable functions.

Finally, let us recall the representation theorems of abstract Banach lattices
involving spaces of integrable functions. Every order continuous Banach lattice
can always be represented by means of an order isomorphism which is also an
isometry by a space L!(v) of v-integrable functions with respect to a vector mea-
sure on a J-ring (see [5, pp.22-23], [8, Theorem 5]). Also, every Banach lattice
E with the Fatou property and having its order continuous part E;, as an or-
der dense subset is order isomorphic and isometric to a space L. (v) of weakly
v-integrable functions for a certain vector measure v defined on a J-ring (see
Theorem 10 in [8]).

For these and other issues related to spaces of integrable functions with
respect to vector measures over a J-ring, see for instance [4, 7, 13, 16, 17, 18].
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2 Spaces of vector measure integrable functions and regular
methods of summability

Let v : R — X be a vector measure on the é-ring R that takes values in a
Banach space X. We start by considering ideals of the space of integrable func-
tions L!(v). The equivalence between the weak o-Fatou property, the Koml6s
property (redefined in the context of L!(v) with the v-a.e. order) and the exis-
tence of summable subsequences with respect to regular methods of summability
is showed in Theorem 1.1. Let us present the proof.

Proof. (Proof of Theorem 1.1)

The equivalence of (i) and (ii) is done by Theorem 3.2 in [12].

Let us show now (ii) = (iii). For this aim, take a norm bounded sequence
(fu)n C E. Clearly, by the Komlds property, there exists a subsequence (fy, )k
of (fu)n and a function f € E such that (1Y}, £, )u converges v-a.e. to f.
Write %Zzzl foe = i % fu, = Yk—1Cnnfn, and for each n, define ¢, =
Cnpy = % it m = ng, k = 1,..,n, and 0 otherwise. Note that, fixing n € NN,
Yom=1Cnm = Yk—1Cnp = k=1 1 — 1. Then there is a regular method of summa-
bility
C' = (c}, ) such that (f§'), converges v-a.e. to f = fC in E.

Finally, we prove (iii) = (i). Suppose that E does not have the weak o-Fatou
property. Then, there exists an increasing positive sequence 0 < f, 1 sup,, fn =
f € M(R!°) (that is v-a.e.) with sup,, ||fu|ly < +oo such that f ¢ E. Taking into
account that for every n, f, is also in L (v), there exists a sequence (¢, 1)x C S(R)
so that ¢, T fu, thatis, for every n, (¢, i) converges v-a.e. to fy.

Consider the set union |J,, supp(f.) of the supports of the functions involved
and notice that supp(f,) C Ursupp(¢@n k) for every n, then |J, supp(fx) can be
covered v-a.e. by a sequence (A )m C R. Denote U := {J,, Ay and note that we
can write U as a disjoint union of countably many sets of R of positive semivari-
ation just taking the sets By := Ay \ Uj_i1(An N Ag), k = 1,2,- - and dropping
the empty sets. Clearly, the v-a.e. convergence of (f,, ), can be considered in U by
rejecting the corresponding v-null set. Moreover, following 2.1 in [12], the projec-
tion band Py, () (U) defined on L. (v) by the characteristic function x{; and the

space L (v|y) are isometric and order isomorphic, where v; := v~y and so,
the same occurs with the projection band P;; ) (U) in E (that will be denoted by

Pp(U)). Consequently, v-a.e. convergence is equivalent to vy-a.e. convergence
for (fu)n. Then, we actually have a sequence (f,), C Pg(U) converging to f
vy-a.e. and so that sup, ||fully < +oo where f ¢ Pg(U). Remark that
f € P,y (U) due to the o-Fatou property of LL ().

Take now the d-ring R N U C R (for the proof of this fact just take into ac-
count that for every B € R, BNU = BN (U,B\ Bx) = B\ (N.B\Bx) € R).
Since the vector measure vy is o-finite over 'R N U, it is possible to construct
a bounded (local) control measure for vy; as follows (see a similar construction
in Theorem 3.3 in [7]). For every n, consider v|grnp, which is a vector measure
defined on a o-algebra. Then take a Rybakov control measure ji, = vy/|gnp, for
V|rnB,(see Chapter 9.2 in [10] for the existence of such a measure) and define
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py : RNU — [0,4+00] by uy(A) ==Y, anﬂxﬁlB’E) gy Clearly juy is a finite

countably additive measure on the J-ring (and also a semi-ring) R N U which is
equivalent to v;.

Classical arguments allows us to extend gy to RN U = (R NU)"°. Let us
show this fact in detail. First, remark that RN U = (R N U)!° as c-algebras
of subsets of U. For the inclusion R*°NU c (RN U)", fix A € R with
ACcUandB=CnNnU e RNU,thenANB=ANCNU € RNU due to the defi-
nition of R and the inclusion is proved. For the converse, fix

€ (RNnU)lc with A ¢ Uand C € R. Hence AUC € RN U due to the
definition of (R N U)"¢. The relation R N U C R gives the converse inclusion.
On the other hand, using the Carathéodory extension procedure (see for example
Section 10 in [2]), we get that yy; can be extended to the c-algebra Yy of mea-
surable sets with respect to the outer measure defined by y;;. Consequently, it
suffices to show that each set in (R N U)"¢ is actually in Yy, For this aim and
following for instance Lemma 9.26 in [2], we have to prove that for a fixed set
B e (RNU)", uy(A) = uj;(ANB) + uj;(AN BE) for each A € RN U. Clearly,
AN B and A N B€ are members of R N U due to the definition of R/°¢, and so
ui(ANB) = uy(ANB) and pj;(ANBC) = uy (AN BC). Hence, we really have
to check that

2 1n(ANBy) 2 ynAﬂBﬁBn ZynAﬂBCﬂBn)
2" max{1, un(By)} 2" max{1, u,(B 2nmax{1, uy(Bn)}’
for every A € R NU. The identity u,(ANB,) = u,(ANBNB,) +

Hn(AN B“NB,) gives the result.
We use again py; for the extension. We claim now that f € L!(uy;). In fact,

[sam =T | max{1 BT %P max{l n(B)]

- sup max{l tn(B / fdpn = sup max{l tn(Bn)} / fdvelros,
1 1

<

- Sip max{1, un(By)} HfHLw (vu) pmax{l tn(Bn)} Iflly < eo,

where the last equality is due to the isometry between L}, (v) and Pry ) (U). Con-

sequently we also have that f, € L!(uy) for every n, since L!(p;) is an ideal
of measurable functions with f, 1 f uy-a.e. and f € L'(uy). The dominated
ccl)nvergence theorem gives now that (f,), actually converges to f in the norm of
L (pu).

On the other hand, following (iii), there is a regular method of summability
D such that (fP), converges v-a.e. to fP € E. However, by the definition of
regular method of summability, (f?), also converges to f in L!(uy), so there
is a subsequence (f1)r C (fP)n converging py-ae. to f (see Theorem 100.6 in
[20]) and so v;-a.e. Hence, since v-a.e. convergence and vj-a.e. convergence are
equivalent in E, we obtain that f© = f in E which gives a contradiction. m
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Theorem 1.1 can be established for ideals of L} (v) by requiring an extra con-
dition on the vector measure v: the so-called locally o-finiteness of the measure
(see [4, 8] and the references therein). Let R be a é-ring of subsets of (), X a
Banach space and v : R — X a vector measure. We say that v is locally o-finite
(with respect to R) if given B € R with ||v||(B) < +oo, it is possible to write B
as B = (Un An) UN, where (A;), C Rand N € R¢ is a v-null set. Let us show
an easy example of such property.

Example 2.1. Take a non countable set of indexes I and consider the 6-ring Ry of all the
finite subsets of I. In this case, R is given by all the subsets of I. Let 1 < p < oo. The
map vy : Ry — €P(I) given by v,(A) := Y ic 4 e; is a vector measure, where e; is written
for the i-th canonical unit vector, i € 1. If 1 < p < oo, we clearly have that the only
subsets B € R satisfying the condition ||vy||(B) < oo are the ones in R, and so the
measure is trivially locally o-finite. However, it is not o-finite. Note also that for p = oo,
the measure is not locally o-finite, since all the sets of RI¢ satisfy that ||vs || (B) < +o0
and the non countable ones cannot be covered by a countable family of finite sets (note
that ||v||(B) = 0if and only if B = Q).

The same argquments allow to extend this example to the case of non atomic measures
having values in non countable (7 (I)-sums as Gy L' (4;), where p; is a non atomic
probability measure for each i € I (see Example 3.4 in [12]).

Although a lot of usual situations are covered by Theorem 1.1, the next
Theorem 2.3 is relevant because it can be applied directly to spaces with the Fatou
property, since they can be represented as spaces L. (v) of vector measures (see
Theorem 10 in [8]). In general, it is not the case that we have a natural identifica-
tion of a particular Banach lattice with the Fatou property as an ideal of a space
L'(v). Por showing this, discrete vector measures are enough. Let us show an
example.

Example 2.2. Consider the countable version of the example above —i.e. 1 = IN—
for the case p = oo. Obuviously, in this case the measure v, is o-finite (and so locally
o-finite). It can be easily checked that the space L' (veo) for the measure ve, contains co.
However, it does not contain £*° but a direct argument just using the definition of weakly
integrable function shows that £* is contained in L (ve).

Thus, Theorem 1.1 cannot be applied to the ideal /*°. The following one can
do the work in this case.

Theorem 2.3. Let v be a Banach space valued locally o-finite measure. Let E be a Banach
lattice of classes of v-a.e. equal R'*°-measurable functions which is also an ideal of LL, (v).
The following statements are equivalent.

(i) E has the weak o-Fatou property.
(ii) E has the Komlds property.

(iii) For each norm bounded sequence (fy ), C E there is a regular method of summa-
bility D such that (fP), converges v-a.e. to a measurable function fP in E.
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Proof. Suppose that v is locally o-finite. Theorem 4.2 in [12] gives (i) < (ii).
A quick look to the proof of (ii) = (iii) in 1.1 shows that it works also in this
context. Finally, Theorem 4.8 in [4] assures the existence of a sequence of
R-simple functions which converges v-a.e. to f for each f in L. (v). Conse-
quently, the arguments in the proof of (iii) = (i) of Theorem 1.1 prove this
implication again. |

To finish this note, let us answer a question that appears in a natural way: is
it true that all the Banach lattices of measurable functions with the weak o-Fatou
property satisfy the statements (ii) and (iii) of Theorem 2.3? Example 4.6 in [12]
shows that this is not the case. If we consider the measure v in Example 2.1,
we have that L} (veo) = £*(I) (see Example 4.4 in [12]). This space is a Banach
lattice with the weak o-Fatou property. However, it is shown in Example 4.6 of
[12] that this space has not the Komlés property, so without the local o-finiteness
assumption on the measure the equivalences given in Theorem 2.3 are not longer
true.
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