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Abstract

Let X be a paracompact space, let G be a finite group acting freely on X
and let H a cyclic subgroup of G of prime order p. Let f : X — M be a
continuous map where M is a connected m-manifold (orientable if p > 2)
and f*(V,) = 0, for k > 1, where Vj are the Wu classes of M. Suppose
thatind X > n > (|G| — r)m, where r = ‘%‘. In this work, we estimate the
cohomological dimension of the set A(f, H, G) of (H, G)-coincidence points
of f. Also, we estimate the index of a (H, G)-coincidence set in the case that
H is a p-torus subgroup of a particular group G and as application we prove
a topological Tverberg type theorem for any natural number r. Such result
is a weak version of the famous topological Tverberg conjecture, which was
proved recently fail for all » that are not prime powers. Moreover, we obtain
a generalized Van Kampen-Flores type theorem for any integer r.

1 Introduction

Let G be a finite group which acts freely on a space X and let f : X — Y be a
continuous map from X into another space Y. If H is a subgroup of G, then H
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acts on the right on each orbit Gx of G as follows: if y € Gx and y = gx, with
¢ € G, thenh-y = gh~'x. A point x € X is said to be a (H, G)- coincidence point
of f (as introduced by Gongalves and Pergher in [7]) if f sends every orbit of the
action of H on the G-orbit of x to a single point. Of course, if H is the trivial
subgroup, then every point of X is a (H, G)-coincidence. If H = G, this is the
usual definition of G-coincidence, thatis, f(x) = f(gx), forallg € G. If G = Z,
with p prime, then a nontrivial (H, G)-coincidence point is a G-coincidence point.
Let us denote by A(f, H,G) the set of all (H, G)-coincidence points. A kind of
Borsuk-Ulam type theorems consists in estimating the cohomological dimension
of the set A(f, H,G). Two main directions for this problem are either when the
target space Y is a manifold or Y is a CW complex. In the first direction are the
papers of Borsuk [4] ( the classical theorem of Borsuk-Ulam, for H = G = Z;,
X = S§"and Y = R"), Conner and Floyd [5] (for H = G = Z5, X = §" and
Y a n-manifold), Munkholm [13] (for H = G = Z,, X = S§" and Y = R"),
Nakaoka [14] (for H = G = Z;, X under certain (co)homological conditions and
Y a m-manifold) and the following more general version proved by Volovikov
[17] using the index of a free Z,-space X (ind X, see Definition 2.2 ):

Theorem A.[17, Theorem 1.2] Let X be a paracompact free Zy-space of ind X > n,
and f : X — M a continuous mapping of X into an m-dimensional connected manifold
M (orientable if p > 2). Assume that:

(1) f*(V;) =0 fori > 1, where the V; are the Wu classes of M; and
@n>m(p—1).
Then theind A(f) >n—m(p—1) > 0.

In the second direction are the papers of Izydorek and Jaworowski [10]
(for H =G = Z,, X = §" and Y a CW-complex ), Gongalves and Pergher [7]
(forH=G =2Z,, X = §" and Y a CW-complex ) and for proper nontrivial sub-
group H of G, Gongalves, Jaworowski and Pergher [8] (for H = Z,, subgroup of
a finite group G, X an homotopy sphere and Y a CW-complex) and Gongalves,
Jaworowski, Pergher and Volovikov [9](for H = Z, subgroup of a finite group
G, X under certain (co)homological assumptions and Y a CW-complex).

In this work, considering the target space Y = M a manifold and H a proper
nontrivial subgroup of G, we prove the following formulation of the Borsuk-
Ulam theorem for manifolds in terms of (H, G)-coincidence.

Theorem 1.1. Let X be a paracompact space of indX > n and let G be a finite group
acting freely on X and H a cyclic subgroup of G of prime order p. Let f : X — M
be a continuous map where M is a connected m-manifold (orientable if p > 2) and
f*(Vk) =0, forall k > 1, where Vi are the Wu classes of M. Suppose that ind X > n >

(|G| — r)ym where r = %. Then ind A(f, H,G) > n — (|G| — r)m. Consequently,
cohom.dim A(f,H,G) >n — (|G| —r)m > 0.
Let us observe that if H = G = Z,, we have (|G| —r)m = (p —1)m and

therefore Theorem 1.1 generalizes Theorem A above of Volovikov. For the case
n = (|G| —r)m, p an odd prime, if we consider X a mod p homology n-sphere in
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the Theorem 1.1 (in this case, the continuous map f can be arbitrary), we obtain a
version for (H,G)-coincidence points of the Z,-result of Nakaoka
[14, Theorem 8]. Further, it considerably improves the estimative of Gongalves,
Jaworowski and Pergher (of [8]), when CW-complexes are replaced by manifolds:
if n > m(|G| — r) (which is better than n > m|G| and, depending on r, may be
much better than n > m|G|), then ind A(f; H; G) > n — m(|G| — r) (which again
is better than ind A(f; H;G) > n — m|G| and, depending on r, may be much
better than ind A(f; H; G) > n — m|G]).

Also, we prove the following nonsymmetric theorem for (H, G)-coincidences
which is a version for manifolds of the main theorem in [11].

Theorem 1.2. Let X be a compact Hausdorff space, let G be a finite group acting freely on
S™ and let H be a cyclic subgroup of G of order prime p. Let ¢ : X — S" be an essential
map ' and let f : X — M be a continuous map where M is a connected m-manifold
(orientable if p > 2) and f*(Vi) = 0, for all k > 1, where V. are the Wu classes of M.
Suppose that n > (|G| —r)m, then

cohom.dim A, (f, H,G) > n — (|G| —r)m,

wherer = % and Ay(f, H, G) denotes the (H, G)-coincidence points of f relative to an
essential map ¢ : X — S".

In Section 4, we give a similar estimate in the case that H is a p-torus subgroup
of a particular group G and as application, we prove a topological Tverberg type
theorem for any natural number, which is a weak version of the famous topolog-
ical Tverberg conjecture. Moreover, we obtain a generalized Van Kampen-Flores
type theorem for any integer r.

2 Preliminaries

We introduce the following concept.

2.1 The Zp-index

We suppose that the cyclic group Z; acts freely on a paracompact Hausdorff
space X, where p is a prime number and we denote by [X]* the orbit space of
X by the action of Z,. Then, X — [X]* is a principal Z,-bundle and we can
consider a classifying map ¢ : [X]* — BZ,.

Remark 2.1. It is well known that if ¢ is another classifying map for the principal
Z,-bundle X — X*, then there is a homotopy between c and ¢.

Definition 2.2. We say that the Z.,-index of X is greater than or equal to [ if the homo-
morphism
¢*: H(BZ,;Z,) — H([X]*;Z,)

A map ¢ : X — S" is said to be an essential map if ¢ induces nonzero homomorphism
¢* : H'(S"; Zp) — H'(X; Zp).
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is nontrivial. We say that the Z y-index of X is equal to | if it is greater or equal than |
and, furthermore, c* : H'(BZ; Z,) — H'([X]*; Z,) is zero, forall i > | + 1.
We denote the Z.y-index of X by ind X.

3 Proof of Theorem 1.1

To prove Theorem 1.1, we use the technique introduced in [8, Section 5], which
had as a starting point the proof of the main theorem for G = Z,, made in
[8, Section 3]: choose a4, 4y, ..., a, a set of representatives of the left lateral classes
of G/H, and define the map F : X — M’ of X to the r-fold product M" by

F(x) = (f(a1x), ..., f(a;x)).

In [8], it was used the case G = Z,, for F and the restriction of the action of
G to H £ Z,. In our case, the starting point is Theorem A. However, to follow
the lines of [8], we need first to understand the Wu classes of a cartesian product
of manifolds and the effect of F* in such classes, which will be made through
Lemmas 3.1 and 3.2 below. The total Wu class of a manifold M is defined as the
formal sum

o(M) =1+0v1(M) + (M) + -+ +0(M) + - - -

where v (M) is the k-th Wu class of M, k = 1,2,... (see [12]). Let p > 2 be a
prime. Using the total reduced power

P=P'+P' +P24 .. 4P ...

and the equation
(ve(M) — x, [M]) = (P*(x), [M])

we obtain the formula
(0(M) — u, [M]) = (P(u), [M])
forallu € H(M;Z,). For p = 2 we have a similar formula
(0(M) — u, [M]) = (S5q(u), [M])
for allu € H(M; Z,), where
Sq=54"+Sq" +S¢4% - +Sg" + - -

is the total Steenrod square. Let W and M be connected manifolds, both orientables
ifp > 2.

Lemma 3.1. The total Wu class of W x M, is given by:
v(W) ® v(M) (3.1)

where v(W) and v(M) are the total Wu classes of W and M respectively.
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Proof. Let p > 2be a prime number. Let z = w ® u an element of H (W x M; Z,)
then

(v(W) @ v(M) — z,[W x M]) = (W) —w®o(M) — u, [W x M])
(w) ® P(u), [W x M])

(w@u), [Wx M])

(z), [W x M])

(W X M) — z,[W x M])

(v

— (P
— (P
(

Therefore by uniqueness of the Wu class we conclude that the total Wu class
of W x M is given by v(W x M) = v(W) ® v(M). By a similar argument the
total Wu classes are obtained for p = 2; in this case are used the total Steenrod
square. ]

Lemma 3.2. If f*(vx(M)) = O, for all k > 1, where vi(M) are the Wu classes of M,
then F*(vx(M")) = 0, for all k > 1, where vy (M") are the Wu classes of M.

Proof. Since F = (f1 X ... X fy) oD, where D : X — X" is the diagonal map
and f; : X — X is given by fi(x) = f(ajx), i = 1...r, it suffices to show that
(fix...x fi)(u(M")) =0,fork > 1. Ifr =1, then F = f; and f{(vx(M)) =
gt o f*(0p(M)) = 0.
Let us denote by
pr: MMM M xM— M

g1 : X IxX =X g X x X = X

the natural projections. If r > 2, we have

(AX...Xfrr)ogqr=p1o(fi X... X fy)
froga=pao(fi X... X fp).
Since, by Lemma 3.1, vp(M' ™! x M) = i 0s(M'™1) x v;_,(M) and assuming
inductively that (f; x ... X f,_1)* (Us(Mr_Sl:)O) =0, for s > 1, we conclude that
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Proof. Now we return to the proof of Theorem 1.1. We have
A(f,H,G) D Ap = {x € X: F(x) = F(hx),Vh € H}.
In fact, let x be a point in the set Ar, then

(F(@rx), .., f(@rx) = (Flarhx), .., flah),

forall h € H. Thus, f(a;x) = f(a;hx), forallh € Handi =1,...,r. According to
the definition of the action of H on the orbit Gx, h=! - a;x := a;(h~1)"'x = a;hx €
ajHx, fori =1,...,r. Thus, f collapses each orbit a;Hx determined by the action
of Hona;x, fori =1,...,r, therefore x € A(f, H,G).

Now we observe that H = Z,, acts freely on X by restriction and by hypo-
thesisind X > n > n — (p —1)rm. By Lemma 3.2, F*(vy) = 0, for all k > 1, where
vy are the Wu classes of M". Thus, according to Theorem A,

indAr>n—(p—1)rm=n— (|G| —r)m.

Let us consider the inclusion i : Ap — A(f, H,G), which is an equivariant
map, and so it induces i : [Ar]* — [A(f, H, G)]* a map between the orbit spaces.
Therefore, if ¢ : [A(f, H,G)]* — BZ, is any classifying map, we have that c o :
[Af]* — BZ, is a classifying map. Thus,

ind A(f,H,G) > ind Ar > n— (|G| —r)m. u

Corollary 3.3. Let X be a paracompact space and let G be a finite group acting freely on
X. Let M be a orientable m-manifold, and p a prime number that divide |G|. Suppose

that indX > n > (|G| —r)m, where r = %. Then, for a continuous map f : X — M

such that f*(Vy) = 0, for all k > 1, where V. are the Wu classes of M, there exists a
non-trivial subgroup H of G, such that

cohom.dim A(f,H,G) > n — (|G| —r)m.
Proof. Let p be a prime number such that divide |G|. By Cauchy Theorem, there

is a cyclic of order p subgroup H of G . Then, we apply Theorem 1.1. n

Remark 3.4. Let us observe that, if f* : H(M;Z,) — H'(X;Z,) is trivial, for

i > 1, and p is the smallest prime number dividing |G|, then r = % > %, where
|G|

g can be any other prime number dividing |G|. Thus, n > (|G| — 7)111, therefore
for each prime number g dividing |G|, there exists a cyclic subgroup of order g,

H; of G such thatind A(f, H;, G) > n — (|G| —r)m.
The following theorem is a version for manifolds of the main result in [8].

Theorem 3.5. Let G be a finite group which acts freely on n-sphere S™ and let H be a
cyclic subgroup of G of prime order p. Let f : S — M be a continuous map where M be

o : . B el
a m-manifold (orientable if p > 2). If n > (|G| — r)m where r = =2, then
cohom.dim(A(f,H,G)) > n— (|G| —r)m.

Proof. Since n > (|G| —r)m > m, f*(Vi) = 0, for all k > 1. Moreover, ind S" = n
and thus we apply the Theorem 1.1. m
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3.1 Proof of Theorem 1.2

Now, let us consider X a compact Hausdorff space and an essential map
¢ : X = S". Suppose G be a finite group de order s which acts freely on S"
and H be a subgroup of order p of G. Let G = {g1, ..., s} be a fixed enumeration
of elements of G, where g7 is the identity of G. A nonempty space X, can be
associated with the essential map ¢ : X — S” as follows:

X(,, = {(x1/~-, xs) € X° igi(P(x1) = qv(xi),i = 1,.-.,5},

where X* denotes the s-fold cartesian product of X. The set X, is a closed subset
of X® and so it is compact. We define a G-action on X, as follows: for each g; € G
and for each (x1, ..., x5) € X,

8i(X1, ey Xs) = (Xg (1)s 1 X (5))s

where the permutation oy,, is defined by oy, (k) = j, gkgi = ;- We observe that if
x = (x1,...,Xs) € Xy then x; # x;j, for any i # j and therefore G acts freely on X,,.

Let us consider a continuous map f : X —+ M, where M is a topological space
and f : Xy — M given by F(x1, 00 x5) = f(x1),

Definition 3.6. The set Ay(f, H,G) of (H, G)-coincidence points of f relative to ¢ is
defined by

Ay(f,H,G) = A(f,H,G).

Proof of Theorem 1.2. Let 7 Xy — M given by f(x1,.,%,) = f(x1), that is,
f = f o m, where 7y is the natural projection on the 1-th coordinate. By hy-
pothesis, f*(Vi) = 0, for all k > 1, where V. are the Wu classes of M, then we

have f*(Vy) = 0, for all k > 1. Moreover, the Z,-index of X, is equal to n by
[11] Theorem 3.1. In this way, X, and fsatisfy the hypothesis of Theorem 1.1
which implies that the Z,-index of the set A(f, H,G) is greater than or equal to
n — (|G| — r)m. By definition, A,(f, H,G) = A(f, H, G), and then

cohom.dim A, (f, H,G) > n — (|G| —r)m. u

By a similar argument to that used in the proof of Corollary 3.3 we have the
tollowing corollary of Theorem 1.2

Corollary 3.7. Let X be a compact Hausdorff space and let G be a finite group acting
freely on S". Let M be a orientable m-manifold and p a prime number dividing |G|.

— — Gl - :
Suppose that n > (|G| — r)m, where r = P Then, for a continuous map f : X — M,

with f*(Vy) = 0, for all k > 1, where V}. are the Wu classes of M, there exists a non-
trivial subgroup H of G, such that

cohom.dim Ay, (f, H,G) > n — (|G| —r)m.
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4 Topological Tverberg type theorem

The history of Tverberg theorem begins with a Birch’s paper (see [2]) which con-
tained the following conjecture

“Any (r —1)(d + 1) + 1 points in R? can be partitioned in N subsets whose convex
hulls have a common point ”.

The Birch’s conjecture was proved by Helge Tverberg (see [16]) and since then
is known as Tverberg theorem.

We note that the convex hull of I + 1 points in R? is the image of the linear
map A; — RY that maps the [ + 1 vertices of A; to these [ + 1 points. Thus the
Tverberg theorem can be reformulated as follows:

Tverberg Theorem. Let f be a linear map from the N-dimensional simplex Ay to RY.
IfN = (d+1)(r — 1) then there are r disjoint faces of Ay whose images have a common
point.

The following conjecture is a generalization of Tverberg Theorem to arbitrary
continuous maps.

The topological Tverberg conjecture. Let f be a continuous map from the N-dimen-
sional simplex Ay to R?. If N = (d + 1)(r — 1) then there are r disjoint faces of Ay
whose images have a common point.

The topological Tverberg conjecture was considered a central unsolved prob-
lem of topological combinatorics. For a prime number r the conjecture was proved
by Béarany, Shlosman and Szfics ([1]) and it was extended for a prime power r by
C)zaydin (unpublished) ([15]) and Volovikov ([19]). This result is known as the
topological Tverberg theorem. Recently, in [6], Frick presents surprising counterex-
amples to the topological Tverberg conjecture for any r that is not a power of
a prime and dimensions d > 3r + 1 (see also [3]). Although, the conjecture is
not true for an integer r > 6 that is not a prime power, it is possible to prove a
weak version of the topological Tverberg conjecture, more precisely, in this paper
we show that if 7 is a natural number with prime factorization r = pj'--- pzk
then there is, for each j = 1,...,k, a set with r closed sides mutually disjoint of

AN which can be divided into Ln] subsets, each one having p;lj elements, whose
P

images have a common point. Specifically, we prove the following Topological

Tverberg type theorem for manifolds and for any integer number r.

Theorem 4.1. Let d > 1 a natural number. Consider a natural number r with prime
factorization r = py*---p* and set N = (r —1)(d +1). Let f : 0AN — M bea
continuous map into a compact d-dimensional topological manifold. If r = 2, suppose
additionally that the modulo 2 degree of the map f : 0A;.1 — M is equal to zero. Then,

foreach j = 1,...,k, among the sides of Ay there are r = qjr;, where rj = p;qj, and

r L )
q; = py mutually disjoint closed sides oy, ..., (Tlrj,' N (Tiyj,' e O s O such

j]
that
floy)n--- ﬂf(‘firj) # @, foreachi=1,...,q;.
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Definition 4.2 (Index). Let p be a prime. We suppose the p-torus
H = ZI; =2y X -+ X Zy (k factors) acting freely on a paracompact space X. The cov-
ering X — X/ H is induced from the universal covering EH — BH by means of a clas-
sifying map ¢ : X/H — BH, defined uniquely up to homotopy. We say that the index
of X is greater than or equal to N (abbreviated by ind X > N) if ¢* : HN(BH; Z,,) —
HN(X/H;Z,) is a monomorphism.

Consider G = ZZ} X ... X Zg’;, where ZZ; =Zp; X ... X Ly, (nj factors), j =

1,...,k. We suppose that G acts freely on a paracompact space X.

Lemma 4.3. Let f : X — M be a continuous map into a compact d-dimensional
topological manifold (orientable for p; > 2). Suppose that the homomorphism f* :

Hi(M;ij) — Hi(X;ij) is trivial for i > 1and indX > N > d(r — q]'), where
q; = r/p;l’. Then
indA (f,2}),G) > N —d(r - g).

Proof. We denote by ay, ..., a4, a set of representatives of the left lateral classes of
G/ ZZ; Consider the map F : X — M7 defined by

F=(f1><...><fq],)OD,

where D : X — X7 is the diagonal map and f; : X — X is givenby fi(x) = f(a;x),
i= 1, ey q]

We have F* : Hi(M”’f;ij) — H{(X; Zp,) trivial for i > 1, therefore the in-
dex of A(F)‘ = {x € X : F(x) = F(gx)Vg € ZZ;} is greater ’Fhan or equal to
N — g;d (p;?f - 1) (see [18, Theorem 1]). Since A(F) C A ( £, 7y, G) and the in-

clusion A(F) — A (f, ZZ;, G) is an equivariant map we have ind A (f, ZZ;, G) >
A(F). Then

) n;

ind A (f,2}),G) > N —d(r - q;). .

Proof of Theorem 4.1. We consider the CW-complex Yy, that consists of points
(y1,--.,Yr),y; in the boundary dAy of the simplex Ay, that have mutually disjoint
closed faces. It is known that for all natural numbers r and N, where N > r + 1,
Yn r is (N — r)-connected (see [1]). Let G = {g1, ..., 4} be a fixed enumeration of
elements of G. We define a G-action on Yy, C (Ay)" as follows: for each g; € G
and for each (y1,...,yr) € Yn,

i1, s Yr) = Yy (1)r 1 Yo (r) )

where the permutation ¢y, is defined by ¢, (k) = j, gx&i = gj- Then G acts freely
on Yy ,, since Yy, consists of points (y1,...,Y,), ¥i € dAy that have mutually
disjoint closed faces.

Let f : Yy, — M given by f(y1,...,yr) = f(y1), thatis, f = f o 7y where
71 ¢ YN, — 0AN is the projection on the 1-th coordinate. Since N = (r —1)(d + 1)
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and Yy, is (N — r)-connected, it follows that f* : H'(M; Zy;) — Hi(YN,r;Zp].) is
trivial for i > 1 and indYy, > (N—7)+1 = d(r—1) > d(r —gq;) (if M is
non-orientable, we consider the lifting of the map f : Ay — M to the univer-
sal covering space). Then, according to Lemma 4.3, the set A ( f, ZZ;, G) is not
empty, forj=1,...,k

Let H = ZZ; ={hy,..., hr].} be a fixed enumeration of elements of H = ZZ; C
G. We denote by a4, .. ., g, a set of representatives of the left lateral classes of

G/ZZ;. Then, for eachi =1, - - - i aihl_1 = Giys-- .,aihr_j1 = g; are elements of
]

G. Thus, ify = (y1,...,y,) € A (f,z’;;ﬁ, G),

Fgi - yuesyr)) = = F(8i, - (- 90)),

that is,
f(yqagl.1 @) == fYg, @)
]

Therefore, for each j = 1,...,k, among the sides of Ay there are r = q;t;

mutually disjoint closed sides {c;,, ..., 0;, }?L 1, such that
=

flew) NN flei,) #©,

foreachi=1,...,q;. n

Let us observe that since the d-dimensional Euclidean space R? is homeomor-
phic to the interior of the closed d-dimensional ball, Theorem 4.1 holds also for
maps into R?, and we have the following weak version of the topological Tverberg
conjecture or topological Tverberg type theorem for any integer r.

Theorem 4.4 (Topological Tverberg type theorem for any integer r). Let r > 2,
d > 1beintegersand N = (r —1)(d +1). Consider r = ry ... ry the prime factorization
of r and denote q; = r/rj, j =1,...,k. Then for any continuous map f : ANy — IRY, for

eachj=1,...,k, there are r = q;r; pairwise disjoint faces {o;,, ..., (Tirj}?i 1 such that

floi,) N ~~ﬂf(airj) # O, foreachi=1,...,q;

Let us note that if we consider r a prime power in Theorem 4.4, we obtain the
topological Tverberg theorem for prime powers.

Now, by Theorem 4.4 and using similar method as in [3], we have the follow-
ing Generalized Van Kampen-Flores type theorem for any integer r or a weak version of
the Generalized Van Kampen-Flores theorem. In [3, Theorem 4.2], Blagojevic, Frick
and Ziegler proved that the Generalized Van Kampen-Flores theorem does not
hold in general.

Theorem 4.5 (Generalized Van Kampen-Flores type theorem for any r). Letd > 1
a natural number. Consider a natural number r with prime factorization v = ry - - -1y,
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rno< - < 1y set N = (r—1)(d+2) and let I > [%d—l—m]. Let

Tk
f : An — RY be a continuous mapping. Then, there are r = qyry pairwise disjoint

faces {0, ..., Tiy, ?i 1 Of the I-th skeleton Az(\l]), such that
flow)n---nflo, ) # O, foreachi=1,...,4q.

Proof. Let ¢ : Ay — RY"! be a continuous function defined by g(x) = (f(x),

dist(x, Ag\l,))). Then, we can apply Theorem 4.4 to function ¢ which results in a
collection of points

Xys s ¥y 5w Xy ooy Xiy 5oeos Xy ooes Xy,

qk
i=1
with f(x;) = - = f(x;, ) and dist(xil,Al(\l,)) = ... = dist(xirk,Ag\l])), for each
i =1,...,q9x. We can suppose that all ;s are inclusion-minimal with the prop-
erty that x; € o;, that is, 0;_ is the unique face with x;_ in its relative interior.
Now, for eachi = 1,..., g fixed, suppose that one of the faces 0;,...,0; \ is

in Ag\l]), e.g. 0j,. Then dist(x;, Ag\l])) = 0, which implies that dist(x?SAl(\l,)) ==
l

_arein AN.

such that {x;, ..., xirk}?f , are points in the pairwise disjoint faces {c;,, ..., 0;
- ]

dist(xirk, Ag\l])) = 0, and consequently, all faces 0;, ..., 0;

r

Let us suppose the contrary, that no o;, is in Ag\l]), ie, dimo, > 1+1,...,
dim iy, 2 [ + 1. Since the faces 0y, .. ., o;, are pairwise disjoint we have

N+1=[AN] o3|+ -+ oi,, |

Tk(l+2)
r( r—1d+ 2(r —rg)
Tk Tk

>
>

Vv

+2)> (r—1)d+2)+2=N+2,

()

. . c L. .. l
which is a contradiction and thus one of the faces 0; , ..., 0; ,isin Ay and conse-

()
N -

r

quently all faces o3, ..., 0j, arein A m

r

Remark 4.6. Let us observe that if we consider r a prime power in Theorem 4.5,
we obtain the Generalized Van Kampen-Flores theorem for prime powers proved
by Blagojevic, Frick and Ziegler in [3, Theorem 3.2].
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