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Abstract

In this paper, we give computational examples of string operations over
the rational numbers field on Gorenstein spaces introduced by Félix and
Thomas. Especially, we determine the structure of rational string operations
on the classifying space of a compact connected Lie group and the Borel con-
struction associated to an action of S1 to S2.

1 Introduction

Chas and Sullivan [1] discovered an intersection-type product on the homology
of the free loop space of manifold H∗(LM) called the loop product. This algebraic
structure has been computed by several authors [3, 7, 12, 9]. Cohen and Godin [2]
generalized the loop product and they showed that H∗(LM) is a 2-dimensional
TQFT. Especially, we can see that the homology is endowed with a coproduct
which is called the loop coproduct. However, Tamanoi [11] proved that the loop
coproduct is almost trivial.

Félix and Thomas [6] developed string topology to Gorenstein spaces. For
example, closed oriented manifolds, the classifying spaces of compact connected
Lie groups and the Borel constructions are Gorenstein spaces. They introduced
the product and the coproduct on the homology of the free loop spaces of simply-
connected Gorenstein spaces which are generalizations of the loop product and
coproduct. However, there are few computational examples of the algebraic
structures on Gorenstein spaces which are not manifolds. The aim of this paper
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is to give some computational examples of the loop (co)product over the rational
numbers field Q on Gorenstein spaces by using minimal Sullivan models.

In this paper, we compute the rational loop (co)product of the classifying
space of a compact connected Lie group BG and a Borel construction ES1 ×S1 S2

associated to an action of S1 to S2 = {(z, r) ∈ C × R | |z|2 + r2 = 1} given by
t · (z, r) = (tz, r) for t ∈ S1. By the result [6] due to Félix and Thomas, the rational
loop product on BG vanishes. In [8], Kuribayashi and Menichi also computed
the loop coproduct of BG. We claim that the computational approach to the loop
coproduct in this paper are different from theirs. Complete calculations of the ra-
tional loop (co)product of BG and ES1 ×S1 S2 are stated in §3 and §4, respectively.

As mentioned above, either the loop product or the loop coproduct of mani-
folds and the classifying spaces are almost trivial. However, we can see that the
algebraic structures of general Gorenstein spaces are non-trivial by the computa-
tions of the loop (co)product of ES1 ×S1 S2.

The organization of this paper is as follows. In section 2, we recall funda-
mental definitions and results on rational homotopy theory. The definition of the
dual loop (co) product on Gorenstein space and its Sullivan models are also de-
scribed. In section 3, we will give a computation of the dual loop coproduct on
H∗(LBG; Q). Computations of the homology H∗(L(ES1 ×S1 S2); Q) and the dual
loop (co)product are presented in §4.

2 Preliminaries

In this paper, we assume that all modules and algebras are over Q.

2.1 Minimal Sullivan models and a model for the free loop space

We refer the reader to the book [5] for the fundamental facts on rational homo-
topy theory. In this section, we begin recalling the definition of a minimal Sul-
livan model for a simply-connected space X with finite Betti numbers. It is a
free commutative differential graded algebra (dg algebra for short) (ΛV, d) with
V = ⊕i≥2Vi where each Vi is of finite dimension and the differential d is de-
composable; that is, d(V) ⊂ Λ≥2V. Moreover, (ΛV, d) is equipped with a quasi-
isomorphism (ΛV, d) −→ APL(X) to the commutative differential graded alge-
bra APL(X) of differential polynomial forms on X.

Let (ΛV, d) be a minimal Sullivan model for X. Denote by sV the suspen-
sion of V; that is, sV is a graded vector space defined by (sV)i = Vi+1, and by
ṽ ∈ sV the element which corresponds to v ∈ V. We then define a commutative
dg algebra ΛV ⊗ ΛV ⊗ Λ(sV) with a differential D given by

D(v ⊗ 1 ⊗ 1) = d(v)⊗ 1 ⊗ 1, D(1 ⊗ v ⊗ 1) = 1 ⊗ d(v)⊗ 1,

D(1 ⊗ 1 ⊗ ṽ) = −v ⊗ 1 ⊗ 1 + 1 ⊗ v ⊗ 1 −
∞

∑
i=1

(sD)i

i!
(v ⊗ 1 ⊗ 1)

where s is the unique derivation on ΛV ⊗ ΛV ⊗ Λ(sV) defined by

s(v ⊗ 1 ⊗ 1) = s(1 ⊗ v ⊗ 1) = 1 ⊗ 1 ⊗ ṽ, s(1 ⊗ 1 ⊗ ṽ) = 0.
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Lemma 2.1. The map

ε̄ = µ · ε : (ΛV ⊗ ΛV ⊗ Λ(sV), D) −→ (ΛV, d)

is a right ΛV ⊗ ΛV-semifree resolution of ΛV. Here µ is the product on ΛV and
ε : Λ(sV) → Q is the canonical augmentation.

Remark that the dg algebra (ΛV ⊗ ΛV ⊗ Λ(sV), D) is a model for the path
space X I = Map([0, 1], X) and the map ε̄ is a model for c : X → X I which sends
x to the constant path at x.

By [5, §15 Example 1], the dg algebra

(ΛV, d)⊗ΛV⊗ΛV (ΛV ⊗ ΛV ⊗ Λ(sV), D) ∼= (ΛV ⊗ Λ(sV), D̄)

is a model for the free loop space LX, namely, H∗(ΛV ⊗ Λ(sV), D̄) is isomorphic
to H∗(LX; Q) as an algebra. The induced differential D̄ is given by

D̄(v ⊗ 1) = d(v)⊗ 1, D̄(1 ⊗ ṽ) = −s(1 ⊗ d(v))

for v ∈ V. In this paper, we denote by

MX I := (ΛV ⊗ ΛV ⊗ Λ(sV), D), MLX := (ΛV ⊗ Λ(sV), D̄)

for short. By the result [13] due to Vigué, MLX decomposes into a direct sum of
complexes as follows

MLX
∼=

∞
⊕

i=0

(ΛV ⊗ Λi(sV), D̄)

and we denote by H∗
(i)(LX; Q) the homology of the i-th direct summand

(ΛV ⊗ Λi(sV), D̄). By the definition, the homology H∗
(0)(LX; Q) is isomorphic to

H∗(ΛV, d) ∼= H∗(X; Q) as an algebra.

2.2 The loop (co)product on Gorenstein spaces and its models

We recall the definition of Gorenstein spaces and the dual loop product and
coproduct on Gorenstein spaces. Let C∗(−) be the normalized singular cochain
algebra functor over Q.

Definition 2.2 ([4]). A connected space M is a Q-Gorenstein space of dimension m if

Ext∗C∗(M)(Q, C∗(M)) =

{

0 (∗ 6= m)
Q (∗ = m).

For example, a closed oriented manifold M is a Gorenstein space. The
dimension of M as Gorenstein space coincides with the dimension as manifold.
The classifying space BG of a compact connected Lie group is also a Gorenstein
space, and the dimension of BG is − dim G. Félix, Halperin and Thomas proved
that a simply-connected space X with ∑ dim πi(X) ⊗ Q < ∞ is a Q-Gorenstein
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space ([4, Proposition 3.4]).
Let M be a simply-connected m-dimensional Q-Gorenstein space of finite type.

In [6], Félix and Thomas proved that

Extm
C∗(M2)(C

∗(M), C∗(M2)) ∼= Q

as a vector space where C∗(M) is a C∗(M2)-module via the diagonal map of M.
Let P → C∗(M) be a right C∗(M2)-semifree resolution of C∗(M) and denote by
∆! : P → C∗(M2) the element of Extm

C∗(M2)(C
∗(M), C∗(M2)) which corresponds

to 1 ∈ Q. We remark that if M is a simply-connected closed smooth manifold, the
induced map H(∆!) : H∗(M) ∼= H∗(P) → H∗(M)⊗2 is the dual of the intersection
product.

Let LM ×M LM denote the subspace of the product LM × LM consisting of
the pairs of loops having the same basepoint, and comp : LM ×M LM → LM the
concatenation of loops. Consider the diagram

LM LM ×M LM
inclusion //

ev0
��

comp
oo LM × LM

ev0×ev0
��

M
diagonal

// M × M

where ev0 is the evaluation map at 0. Since the right square is a pullback diagram,
there is an isomorphism EM1 : H∗(P⊗C∗(M2) C∗(LM × LM)) → H∗(LM ×M LM)
associated to the pullback diagram which is called the Eilenberg-Moore isomor-
phism. For details of the Eilenberg-Moore map, see [10]. Then, we call the fol-
lowing composite the dual loop product:

Dlp : H∗(LM)
comp∗

// H∗(LM ×M LM)
(∆!⊗1)EM−1

1 // H∗(LM × LM).

Consider the diagram

LM × LM LM ×M LM
inclusionoo

comp
//

ev0
��

LM

ν
��

M
diagonal

// M × M.

Here the map ν sends a loop γ ∈ LM to (γ(0), γ(1
2 )). Denote by

EM2 : H∗(P ⊗C∗(M2) C∗(LM)) → H∗(LM ×M LM) the Eilenberg-Moore map
associated to the pullback. Then we call the following composite the dual loop
coproduct:

Dlcop : H∗(LM × LM)
(inclusion)∗

// H∗(LM ×M LM)
(∆!⊗1)EM−1

2 // H∗(LM).

We next mention about a commutativity of the dual loop coproduct for a com-
putation of the dual loop coproduct on H∗(L(ES1 ×S1 S2); Q) in §4. Let
t : M2 → M2 be the switching map. Denote by P′ the right C∗(M2)-module
which is equal as vector space to P with a right C∗(M2)-module structure given
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by the algebra map t∗ : C∗(M2) → C∗(M2). The module P′ is also a semifree
resolution of C∗(M) as right C∗(M2)-module. Let T̄ : P → P′ is a C∗(M2)-module
map which makes the following diagram homotopy commutative:

P T̄ //

≃
##❋

❋❋
❋❋

❋❋
❋❋

P′

≃
{{✇✇
✇✇
✇✇
✇✇
✇

C∗(M).

A existence of T̄ is shown by a property of semifree modules; see [5, Proposition
6.4].

Consider the composite

P T̄ // P′ ∆!
// C∗(M2) t∗ // C∗(M2).

Since ∆! and t∗ ◦ ∆! ◦ T̄ are elements in Extm
C∗(M2)(C

∗(M), C∗(M2)) ∼= Q, there

exists a scalar λ ∈ Q which makes the diagram of C∗(M2)-modules commute up
to homotopy:

P T̄ //

∆!

��

P′

λ∆!

��

C∗(M2) t∗ // C∗(M2).

We then have the following lemma.

Lemma 2.3. Let λ be the scalar described above. Then Dlcop ◦ t̃∗ = λDlcop, where
t̃ : (LM)2 → (LM)2 is the switching map of LM.

Proof. Let R 1
2

: LM → LM be the rotation of loops by 1
2 . Consider the commuta-

tive diagram

LM × LM

t̃

��

LM ×M LM

t̃

��

inclusionoo
comp

//

ev0 ))❙❙❙
❙❙

❙❙
❙❙

❙❙
LM

ν

((◗◗
◗◗

◗◗
◗◗

◗

R 1
2��

M
diagonal

// M × M

t

��

LM × LM LM ×M LM
inclusionoo

comp
//

ev0 ))❙❙❙
❙❙

❙❙
❙❙

❙❙
LM

ν

((◗◗
◗◗

◗◗
◗◗

◗

M
diagonal

// M × M.

The assumption and a naturality of the Eilenberg-Moore map show that the fol-
lowing is commutative:

H∗(LM × LM) inclusion∗
//

t̃∗

��

H∗(LM ×M LM)
(∆!⊗1)EM−1

2 //

t̃∗

��

H∗(LM)

λR∗
1
2��

H∗(LM × LM) inclusion∗
// H∗(LM ×M LM)

(∆!⊗1)EM−1
2 // H∗(LM).

Since R 1
2

is homotopic to the identity map of LM, it follows the assertion.
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In the rest of this section, we describe models for the dual loop product and
coproduct. Consider the following diagram whose top and bottom squares are
pullbacks:

LM ×M LM
pr1 //

pr2

))❘❘❘
❘❘

❘❘
❘❘

❘

comp

��

LM
ev0

((PP
PP

PP
PP

PP

inc��

LM
ev0 //

inc��

M

diagonal

��

LM

ζ2 ((❘❘
❘❘

❘❘
❘❘

❘❘
❘❘

ζ1 // MI
(ev0,ev1)

''PP
PP

PP
PP

P

MI

(ev1,ev0)
// M × M.

(1)

Here inc : LM → MI is the inclusion, evi : MI → M is the evaluation map at i,
and pri is the i-th projection. The map ζ1 and ζ2 are given by ζ1(γ)(t) = γ(1

2 t),

ζ2(γ)(t) = γ(1
2 t+ 1

2) for γ ∈ LM and t ∈ [0, 1]. This diagram enables us to obtain
a model for the map comp as follows:

MLM MMI ⊗ΛV⊗2 MMI

(µ⊗1)⊗µ(µ⊗1)
//ε̄⊗1

≃
oo MLM ⊗ΛV MLM.

Remark that the left ΛV⊗2-module structure of MMI is given by an algebra map

ΛV⊗2 → MMI which sends a ⊗ b to (−1)|a||b|b ⊗ a ⊗ 1 where the notion |a| is the
degree of a. This algebra map is a model for (ev1, ev0) : MI → M2. Therefore,
the following is a model for the dual loop product, namely, the induced map in
homology coincides with Dlp:

MLM MMI ⊗ΛV⊗2 MMI

(µ⊗1)⊗µ(µ⊗1)
//ε̄⊗1

≃
oo MLM ⊗ΛV MLM

∼=
��

M⊗2
LM MMI ⊗ΛV⊗2 (M⊗2

LM)
ε̄⊗1
≃

//∆!⊗1oo ΛV ⊗ΛV⊗2 (M⊗2
LM).

(2)

A model for the dual loop coproduct is obtained as follows. Consider the two
commutative diagrams

LM
ζ1 //

ζ2

((◗◗
◗◗

◗◗
◗◗

◗◗
◗

ν

��

MI
(ev0,ev1)

((❘❘
❘❘

❘❘
❘❘

❘❘

(ev0,ev1)
��

MI (ev1,ev0) //

(ev1,ev0)
��

M × M

M × M

❘❘
❘❘

❘❘
❘❘

❘❘
❘❘

❘❘
❘❘

M × M

❘❘
❘❘

❘❘
❘❘

❘❘
❘❘

❘❘
❘❘

M × M M × M,

(3)
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LM ×M LM
comp

//
ev0

))❚❚❚
❚❚❚

❚❚❚
❚❚❚

inclusion

��

LM
ν

**❯❯❯
❯❯❯

❯❯❯
❯❯❯

(ζ1,ζ2)��

M
diagonal

//

diagonal
��

M × M

∆′

��

LM × LM
(inc)×2

//

ev0×ev0 ))❙❙❙
❙❙

❙❙
❙❙

❙
MI × MI

(ev0,ev1)
×2

))❚❚❚
❚❚

❚❚
❚❚

M × M
(diagonal)×2

// M×2 × M×2,

(4)

where ∆′ is a map which sends (x, y) to (x, y, y, x). We notice that each top
and bottom squares are pullback diagrams. By the diagram (3), the inclusion
ΛV⊗2 → MMI ⊗ΛV⊗2 MMI is a model for ν. Since the quotient map

ζ̄ : MMI ⊗MMI
// MMI ⊗ΛV⊗2 MMI

is a model for (ζ1, ζ2), by the diagram (4), the following composite is a model for
the inclusion LM ×M LM → LM × LM:

M⊗2
LM

∼= ΛV⊗2 ⊗ΛV⊗4 M⊗2
MI

µ⊗µ′ ζ̄// ΛV ⊗ΛV⊗2 (MMI ⊗ΛV⊗2 MMI),

where µ′ : ΛV⊗4 → ΛV⊗2 is a model for ∆′ given by µ′(v1 ⊗ v2 ⊗ v3 ⊗ v4) =

(−1)|v4|(|v2|+|v3|)v1v4 ⊗ v2v3. Thus a map induced by the following in homology
is the dual loop coproduct:

M⊗2
LM

µ⊗µ′ ζ̄ // ΛV ⊗ΛV⊗2 (MMI ⊗ΛV⊗2 MMI )

MLM MMI ⊗ΛV⊗2 MMI
ε̄⊗1
≃

oo MMI ⊗ΛV⊗2 (MMI ⊗ΛV⊗2 MMI).

ε̄⊗1≃

OO

∆!⊗1oo

(5)

Let T : ΛV⊗2 → ΛV⊗2 be the switching map and denote by T̄ a map which
makes the following diagram commutative:

ΛV ⊗ ΛV
T //

inclusion
��

ΛV ⊗ ΛV
inclusion // MMI

ε̄
��

MMI

T̄

33❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢
ε̄

// ΛV.

(6)

Remark that T̄ coincides with the map stated in Lemma 6 up to homotopy. Then
we note that the following diagram is commutative

ΛV⊗2 ⊗ΛV⊗4 M⊗2
MI

µ⊗µ′ ζ̄ // ΛV ⊗ΛV⊗2 (MMI ⊗ΛV⊗2 MMI)

M⊗2
MI ⊗ΛV⊗4 M⊗2

MI

µ̄(1⊗T̄)⊗µ′ ζ̄//

ε̄⊗2⊗1

OO

MMI ⊗ΛV⊗2 (MMI ⊗ΛV⊗2 MMI)

ε̄⊗1

OO
(7)



550 T. Naito

where µ̄ is the product on MMI . By combining the diagrams (5) and (7), we have
a model for the dual loop coproduct as follows:

M⊗2
LM M⊗2

MI ⊗ΛV⊗4 M⊗2
MI≃

ε̄⊗2⊗1oo

µ̄(1⊗T̄)⊗µ′ ζ̄
��

MLM MMI ⊗ΛV⊗2 MMI
ε̄⊗1
≃

oo MMI ⊗ΛV⊗2 (MMI ⊗ΛV⊗2 MMI).
∆!⊗1oo

(8)

3 The dual loop coproduct of classifying spaces

In this section, we observe the rational dual loop (co)product on the classifying
space BG of a compact connected Lie group G. Recall that the rational cohomol-
ogy ring of BG is a polynomial algebra of the form H∗(BG; Q) ∼= Q[x1, · · · , xn],
and Q[x1, · · · , xn] with zero differential is a minimal Sullivan model for BG. We
put MBG = Q[x1, · · · , xn] for convenience. We also recall that BG is a Q-Goren-
stein space of dimension − dim G = − ∑i(|xi| − 1); see [4, Theorem 4.3].

We first determine a Q-vector space structure of H∗(LBG; Q) for a calculation
of the dual loop (co)product.

Lemma 3.1. The rational cohomology ring H∗(LBG; Q) is isomorphic to
Q[x1, · · · , xn]⊗ Λ(x̃1, · · · , x̃n) with |x̃i| = |xi| − 1.

Proof. Notice that the differential D̄ of MLBG stated in §2.1 is zero. It follows that
H∗(LBG; Q) ∼= H∗(MLBG) ∼= Q[x1, · · · , xn]⊗ Λ(x̃1, · · · , x̃n).

Next, we calculate the dual loop (co)product on H∗(LBG; Q). As for the dual
loop product, Félix and Thomas proved the following theorem.

Theorem 3.2 ([6, Theorem 14]). The rational dual loop product on H∗(LBG; Q) is
trivial.

We determine the structure of the dual loop coproduct Dlcop on H∗(LBG; Q)
as follows. Let MBG I = (Q[x1, · · · , xn]⊗2 ⊗ Λ(x̃1, · · · , x̃n), D) be the semifree
resolution of MBG stated in §2.1, and denote by [n] = {1, 2, · · · , n}. Define a
M⊗2

BG-module map ∆! : MBG I → M⊗2
BG by

∆!(x̃i1 x̃i2 · · · x̃ik
) =

{

1 (k = n, {i1, · · · , ik} = [n]),
0 (otherwise).

It is readily seen that the map ∆! is a generator of Ext−dim G
M⊗2

BG

(MBG,M⊗2
BG); also see

[6, §6]. For any subset I = {i1 < i2 < · · · < ik} of [n], we put x̃(I) = x̃i1 x̃i2 · · · x̃ik

for convenience. If I is the empty set ∅, put x̃∅ = 1.

Let us define a map T̄ : MBG I → MBG I by T̄(a ⊗ b ⊗ 1) = (−1)|a||b|b ⊗ a ⊗ 1
and T̄(x̃i) = −x̃i for a, b ∈ MBG. Note that this is a map mentioned in the
diagram (6).
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Theorem 3.3. The dual loop coproduct on H∗(LBG; Q) satisfies

Dlcop
(

(ω1 ⊗ x̃(I))⊗ (ω2 ⊗ x̃(J))
)

=

{

(−1)ǫω1ω2 ⊗ x̃(I∩J) (I ∪ J = [n]),
0 (otherwise).

Here, ω1, ω2 ∈ Q[x1, · · · , xn], ǫ = ǫ1 + ǫ2 + #(J − I ∩ J), ǫ1 and ǫ2 are the Koszul
sign convention satisfying the following

x̃(J) = (−1)ǫ1 x̃(J−I∩J) x̃(I∩J), x̃([n]) = (−1)ǫ2 x̃(I) x̃(J−I∩J).

Proof. Recall the model of the dual loop coproduct described in (8). The element
u = (1 ⊗ 1 ⊗ x̃i)⊗ 1 + 1 ⊗ (1 ⊗ 1 ⊗ x̃i) in MBG I ⊗M⊗2

BG
MBG I is a cycle satisfying

(ε̄ ⊗ 1)(u) = x̃i. It follows that

(1 ⊗ ωi) · ∏
i∈I

(

(1 ⊗ 1 ⊗ x̃i)⊗ 1 + 1 ⊗ (1 ⊗ 1 ⊗ x̃i)
)

= ∑
I ′⊂I

(−1)ǫ(I:I ′)(1 ⊗ ω1 ⊗ x̃(I ′))⊗ x̃(I−I ′)

is also a cycle in MBG I ⊗M⊗2
BG

MBG I such that ε̄ ⊗ 1 sends this cycle to

ωi ⊗ x̃(I) in MLBG. Here ǫ(I : I ′) is the Koszul sing convention satisfying

x̃(I) = (−1)ǫ(I:I ′) x̃(I ′) x̃(I−I ′).

Let θ be an element in M⊗2
BG I ⊗M⊗4

BG
M⊗2

BG I of the form

∑
I ′⊂I, J′⊂J

(−1)ǫ(I ′,J′)+|x̃(J′)|
(

(1 ⊗ ω1 ⊗ x̃(I ′))⊗ (1 ⊗ ω2 ⊗ x̃(J′))
)

⊗ (x̃(I−I ′) ⊗ x̃(J−J′))

with ǫ(I ′, J′) = ǫ(I : I ′) + ǫ(J : J′) + |x̃(J′)||x̃(I−I ′)|+ |x̃(J′)|. Then

Dlcop
(

(ω1 ⊗ x̃(I))⊗ (ω2 ⊗ x̃(J))
)

=H(ε̄ ⊗ 1)H(∆! ⊗ 1)H(µ̄(1 ⊗ T̄)⊗µ′ ζ̄)(θ)

=H(ε̄ ⊗ 1)H(∆! ⊗ 1)
(

∑
I ′⊂I, J′⊂J

(−1)ǫ(I ′,J′)
(

1 ⊗ ω1ω2 ⊗ x̃(I ′) x̃(J′)

)

⊗ (x̃(I−I ′) ⊗ x̃(J−J′))

)

.

If I ∪ J 6= [n], then (∆! ⊗ 1)(x̃(I ′) x̃(J′)) = 0 for any I ′ ⊂ I and J′ ⊂ J by the

definition of ∆!. Thus it is enough to consider the case where I ∪ J = [n]. Denote

by ǫ′(I ′, J′) the Koszul sign convention satisfying x̃(I ′) x̃(J′) = (−1)ǫ′(I ′,J′) x̃([n]) for

I ′ and J′ with I ′ ∐ J′ = [n]. We have

Dlcop
(

(ω1 ⊗ x̃(I))⊗ (ω2 ⊗ x̃(J))
)

=H(ε̄ ⊗ 1)

(

∑
I ′⊂I, J′⊂J,
I ′∐J′=[n],

(−1)ǫ(I ′,J′)+ǫ′(I ′,J′)(ω1ω2x̃(I−I ′) ⊗ x̃(J−J′))

)

=(−1)ǫ(I,[n]−I)+ǫ′(I,[n]−I)ω1ω2 x̃(J−([n]−I))

=(−1)ǫ(I,J−I∩J))+ǫ′(I,J−I∩J)ω1ω2x̃(I∩J).
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Since ǫ′(I, J − I ∩ J) = ǫ2, ǫ(I : I) = 0 and ǫ(J − I ∩ J) = ε1,

ǫ(I, J − I ∩ J) + ǫ′(I, J − I ∩ J) = ǫ1 + ǫ2 + #(J − I ∩ J).

This completes the proof.

4 The dual loop (co)product on H∗(L(ES1 ×S1 S2); Q)

In this section, we determine the structure of the dual loop (co)product of the
Borel construction ES1 ×S1 S2 stated in §1. Denote by M = ES1 ×S1 S2 in this
section. We see that the Borel construction M is a 1-dimensional Q-Gorenstein
space by [4, Theorem 4.3] and the fibration S2 → M → BS1. Recall that M is
homotopy equivalence to the one point union of the infinite dimensional complex
projective space CP∞ and the cohomology ring H∗(CP∞; Q) is isomorphic to the
polynomial algebra Q[x] with |x| = 2. Let ΛV be a free commutative dg algebra
defined by

ΛV = (Λ(x, y, z), d), dx = dy = 0, dz = xy, |x| = |y| = 2, |z| = 3.

Since an algebra map

f : ΛV −→ Q[x, y]/(xy) ∼= H∗(CP∞ ∨ CP∞; Q) ∼= H∗(M; Q)

given by f (x) = x, f (y) = y, f (z) = 0 is a quasi-isomorphism, ΛV is a mini-
mal Sullivan model for M. The differential D̄ of the model MLM = Λ(x, y, z) ⊗
Λ(x̃, ỹ, z̃) stated in §2.1 satisfies

D̄(x̃) = D̄(ỹ) = 0, D̄(z̃) = −xỹ − yx̃.

We first determine a Q-vector space structure of H∗(LM; Q). Recall that the
homology decomposes into a direct sum as ⊕i H

∗
(i)(LM; Q) described in §2.1.

Lemma 4.1. One has

1. H∗
(0)

(LM; Q) ∼= Q{1, xi, yi | i ≥ 1},

2. H∗
(1)(LM; Q) ∼= Q{xi x̃, yiỹ, xỹ | i ≥ 0},

3. H∗
(n)(LM; Q) ∼= Q{x̃ỹz̃n−2, xỹz̃n−1 + (n − 1)zx̃ỹz̃n−2} (n ≥ 2)

as Q-vector spaces.

Proof. The assertions (1), (2) and (3) are proved by straightforward computations
described below. We only show (1) and (2). A similar argument shows the asser-
tion (3).
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(1). By the definition, H∗
(0)(LM; Q) ∼= H∗(ΛV, d) ∼= Q{1, xi, yi | i ≥ 1}.

(2). We can choose a basis for the degree n part (ΛV ⊗ (sV))n as follows:














































{x̃, ỹ} (n = 1),
{z̃} (n = 2),
{xx̃, yx̃, xỹ, yỹ} (n = 3),
{xiyk−1−iz̃, xjyk−2−jzx̃, xjyk−2−jzỹ

| 0 ≤ i ≤ k − 1, 0 ≤ j ≤ k − 2} (n = 2k, k ≥ 2),
{xiyk−i x̃, xiyk−iỹ, xjyk−2−jzz̃

| 0 ≤ i ≤ k, 0 ≤ j ≤ k − 2} (n = 2k + 1, k ≥ 2),
0 (otherwise).

It is easily seen that H1
(1)

(LM; Q) ∼= Q{x̃, ỹ} and H2
(1)

(LM; Q) = 0 since x̃ and

ỹ are cycles and z̃ is not a cycle. For n = 3, xx̃, yx̃, xỹ and yỹ are all cycles. Let
ri ∈ Q (1 ≤ i ≤ 4). Then, r1xx̃ + r2yx̃ + r3xỹ + r4yỹ is a boundary if and only if
r1 = r4 = 0 and r2 = r3. We hence have

H3
(1)(LM; Q) ∼=

{r1xx̃ + r2yx̃ + r3xỹ + r4yỹ | ri ∈ Q}

Q{yx̃ + xỹ}
∼= Q{xx̃, yỹ, xỹ}.

Consider the case where n = 2k (k ≥ 2). For any element w in (ΛV ⊗ (sV))2k , we
may write

w =
k−1

∑
i=0

rix
iyk−1−iz̃ +

k−2

∑
j=0

pjx
jyk−2−jzx̃ +

k−2

∑
j=0

qjx
jyk−2−jzỹ.

for some ri, pj, qj ∈ Q. A straightforward calculation shows that w is a cycle if
and only if r0 = rk−1 = 0, ri = pi−1 (1 ≤ i ≤ k − 1) and rj = qj (0 ≤ j ≤ k − 2).

If w is a cycle, it is readily seen that w is a boundary, that is, H2k
(1)

(LM; Q) = 0.

Similarly, for any v in (ΛV ⊗ (sV))2k+1 (k ≥ 2), we may write

v =
k

∑
i=0

p′ix
iyk−i x̃ +

k

∑
i=0

q′ix
iyk−iỹ +

k−2

∑
j=0

r′jx
jyk−2−jzz̃

for some p′i , q′i, r′j ∈ Q. It is readily seen that v is a cycle if and only if r′j = 0

(0 ≤ j ≤ k − 2). We also see that if v is a cycle, then v is a boundary if and only if

p′k = q′0 = 0. It follows that H2k+1
(1)

(LM; Q) ∼= Q{xk x̃, ykỹ}.

For convenience, we put

vm = x̃ỹz̃m−2, wn = xỹz̃n−1 + (n − 1)zx̃ỹz̃n−2 (m ≥ 2, n ≥ 1)

in H∗(MLM). Next let us consider the dual loop product and the dual loop co-
product on H∗(LM; Q). The differential D of MMI = Λ(x, y, z)⊗2 ⊗ Λ(x̃, ỹ, z̃)
satisfies

D(x̃) = (−x ⊗ 1 + 1 ⊗ x)⊗ 1, D(ỹ) = (−y ⊗ 1 + 1 ⊗ y)⊗ 1,

D(z̃) = (−z ⊗ 1 + 1 ⊗ z)⊗ 1 −
1

2
(x ⊗ 1 + 1 ⊗ x)⊗ ỹ −

1

2
(y ⊗ 1 + 1 ⊗ y)⊗ x̃.



554 T. Naito

For determining the algebraic structures by using the models (2) and (8), it is
necessary to find a homology class ā in H∗(MMI ⊗ΛV⊗2 MMI ) with (ε̄⊗ 1)(ā) = a
for any element a in H∗(MLM). The following lemma is needed to give computa-
tions of Dlp and Dlcop. Denote by (n

i ) =
n!

i!(n−i)!
the binomial coefficients indexed

by n and i.

Lemma 4.2. Let v̄m and w̄n be elements in MMI ⊗ΛV⊗2 MMI given by

v̄m =
m−2

∑
i=0

(

m − 2

i

)

(z̃i ⊗ x̃ỹz̃m−2−i + x̃z̃ ⊗ ỹz̃m−2−i

− ỹz̃i ⊗ x̃z̃m−2−i + x̃ỹz̃i ⊗ z̃m−2−i),

w̄n =
n−2

∑
i=0

(n − 1)!

i!(n − 2 − i)!

(

(1 ⊗ z ⊗ z̃i)⊗ x̃ỹz̃n−2−i + (1 ⊗ z ⊗ x̃z̃i)⊗ ỹz̃n−2−i

− (1 ⊗ z ⊗ ỹz̃i)⊗ x̃z̃n−2−i + (1 ⊗ z ⊗ x̃ỹz̃i)⊗ z̃n−2−i
)

+
n−1

∑
i=0

(

n − 1

i

)

(

(1 ⊗ x ⊗ z̃i)⊗ ỹz̃n−1−i + (1 ⊗ x ⊗ ỹz̃i)⊗ z̃n−1−i
)

+
1

2

n−2

∑
i=0

(n − 1)!

i!(n − 2 − i)!

(

−(1 ⊗ x ⊗ ỹz̃i)⊗ x̃ỹz̃n−2−i

+ (1 ⊗ x ⊗ x̃ỹz̃i)⊗ ỹz̃n−2−i
)

.

Then v̄m and w̄n are cycles and the map ε̄⊗ 1 sends v̄m and w̄n to vm and wn, respectively.

Proof. It is easily seen that (ε̄ ⊗ 1)(v̄m) = vm and (ε̄ ⊗ 1)(w̄n) = wn. Moreover, we
see that v̄m and w̄n are cycles by straightforward computations.

We next construct a generator of Ext1
ΛV⊗2(ΛV, ΛV⊗2). Define a right ΛV⊗2-

module map ∆! : MMI → ΛV⊗2 by

∆!(x̃ỹ) = −z ⊗ 1 + 1 ⊗ z,

∆!(x̃) =
1

2
(x ⊗ 1 + 1 ⊗ x), ∆!(ỹ) = −

1

2
(y ⊗ 1 + 1 ⊗ y)

and ∆!(z̃i), ∆!(x̃z̃j), ∆!(ỹz̃j), ∆!(x̃ỹz̃j) (i ≥ 0, j ≥ 1) are all zero. Then, ∆! is a chain
map of degree 1 and a generator of

Ext1
ΛV⊗2(ΛV, ΛV⊗2) ∼= Ext1

C∗(M2)(C
∗(M), C∗(M2)) ∼= Q.

By using the model (2), we give a computation of the dual loop product as fol-
lows.

Theorem 4.3. One has Dlp
(

H∗
(j)
(LM; Q)

)

= {0} (j = 0, 1) and

Dlp(v2) = 0,

Dlp(vm) =
m−2

∑
i=1

(m − 2)!

(i − 1)!(m − 2 − i)!
(wi ⊗ vm−i − vi+1 ⊗ wm+1−i) (m ≥ 3),

Dlp(wn) =
n−1

∑
i=1

(n − 1)!

(i − 1)!(n − 1 − i)!
wi ⊗ wn−i.
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Proof. Recall the model for the dual loop product (2). Since ∆!(1) = 0,

Dlp
(

H∗
(j)
(LM; Q)

)

= {0} for j = 0, 1. Indeed,

Dlp(xi x̃) =H(∆! ⊗ 1) ◦ H(ε̄ ⊗ 1)−1 ◦ H((µ ⊗ 1)⊗µ (µ ⊗ 1))
(

(1 ⊗ xi ⊗ x̃)⊗ 1 + (1 ⊗ xi ⊗ 1)⊗ x̃
)

=H(∆! ⊗ 1) ◦ H(ε̄ ⊗ 1)−1(xi ⊗ (x̃ ⊗ 1 + 1 ⊗ x̃))

=H(∆! ⊗ 1)((1 ⊗ xi ⊗ 1)⊗ (x̃ ⊗ 1 + 1 ⊗ x̃)) = 0.

A similar argument shows that Dlp(1), Dlp(xi), Dlp(yi), Dlp(yi ỹ) and Dlp(xỹ)
are all zero.

Next let us compute Dlp(vm). Let v̄m be a cycle of MMI ⊗ΛV⊗2 MMI described
in Lemma 4.2. Then

Dlp(vm) = H(∆! ⊗ 1)H(ε̄ ⊗ 1)−1H((µ ⊗ 1)⊗µ (µ ⊗ 1))(v̄m).

We so need to find a cycle v̄′m in MMI ⊗ΛV⊗2 (MLM ⊗MLM) with H(ε̄⊗ 1)(v̄′m) =
H((µ ⊗ 1) ⊗µ (µ ⊗ 1))(v̄m). Denote by v̄′m a element of MMI ⊗ΛV⊗2

(MLM ⊗MLM) given by

m

∑
i=0

(

(

m − 2

i

)

1 ⊗ (z̃i ⊗ x̃ỹz̃m−2−i +

(

m − 2

i − 1

)

1 ⊗ (x̃z̃i−1 ⊗ ỹz̃m−1−i)

−

(

m − 2

i − 1

)

1 ⊗ (ỹz̃i−1 ⊗ x̃z̃m−1−i) +

(

m − 2

i − 2

)

1 ⊗ (x̃ỹz̃i−2 ⊗ z̃m−i)

+ i

(

m − 2

i

)

(

x̃ ⊗ (ỹz̃i−1 ⊗ x̃ỹz̃m−2−i) + ỹ ⊗ (x̃z̃i−1 ⊗ x̃ỹz̃m−2−i)
)

− (m − i)

(

m − 2

i − 2

)

(

x̃ ⊗ (x̃ỹz̃i−2 ⊗ ỹz̃m−1−i + ỹ ⊗ (x̃ỹz̃i−2 ⊗ x̃z̃m−1−i)
)

+ i(i − 1)

(

m − 2

i

)

x̃ỹ ⊗ (x̃ỹz̃i−2 ⊗ x̃ỹz̃m−2−i)

)

.

Here we put (n
j) = 0 where j < 0 or j > n for convenience. A straightforward

calculation shows that v̄′m is a cycle and the equation

H(ε̄ ⊗ 1)(v̄′m) = H((µ ⊗ 1)⊗µ (µ ⊗ 1))(v̄m)

holds. In the homology H∗(MLM), we have

wi =
1

2
xỹz̃i−1 −

1

2
yx̃z̃i−1 + (i − 1)zx̃ỹz̃i−2

for i ≥ 2. Moreover the following equations hold in H∗(M⊗2
LM):

(m − 1 − i)x̃z̃i−1 ⊗ yx̃ỹz̃m−2−i + (i − 1)xx̃ỹz̃i−2 ⊗ ỹz̃m−1−i = 0,

(m − 1 − i)ỹz̃i−1 ⊗ xx̃ỹz̃m−2−i + (i − 1)yx̃ỹz̃i−2 ⊗ x̃z̃m−1−i = 0.
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By these equations, we conclude that Dlp(v2) = H(∆! ⊗ 1)(v̄′2) = 0 and

Dlp(vm) = H(∆! ⊗ 1)(v̄′m)

=
m−2

∑
i=1

(m − 2)!

(i − 1)!(m − 2 − i)!
(wi ⊗ vm−i − vi+1 ⊗ wm+1−i)

for m ≥ 3. Similarly, we can compute Dlp(wn) as below. Let w̄n be a cycle
in MMI ⊗ΛV⊗2 MMI described in Lemma 4.2. Denote by w̄′

n+1 a element of
MMI ⊗ΛV⊗2 (MLM ⊗MLM) given by

n+1

∑
i=0

(

n

(

n − 1

i

)

1 ⊗ (zz̃i ⊗ x̃ỹz̃n−1−i) + n

(

n − 1

i − 2

)

1 ⊗ (zx̃ỹz̃i−2 ⊗ z̃n+1−i)

+

(

n

i

)

1 ⊗ (xz̃i ⊗ ỹz̃n−i) +

(

n

i − 1

)

1 ⊗ (xỹz̃i−1 ⊗ z̃n+1−i)

+ n

(

n − 1

i − 1

)

1 ⊗ (zx̃z̃i−1 ⊗ ỹz̃n−i)− n

(

n − 1

i − 1

)

1 ⊗ (zỹz̃i−1 ⊗ x̃z̃n−i)

− n

(

n − 1

i

)

ỹ ⊗ (xz̃i ⊗ x̃ỹz̃n−1−i)

+ (n + 1 − i)

(

n

i − 1

)

(

x̃ ⊗ (xỹz̃i−1 ⊗ ỹz̃n−i) + ỹ ⊗ (xỹz̃i−1 ⊗ x̃z̃n−i)
)

− in

(

n − 1

i

)

(

x̃ ⊗ (zỹz̃i−1 ⊗ x̃ỹz̃n−1−i) + ỹ ⊗ (zx̃z̃i−1 ⊗ x̃ỹz̃n−1−i)
)

+ n(n + 1 − i)

(

n − 1

i − 2

)

(

x̃ ⊗ (zx̃ỹz̃i−2 ⊗ ỹz̃n−i)

+ ỹ ⊗ (zx̃ỹz̃i−2 ⊗ x̃z̃n−i)
)

)

−
n

∑
i=0

n

2

(

(

n − 1

i

)

1 ⊗ (xỹz̃i ⊗ x̃ỹz̃n−1−i)−

(

n − 1

i − 1

)

1 ⊗ (xx̃ỹz̃i−1 ⊗ ỹz̃n−i)

+ i

(

n − 1

i

)

ỹ ⊗ (xx̃ỹz̃i−1 ⊗ x̃ỹz̃n−1−i)

)

.

It is readily seen that the element w̄′
n is a cycle and H(ε̄ ⊗ 1)(w̄′

n) = H((µ ⊗ 1)⊗µ

(µ ⊗ 1))(w̄n). Therefore, by a straightforward calculation,

Dlp(wn) = H(∆! ⊗ 1)(w̄′
n) =

n−1

∑
i=1

(n − 1)!

(i − 1)!(n − 1 − i)!
wi ⊗ wn−i.

This completes the proof.

In the rest of this paper, we give a computation of the dual loop coproduct
on H∗(LM; Q). Let T̄ : MMI → MMI be a map defined by T̄(a ⊗ b ⊗ 1) =

(−1)|a||b|b ⊗ a ⊗ 1, T̄(x̃) = −x̃, T̄(ỹ) = −ỹ and T̄(z̃) = −z̃ for a, b ∈ ΛV. This is



Computational examples of rational string operations on Gorenstein spaces 557

just a map described in the diagram (6). We also see that −∆!T̄ = T∆!. By Lemma
2.3, it implies that

Dlcop(a1 ⊗ a2) = (−1)|a1 ||a2|+1Dlcop(a2 ⊗ a1)

for a1, a2 ∈ H∗(LM; Q).

Theorem 4.4. One has

Dlcop
(

H∗(LM; Q)⊗ H∗
(≥2)(LM; Q)

)

= {0},

Dlcop
(

H∗
(≥2)(LM; Q)⊗ H∗(LM; Q)

)

= {0},

and for generators a, b in H∗
(≤1)(LM; Q) described in Theorem 4.1, the following equa-

tions hold;

Dlcop(a ⊗ b) =































−xi+j+1 (a, b) = (xi, xjx̃),
xi+j+1x̃ (a, b) = (xi x̃, xjx̃),
yi+j+1 (a, b) = (yi, yjỹ),
−yi+j+1ỹ (a, b) = (yi ỹ, yjỹ),
xỹ (a, b) = (x̃, ỹ),
0 (otherwise).

Proof. It is easily seen that these elements

(1 ⊗ xi ⊗ 1)⊗ 1, (1 ⊗ yi ⊗ 1)⊗ 1,

(1 ⊗ xi ⊗ x̃)⊗ 1 + (1 ⊗ xi ⊗ 1)⊗ (1 ⊗ 1 ⊗ x̃),

(1 ⊗ yi ⊗ ỹ)⊗ 1 + (1 ⊗ yi ⊗ 1)⊗ (1 ⊗ 1 ⊗ ỹ),

are cycles in MMI ⊗ΛV⊗2 MMI and the map ε̄ ⊗ 1 sends each cycles to xi, yi, xi x̃
and yiỹ, respectively. Hence, by a straightforward computation,

Dlcop(xj ⊗ xi x̃) = −Dlcop(xi x̃ ⊗ xj) = −xi+j+1,

Dlcop(xi x̃ ⊗ xjx̃) = xi+j+1x̃,

Dlcop(yj ⊗ yi ỹ) = −Dlcop(yi ỹ ⊗ yj) = yi+j+1,

Dlcop(yi ỹ ⊗ yjỹ) = −yi+j+1ỹ,

Dlcop(x̃ ⊗ ỹ) = Dlcop(ỹ ⊗ x̃) = xỹ.

Let v̄m and w̄n be cycles in MMI ⊗ΛV⊗2 MMI described in Lemma 4.2. We may
write v̄m = ∑ v̄m(1) ⊗ v̄m(2) and w̄n = ∑ w̄n(1) ⊗ w̄n(2) for some v̄m(1), v̄m(2), w̄n(1),

w̄n(2) in MMI . By the definition of v̄m, we have ∆!(v̄m(1)) = 0 or (ε̄ ⊗ 1)(v̄m(2)) =
0. It implies that

Dlcop(α ⊗ vm) = −Dlcop(vm ⊗ α) = 0

for any α ∈ H∗(LM; Q). Similarly, at least one of ∆!(w̄n(1)) and (ε̄ ⊗ 1)(w̄n(2)) are

zero. It follows that Dlcop(α ⊗ wn) = −Dlcop(wn ⊗ α) = 0.
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