Computational examples of rational string
operations on Gorenstein spaces

Takahito Naito

Abstract

In this paper, we give computational examples of string operations over
the rational numbers field on Gorenstein spaces introduced by Félix and
Thomas. Especially, we determine the structure of rational string operations
on the classifying space of a compact connected Lie group and the Borel con-
struction associated to an action of S! to S2.

1 Introduction

Chas and Sullivan [1] discovered an intersection-type product on the homology
of the free loop space of manifold H.(LM) called the loop product. This algebraic
structure has been computed by several authors [3, 7, 12, 9]. Cohen and Godin [2]
generalized the loop product and they showed that H,(LM) is a 2-dimensional
TQFT. Especially, we can see that the homology is endowed with a coproduct
which is called the loop coproduct. However, Tamanoi [11] proved that the loop
coproduct is almost trivial.

Félix and Thomas [6] developed string topology to Gorenstein spaces. For
example, closed oriented manifolds, the classifying spaces of compact connected
Lie groups and the Borel constructions are Gorenstein spaces. They introduced
the product and the coproduct on the homology of the free loop spaces of simply-
connected Gorenstein spaces which are generalizations of the loop product and
coproduct. However, there are few computational examples of the algebraic
structures on Gorenstein spaces which are not manifolds. The aim of this paper
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is to give some computational examples of the loop (co)product over the rational
numbers field Q on Gorenstein spaces by using minimal Sullivan models.

In this paper, we compute the rational loop (co)product of the classifying
space of a compact connected Lie group BG and a Borel construction ES! x ¢ S
associated to an action of S! to S? = {(z,7r) € C x R | |z|> + r* = 1} given by
t-(z,7) = (tz,r) for t € S!. By the result [6] due to Félix and Thomas, the rational
loop product on BG vanishes. In [8], Kuribayashi and Menichi also computed
the loop coproduct of BG. We claim that the computational approach to the loop
coproduct in this paper are different from theirs. Complete calculations of the ra-
tional loop (co)product of BG and ES! x 41 S? are stated in §3 and §4, respectively.

As mentioned above, either the loop product or the loop coproduct of mani-
folds and the classifying spaces are almost trivial. However, we can see that the
algebraic structures of general Gorenstein spaces are non-trivial by the computa-
tions of the loop (co)product of ES! x 41 S2.

The organization of this paper is as follows. In section 2, we recall funda-
mental definitions and results on rational homotopy theory. The definition of the
dual loop (co) product on Gorenstein space and its Sullivan models are also de-
scribed. In section 3, we will give a computation of the dual loop coproduct on
H*(LBG; Q). Computations of the homology H*(L(ES! x ¢ $?);Q) and the dual
loop (co)product are presented in §4.

2 Preliminaries

In this paper, we assume that all modules and algebras are over Q.

2.1 Minimal Sullivan models and a model for the free loop space

We refer the reader to the book [5] for the fundamental facts on rational homo-
topy theory. In this section, we begin recalling the definition of a minimal Sul-
livan model for a simply-connected space X with finite Betti numbers. It is a
free commutative differential graded algebra (dg algebra for short) (AV,d) with
V = @izzvi where each V' is of finite dimension and the differential d is de-
composable; that is, d(V) C A=2V. Moreover, (AV,d) is equipped with a quasi-
isomorphism (AV,d) — App(X) to the commutative differential graded alge-
bra Apr(X) of differential polynomial forms on X.

Let (AV,d) be a minimal Sullivan model for X. Denote by sV the suspen-
sion of V; that is, sV is a graded vector space defined by (sV)! = Vi*1, and by
0 € sV the element which corresponds to v € V. We then define a commutative
dg algebra AV ® AV ® A(sV) with a differential D given by

Dov®1®1)=dv)®1®1, DA®v®1l)=10d(v)®1,
= (sD)’

D(1®1®ﬁ):—v®1®1+1®v®1—i§ Z,!

(re1®1)

where s is the unique derivation on AV ® AV ® A(sV) defined by
s(e1el)=51001) =101879, s(1®1170) =0.
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Lemma 2.1. The map
E=pu-e: (AVRAV®A(sV),D) — (AV,d)

is a right AV ® AV-semifree resolution of AV. Here u is the product on AV and
e: A(sV) — Q is the canonical augmentation.

Remark that the dg algebra (AV @ AV ® A(sV), D) is a model for the path
space X! = Map([0,1], X) and the map & is a model for ¢ : X — X which sends
x to the constant path at x.

By [5, §15 Example 1], the dg algebra

(AV,d) @paveay (AVR AV @ A(sV),D) = (AV @ A(sV), D)

is a model for the free loop space LX, namely, H*(AV ® A(sV), D) is isomorphic
to H*(LX; Q) as an algebra. The induced differential D is given by

Dv®1l)=dv)®1, D1®7)=—-s(1®d(v))
for v € V. In this paper, we denote by
My = (AVR AV @ A(sV),D), Mrx:= (AV®A(sV),D)

for short. By the result [13] due to Vigué, M| x decomposes into a direct sum of
complexes as follows

and we denote by H, (LX;Q) the homology of the i-th direct summand
(AV @ Al(sV), D). By the definition, the homology H, (LX; Q) is isomorphic to
H*(AV,d) = H*(X; Q) as an algebra.

2.2 The loop (co)product on Gorenstein spaces and its models

We recall the definition of Gorenstein spaces and the dual loop product and
coproduct on Gorenstein spaces. Let C*(—) be the normalized singular cochain
algebra functor over Q.

Definition 2.2 ([4]). A connected space M is a Q-Gorenstein space of dimension m if

For example, a closed oriented manifold M is a Gorenstein space. The
dimension of M as Gorenstein space coincides with the dimension as manifold.
The classitying space BG of a compact connected Lie group is also a Gorenstein
space, and the dimension of BG is — dim G. Félix, Halperin and Thomas proved
that a simply-connected space X with ) dim 77;(X) ® Q < oo is a Q-Gorenstein
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space ([4, Proposition 3.4]).
Let M be a simply-connected m-dimensional Q-Gorenstein space of finite type.
In [6], Félix and Thomas proved that

EXtll p2) (C* (M), C*(M?)) = Q

as a vector space where C*(M) is a C*(M?)-module via the diagonal map of M.
Let P — C*(M) be a right C*(M?)-semifree resolution of C*(M) and denote by
A': P — C*(M?) the element of Ext’g*(Mz)(C*(M),C*(MZ)) which corresponds
to 1 € Q. We remark that if M is a simply-connected closed smooth manifold, the
induced map H(A') : H*(M) = H*(P) — H*(M)®? is the dual of the intersection
product.

Let LM x )1 LM denote the subspace of the product LM x LM consisting of
the pairs of loops having the same basepoint, and comp : LM X LM — LM the
concatenation of loops. Consider the diagram

comp

LM LM x g LM 2usion y ar o 1M
eVOl leVOXeVO
diagonal
M Mx M

where ev is the evaluation map at 0. Since the right square is a pullback diagram,
there is an isomorphism EM; : H*(P ®c+(p2) C* (LM x LM)) — H*(LM x g LM)
associated to the pullback diagram which is called the Eilenberg-Moore isomor-
phism. For details of the Eilenberg-Moore map, see [10]. Then, we call the fol-
lowing composite the dual loop product:

comp* (A!®1)EM1_1

Dlp : H*(LM)

H*(LM x 5 LM)

H*(LM x LM).

Consider the diagram

comp

LM x LM Jncusion par o LM LM

evol ll/
M diagonal M x M.

Here the map v sends a loop v € LM to (7(0),7(3)). Denote by
EM, : H*(P ®@c+(p2) C*(LM)) — H*(LM xp LM) the Eilenberg-Moore map
associated to the pullback. Then we call the following composite the dual loop
coproduct:

(inclusion)* (A'®1)EM; !

Dlcop : H*(LM x LM)

H*(LM x 3 LM)

H*(LM).

We next mention about a commutativity of the dual loop coproduct for a com-
putation of the dual loop coproduct on H*(L(ES! xq S?);Q) in §4. Let
t : M?> — M? be the switching map. Denote by P’ the right C*(M?)-module
which is equal as vector space to P with a right C*(M?)-module structure given
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by the algebra map t* : C*(M?) — C*(M?). The module P’ is also a semifree
resolution of C*(M) as right C*(M?)-module. Let T : P — P’ isa C*(M?)-module
map which makes the following diagram homotopy commutative:

P T P’
N
C*(M).

A existence of T is shown by a property of semifree modules; see [5, Proposition
6.4].
Consider the composite

p-Topr AL crm2) L cr (M2,

Since A' and t* o A' o T are elements in Extg*(M2)(C*(M),C*(M2)) >~ Q, there

exists a scalar A € Q which makes the diagram of C*(M?)-modules commute up
to homotopy:

p— T _p
A!l l)\A!
C*(M2) - (M2).

We then have the following lemma.

Lemma 2.3. Let A be the scalar described above. Then Dlcop o t* = ADlcop, where
f:(LM)? — (LM)? is the switching map of LM.

Proof. Let R L LM — LM be the rotation of loops by 3. Consider the commuta-
tive diagram

comp

LM x LM 2dusiony ar o LM LM

T

evy diagonal
M

3 f Mx M
s
LM x LM Beusion par s LM —2F H LM t
14

The assumption and a naturality of the Eilenberg-Moore map show that the fol-
lowing is commutative:

! -1
(A'®1)EM;

H* (LM x LM) 28800 prs (L AT g LM) H*(LM)
lARﬁ
2

| |-
OVRE b ().

H* (LM x LM) 2S00 pr (LM % y LM)

Since R% is homotopic to the identity map of LM, it follows the assertion. n
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In the rest of this section, we describe models for the dual loop product and
coproduct. Consider the following diagram whose top and bottom squares are
pullbacks:

LM X LM Ph 1)

2z el\

L
M!

(evy,evp)

diagonal

Here inc : LM — M! is the inclusion, ev; : M! — M is the evaluation map at i,
and pr; is the i-th projection. The map {; and {; are given by 1 (7)(t) = v(3t),
Ca(7)(t) =v(3t+1) fory € LM and t € [0,1]. This diagram enables us to obtain
a model for the map comp as follows:

(n@1)@pu(po1)

Mim Mo @pyer My ———— My @Ay Mim.

Remark that the left AV®2-module structure of M is given by an algebra map
AV®2 — M, which sends a ® b to (—1)!°!lp @ a ® 1 where the notion |a] is the
degree of a. This algebra map is a model for (evy,evy) : M! — M?. Therefore,
the following is a model for the dual loop product, namely, the induced map in
homology coincides with Dlp:

3 (n@1)@u(p1)
MLM%MMI ®Av®2 MM14V>MLM AV MLM (2)

lu

MY <5 My @y (MER) AV @pyea (MER)-

A model for the dual loop coproduct is obtained as follows. Consider the two
commutative diagrams

LM o 3)
& evo,evl
v Ml —Leren) ‘ M x M
l(evo,evl)
Mx M Mx M
\ (evy,evp) \

Mx M M x M,
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comp

LM x LM LM (4)
evo v
\ diagonal ‘ \
inclusion M Mx M
(in) <2 ‘ l(@lrgz)
inc)*
LM x LM M x M! Y
di 1 evo,evy)
m J/ iagona \
Mx M M*2 x M*?
(diagonal ) *2 ’

where A’ is a map which sends (x,y) to (x,y,y,x). We notice that each top
and bottom squares are pullback diagrams. By the diagram (3), the inclusion
AV®2 — M @ pye2 My is a model for v. Since the quotient map

T My @ My — My @ ppea Myp

is a model for ({1, {2), by the diagram (4), the following composite is a model for
the inclusion LM x ; LM — LM x LM:

e
M%]\z/l = AV®2 ®AV®4 Mfazl — AV ®AV®2 (MMI ®Av®2 MMI),

where i/ : AV®* — AV®2? is a model for A’ given by 1/ (v] ® 12 @ V3 ® vy) =
(—1)lesl(e2l+123) %, vy @ wov3. Thus a map induced by the following in homology
is the dual loop coproduct:

=
MGy
LM

AV @ pyen (Mpt @ pper Myp)  (5)
2T€®1
Mim % Mt @ pye2 Myp 22 Mot @ pyer (Mg @ pyea M)

Let T : AV®% — AV®2 be the switching map and denote by T a map which
makes the following diagram commutative:

AV AV —L AV @ AV Andusion, g (6)
inclusion g
MMI 7 AV

Remark that T coincides with the map stated in Lemma 6 up to homotopy. Then
we note that the following diagram is commutative

AVE2 @ ) s M2 L il AV ® (Mgt @ ppez M) )
AVeL IV AVE2 M! & aye2 Ml

g®2®1T E®1

p1eT)®,g
M?\%I% ®AV®4 M?;IZI 4}> MMI ®Av®2 (MMI ®Av®2 MMI)
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where ji is the product on M ;. By combining the diagrams (5) and (7), we have
a model for the dual loop coproduct as follows:

=®2
®2 £%x1 ®2 ®2
MLM ~ MMI EINEE MMI (8)

J{ﬁ(l@T)@)ﬂf
1 A1

Mip <~ My @y My =— My @ pyez (M @ qypez Myr).

3 The dual loop coproduct of classifying spaces

In this section, we observe the rational dual loop (co)product on the classifying
space BG of a compact connected Lie group G. Recall that the rational cohomol-
ogy ring of BG is a polynomial algebra of the form H*(BG;Q) = Q[x,- -, xx],
and Q[xy, - - -, x,] with zero differential is a minimal Sullivan model for BG. We
put Mpc = Q[xy,- - -, x,] for convenience. We also recall that BG is a Q-Goren-
stein space of dimension —dim G = — Y;(|x;| —1); see [4, Theorem 4.3].

We first determine a Q-vector space structure of H*(LBG; Q) for a calculation
of the dual loop (co)product.

Lemma 3.1. The rational cohomology ring H*(LBG;Q) is isomorphic to
Q[xl, <o ,xn] ®A(f1, <o ,.fn) with |fl| = |xl-| —1.

Proof. Notice that the differential D of Mg stated in §2.1 is zero. It follows that
H*(LBG/Q) = H*(MLBG) = Q[xll e /xn] & A(-’El/ e /fn)- u

Next, we calculate the dual loop (co)product on H*(LBG; Q). As for the dual
loop product, Félix and Thomas proved the following theorem.

Theorem 3.2 ([6, Theorem 14]). The rational dual loop product on H*(LBG;Q) is
trivial.

We determine the structure of the dual loop coproduct Dlcop on H*(LBG; Q)
as follows. Let Mgar = (Qlxy, -+, x4]®? @ A(%y,- -, %), D) be the semifree
resolution of Mpg stated in §2.1, and denote by [n] = {1,2,---,n}. Define a
MG2-module map A' : Myer — M52 by

Yt ) = (e,

It is readily seen that the map A' is a generator of Ext;/ld?%n ¢(Mgg, M%é) ; also see
[6, §6]. For any subset [ = {i} < iy < -+ < i} of [n], we put ;) = % %j, - - %
for convenience. If I is the empty set @, put ¥p = 1.

Let us defineamap T : Mpgi — My by Ta@b®1) = (-1l 2 a1
and T(%;) = —X; fora, b € Mpg. Note that this is a map mentioned in the
diagram (6).

k
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Theorem 3.3. The dual loop coproduct on H*(LBG; Q) satisfies

—1)¢ X TU] = [n]),
DICOP((w1 ® %(1)) ® (W2 ® f(]))) = { - wl‘E’)Z o) ((oghirwigg?

Here, w1, wy € Qlx1,-+- ,xy], € = €1+ e +#(J —IN]J), € and e, are the Koszul
sign convention satisfying the following

gy = GO Eg-ipTany, E) = (CD=E 0 Eg-10p-

Proof. Recall the model of the dual loop coproduct described in (8). The element
Uu=(1919%5)1+1® (1®1® %;) in My ® ps2 Mg is a cycle satisfying
(E®1)(u) = &;. It follows that

lew) [[(Az1em)e1+10(1010w))

i€l
_ Z (_1)6(111/)(1 R w1 ® X(I’)) ® f(l—[’)

rci
is also a cycle in Mpar ® ME2 Mpar such that £ ® 1 sends this cycle to
w; ® %1y in Mypc. Here e(I : I') is the Koszul sing convention satisfying

X(I) = (—1)€(I:Il)f(1/)f(1_1/).
Let 6 be an element in M?é, ® M M?é, of the form

I ; ](—1)6(1 ) HE ] ((1 Qw1 K f(p)) ®R(1Rw,® .f(]/))) X (55(1_1/) ® f(]_]/))
'cl, JcC

with 6(1/,]/) =e(l: I’) +e(J: ]I) + |.f(]/)||55(1_1/)| + |5Z(]/)| Then

chop((wl (029 55([)) X (wz X f(]))
=H(E®1)HA @ DHEAT) @, 7)(0)
—H(E®1)HA ®1)

(1 IZ]: ](—1)6(1/,]/) (1 ®wiwz @ J?(p)f(],)) ® (F(1—1) ® f(]_],))> )
/C i /C

If IU] # [n], then (A'® 1)(%(;)%jy) = O forany I’ C I and J' C ] by the
definition of A'. Thus it is enough to consider the case where I U ] = [n]. Denote
by €'(I',]') the Koszul sign convention satisfying ¥ ;%) = (—1)6/(1/']/)92([”]) for
I'and J' with I' I1 J' = [n]. We have

chop((wl ® X)) ® (W2 @ JE(]))>

ZH(E' ® 1) ( Z (_1)6(1’,]/)-1-6’(1’,]/)(w1w255(1_1,) ® 5{;(]_],))>
retjcj,
'y’ =[n],

(1) =D LDy on

:(—1)6(111_101))+€/(I/]_Im])w1w2f(lm]).
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Since€'(I,]—INJ) =ey,e(l:I)=0ande(J—INJ) =¢1,
e(,]—-INNH+€e]J-IN])=e1+e+#]J—-1N]J).

This completes the proof. n

4 The dual loop (co)product on H*(L(ES! x4 S?); Q)

In this section, we determine the structure of the dual loop (co)product of the
Borel construction ES! x ¢ S? stated in §1. Denote by M = ES! x4 S? in this
section. We see that the Borel construction M is a 1-dimensional Q-Gorenstein
space by [4, Theorem 4.3] and the fibration §> - M — BS!. Recall that M is
homotopy equivalence to the one point union of the infinite dimensional complex
projective space CP* and the cohomology ring H*(CP*; Q) is isomorphic to the
polynomial algebra Q|[x] with |x| = 2. Let AV be a free commutative dg algebra
defined by

AV = (A(x,y,2),d), dx =dy =0, dz = xy, |x| = |y| =2, |z] =3.
Since an algebra map
£ 1AV — Qlx, ]/ (xy) = H'(CP® vV CP™;Q) = H' (M; Q)
given by f(x) = x, f(y) =y, f(z) = 0 is a quasi-isomorphism, AV is a mini-

mal Sullivan model for M. The differential D of the model My = A(x,y,z) ®
A(%,7,Z2) stated in §2.1 satisfies

D(z) = D(§) = 0, D(2) = —xj — y.

We first determine a Q-vector space structure of H*(LM; Q). Recall that the
homology decomposes into a direct sum as &;H Ti) (LM; Q) described in §2.1.

Lemma 4.1. One has
1. Hiy, (LM; Q) = Q{1 x,y' |i > 1},
2. Hjy)(LM; Q) = Q{x'%,y'y, xy | i > 0},

3. H

(n(LM; Q) = Q{xyz" 2, xyz" ' + (n — 1)zxyz" 2} (n >2)

as Q-vector spaces.
Proof. The assertions (1), (2) and (3) are proved by straightforward computations

described below. We only show (1) and (2). A similar argument shows the asser-
tion (3).
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(1). By the definition, Hjy (LM; Q) = H*(AV,d) = Q{1,x,y' [ i > 1}.
(2). We can choose a basis for the degree n part (AV ® (sV))" as follows:

G =2y
Z n=2),
{xx, y%, xg, yj} (n=3),
{xiy 171z, xiyk=27Jzx, 2Jyk—27Izy

|0<i<k—-1,0<j<k-2} (n=2k k>2),
{xiyk_if, xiyk—igl x]'yk—z—jzz
|0<i<k 0<j<k-2} (n=2k+1, k>2),
L 0 (otherwise).

It is easily seen that H(ll) (LM; Q) = Q{%,7} and Hé) (LM; Q) = 0 since % and
7 are cycles and Z is not a cycle. For n = 3, x%, y%, xi and y¥ are all cycles. Let
ri € Q (1 <i < 4). Then, rxX + rpy® + r3x7 + r4y7 is a boundary if and only if

r1 = r4 = 0 and r, = r3. We hence have
~ X+ royX + r3xy + rayij | 1
i, (LM; Q) = 1
1) (LM; Q) Q{yz + 17}

Consider the case where n = 2k (k > 2). For any element w in (AV ® (sV))%, we
may write

€Q =~ oxx, vy, 2.

w= er‘ k=1- lz—t—pr]yk 2izg + qu]yk 2=z
j= j=

for some 7, pj, q; € Q. A straightforward calculation shows that w is a cycle if
andonlyifro =11 =0,r;,=p; 1 (1<i<k—-1)andr;=q; (0 <j <k-2).
If w is a cycle, it is readily seen that w is a boundary, that is, H(Z{‘) (LM;Q) = 0.
Similarly, for any v in (AV ® (sV))?+1 (k > 2), we may write

k
v = Zp;x’yk lx—l—Zq:xlyk ly—I—er] k=2=j,z

for some p;, q;, r; € Q. It is readily seen that v is a cycle if and only if r; = 0
(0 <j < k—2). We also see that if v is a cycle, then v is a boundary if and only if

P, = qy = 0. It follows that H(Zi‘;rl(LM;Q) =~ Q{x*z, y*y}. "

For convenience, we put

O = FE" 2, wy = xG2" T 4 (n— 1)z&52" 2 (m > 2, n > 1)

in H*(Mppm). Next let us consider the dual loop product and the dual loop co-
product on H*(LM; Q). The differential D of M, = A(x,y,z)%? ® A(%,7,2)
satisfies

D) =(—x®1+1x)®1, D) =(—y1+1y)®1,
1 1
D(z) = (Z®1+1®z)®1—§(x®1+1®x)®y (y®1+1®y)
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For determining the algebraic structures by using the models (2) and (8), it is
necessary to find a homology class 7 in H* (M ;1 @ pye2 M) with (E®1)(d) = a
for any element a in H* (M ). The following lemma is needed to give computa-
tions of Dlp and Dlcop. Denote by (%) = l,(n”ill), the binomial coefficients indexed
by n and i.

Lemma 4.2. Let 9, and Wy, be elements in My & pye2 M1 given by

G — miz m—2 (5 @ xge" 21 4 g2 @ g2
m= ; 14 FZ Rz
i=0
=2 (n—1)! N S o\ o ma—2—i
A —2—71 (1®zezZ')Q xjz +(1®zR ) @iz
—(1®zeE)@#" 2+ (1920 #2) z”—z—i)

. ) ((1 RxZ)RPE" 1T+ (1exe§) ®z”—1—i)

1" (n—1)! 0N o a2
+(1Rx®#HE)® yfz”—z—").
Then 0, and Wy, are cycles and the map € ® 1 sends 0, and Wy, to vy, and wy,, respectively.

Proof. Ttis easily seen that (¢ ®1)(9,,) = vy, and (€® 1) (@, ) = w,. Moreover, we
see that 9, and @, are cycles by straightforward computations. n

We next construct a generator of Ext}w@z (AV,AV®2). Define a right AV®2-
module map A' : M, — AV®2 by

A = —2z01+1®z
! 1 | ].
N (%) = §(x®1+1®x), A7) = —§(y®1+1®y)

and A'(z), A'(22)), N (7)), A (%§2) (i > 0, j > 1) are all zero. Then, A' is a chain
map of degree 1 and a generator of

Exty o2 (AV, AVE2) 2 Extt., o) (CH(M), C*(M?)) = Q.

By using the model (2), we give a computation of the dual loop product as fol-
lows.

Theorem 4.3. One has Dlp(ng)(LM,-Q)) = {0} (j=0,1)and

Dlp(?]z) = 0,
m—2 _ 9\
Dlp (o) = (i 1()72171 E)Z —) (Wi ® Op—i — Vi1 @ Wy1-4) (M > 3),
o (n—1)!
Dlp(wn) - = (l — 1)'(7[ 11— ),wi & Wy —i
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Proof. Recall the model for the dual loop product (2). Since A'(1) = 0,
Dlp(HE;)(LM;Q)) = {0} for j = 0,1. Indeed,
Dlp(x'z) =H(A'@1) o HE@ 1) "o H((¢ ©1) @y (¢ @ 1))
((1®xi®f)®1+(1®xi®1)®f>
—HA ®1)ocHE®1) (¥ @ (F01+1®7))
=HA21)(19x¥®1)2(X21+127)) = 0.

A similar argument shows that Dlp(1), Dlp(x?), Dlp(y), Dlp(y'7) and Dlp(x7)
are all zero.

Next let us compute Dlp(vy, ). Let 3, be a cycle of M ;1 ® pye2 M1 described
in Lemma 4.2. Then

Dlp(vm) = HA' @ H(E® 1) T H((1 ©1) ®u (4 ©1))(0m)-
We so need to find a cycle 7, in M 1 @ pye2 (Mpy @ Mpy) with H(E®1)(7),) =

H((y ® 1) @4 (4 ® 1))(0). Denote by 7, a element of My ®,pe2
(Mppm ® Mpym) given by

m _— . . _— . .
Z ((m Z 2) 1® (21 ® fgzm—z—l + <T:l— 12) 1® (le—l ®g2m—1—l)
i=0
- (”? e tem (’f - 2) 1® (22 2 @2")

Here we put (7) = 0 where j < 0 or j > n for convenience. A straightforward
calculation shows that 7}, is a cycle and the equation

H(E®1)(0,) = H(p®1) @y (1 ® 1)) (0m)
holds. In the homology H* (M), we have

. 1 . .
w; = —xyz' " — Eyﬁl—l + (i — 1)zxgz 2

for i > 2. Moreover the following equations hold in H* (M%}\Z/I)

(m—1-)xZ P yzgz" > 4 (i — Dxxgz 2" 1 =0,
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By these equations, we conclude that Dlp(v;) = H(A' ® 1)(7,) = 0 and

Dlp(vwm) = H(A' @ 1)(},)

m-2 m—2)!
Z (i— 1() [(m 2); —9)! (wi ® Ui — Vi1 @ Wy 1-)

l:

for m > 3. Similarly, we can compute Dlp(w,) as below. Let @, be a cycle
in My ®pye2 My described in Lemma 4.2. Denote by @;,,; a element of
Mot @ ayez (Mim ® Mpy) given by

n+1 n_l _1 ) 1—i
Y. n( z )1®(zz ® Zyz" ’)—I—n( 2)1@(23@72’_ ® 2"t
i=0

+ <:l)1® (xZi(X)]]Zn_i)—l— (ifl)l(g’(xﬁl 1®Zn+1—1')

+ n(?:11>1 ® (zx2 1@ gz" ") — n(n_ 11)1 ® (zgZ @ 72" )

—n(nzl)yéé(xz ® g1

=

+(n+1-1) (i - 1) (x @ '@ ) e (xiE @ xzn—i))
—in(nzl) (f@(zyz RV 4 @ (272 @ xgE l))
; AYE cosi—2 o st
+nn+1—1i) _ <x®(zxyz ®gz" )
+ 7@ (2852 2@:22”"’)))
— n—1—iy _ (11 cosi—l o i
Z << )1®(xyz ® X7z ) (i—1)1®(xxyz ® 2 )
(n=1\_ 2y n—1—i
+il 7@ (xx72 ' @ Xz ) |-

It is readily seen that the element @, is a cycleand H(¢® 1)(@;,) = H(p ® 1) ®,
(y ®1))(wy). Therefore, by a straightforward calculation,

! iy = (n—1)!
Dlp(wy,) = H(A @ 1)(@),) = ; =)

[ Wi & Wy -

This completes the proof. n

In the rest of this paper, we give a computation of the dual loop coproduct
on H*(LM;Q). Let T : M,y — M, be a map defined by T@®@b®1) =
(-D)lltlp a1, T(%) = —%, T(§) = —jand T(2) = —Z fora, b € AV. This s
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just a map described in the diagram (6). We also see that —A'T = TA'. By Lemma
2.3, it implies that

Dlcop (a1 ® a2) = (—1)" 121+ Dlcop (a; @ a7)
for aj, ap € H*(LM; Q).
Theorem 4.4. One has

Dlcop (H*(LM,—Q) ® Hiop) (LM; Q)) — {0},

Dlcop (Hz‘zz) (LM; Q) ® H* (LM; Q)) - {0},

and for generators a, b in H Ek <1)(LM;Q) described in Theorem 4.1, the following equa-
tions hold; -

(—x' Tl (a,b) = (¥, ¥/ %),
Xt (a,b) = (x'F, UF),
L (a,0) = (v )
Dicop(a@b) =4 ¥ = . . " ST
p( ) _;1/1+]+1y (a,b) = (}{ly:y]y),
Xy (a,b) = (%,9),
L 0 (otherwise).

Proof. It is easily seen that these elements

lede)el, 1eyel)®l,
1eX¥e)el+(1erel)2 (121 F),
10y el+(10yel)(10137),

are cycles in M1 ® yy«2 M) and the map € ® 1 sends each cycles to Xy, xix
and y'7j, respectively. Hence, by a straightforward computation,

Dlcop («/ @ % '%) = —chop(xif@) xj) _ _xi—i—j—s—l,
Dlcop (x'% ® /%) = x' /T 1g,

Dlcop(y/ @ y'ij) = —DlCOp(y joy) =yt
Dlcop (v'7 ® y'§) = —y 11y,

Dlcop(% ® i) = Dlcop(j ® %) = x¥.

Let 7, and @, be cycles in M ;1 ® pye2 M1 described in Lemma 4.2. We may
write 7, = ZU 1) ® T2 and @, = Zw (1) ® Wy(2) for some 7 m(1)r Om(2)r Wn(1)s
Wy(2) in M. By the definition of 3, we have A'(7,,(1)) = 0 or (E® 1) (Op2)) =
0. It implies that

Dlcop(a ® vy,) = —Dlcop(vy, @ &) =0

for any « € H*(LM;Q). Similarly, at least one of A'(w,,(;)) and (€ ® 1)(,,(y)) are
zero. It follows that Dlcop(a ® wy,) = —Dlcop(w, ® a) = 0. ]
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