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Abstract

Symmetric cohomology of groups, defined by M. Staic in [2], is similar to the
way one defines the cyclic cohomology for algebras. We show that there is a well-
defined restriction, conjugation and transfer map in symmetric cohomology, which
form a Mackey functor under a restriction. Some new properties for the symmetric
cohomology group using normalized cochains are also given.

1 Introduction

Symmetric cohomology for groups was introduced by M. Staic in [2] in order to associate
to topological spaces some elements in the third symmetric cohomology of some groups.
Further algebraic properties of symmetric cohomology of groups in low dimension were
studied by the same author in [3]. M. Singh also studies symmetric continuous cohomol-
ogy of topological groups in [1]. He shows that the symmetric continuous cohomology
of a profinite group with coefficients in a discrete module is equal to the direct limit of
the symmetric cohomology of finite groups. In Section 2 we continue the investigation of
the first symmetric cohomology of a group and we propose a new approach for defining
symmetric cohomology (with coefficients in a particular G-module, where G is a group)
using normalized cochains, which seems to give some easier conditions to be verified.
In Section 3 we prove the main result of this paper, Theorem 3.2 where we verify that
the restriction, conjugation and transfer in symmetric cohomology satisfy the axioms of a
Mackey functor. Some axioms are verified in general but for a few we need a restriction.
If we can drop this restriction remains an open problem, which is proposed in Remark 1.1.
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We believe that these results should be important for further developments in algebraic
and topological context.

For the rest of this section we recall the definition of symmetric cohomology of
groups, some notations and definitions for group cohomology. First we recall some well-
known facts about ordinary group cohomology: restriction, transfer and conjugation map.
We will give the explicit description of these maps using standard cochains from [4]. Let
G be a group, let A be a G-module and n > 0 an integer. For G/H the set of left cosets
of H in G, also denoted G = |J.¢g/y ¢, choose once and for all a representative ¢ € c. By
convention if c = H we require ¢ = 1. If g1,...,g, are n elements from G we will use the
notations

X1 =81---8n> X2 =82---8n> -++> Xn = &n-

Recall that the abelian group of n-cochains is C"(G,A) = {0 : G" — A} and we define
the differential 9" : C"(G,A) — C""1(G,A) by
&n(G)(gl,...,gn_H) =

n

816(82.- - 8nr1) + Y (=1)'0 (81, 8igi 1+ 8nt1) + (=1)" T (g1, . 8n)-
i=1

The homology of the cochain complex (C*(G,A),d*) is called the cohomology of G with
coefficients in A
H"(G,A) := Kerd" /Tmod" .

Let H be a subgroup of G and g € G. Sometimes, when more groups are involved, for
explicitness we will denote the differential with an index. For example dy, dsy are used
for cohomology of the group H, respectively of the group 8H, where ¢H = gHg~!. By
[4, Proposition 2.5.1] we have:

1.1. Restriction.
resg; : H*(G,A) — H"(H,A), res§[c] = [res§(0)],
where res$ (o) (hi,...,hy) = 6 (h1,...,hy,) for any hy,...,h, € H and 6 € Kerdy.
1.2. Conjugation.
cen :H'(H,A) = H"(*H,A), cgn[0] = [con(0)],
where cg g (0)(8hy,...,8h,) = go(hy,...,h,) forany hy,...,h, € H and o € Kerdy;.

1.3. Transfer.
' : H'(H,A) — H'(G,A), u$[o] = [t (c)],

where

w5 (0)(g1,....81) = Y. FCO(FC 'gITC.ToC ' g2TiC, .. .. TnC ' guT)
ceG/H

forany g1,...,8, € G and ¢ € Kerd};. Notice that R’lgixiﬂc € H and Xy¢ 'guc € H
foranyie{l,....n—1}
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In [2] M. Staic defines an action of X, (the symmetric group on n + 1 letters) on
C"(G,A), using a generating set of transpositions {(1,2);(2,3);...;(n,n+1)} by

14.
((1’2)6)(g1”gn) = _glc(gl_laglg%g:‘?""’gn)a

((i,i+1)0)(g15---,8n) = —0(81,----8i-18-8; '+8i&i+15---»8n) for1 <i<n,
(nn+1)0)(g15---.81) = —0(81:82,- -, 8n—18n:8n ' )-

Now [2, Proposition 5.1] assure us that formulas 1.4 give a well-defined action of 2,1 |
on C"(G,A) compatible with the differentials d. Hence we have a new cohomology.

Definition 1.5. [2, Definition 5.2] The subcomplex of invariants denoted CS"(G,A) =
c" (G,A)Z"H is called the symmetric cochain complex. Its homology is the symmetric co-
homology of G with coefficients in A and is denoted HS"(G,A) = ZS"(G,A) /BS"(G,A).

2 Some remarks on HS!(G,A) and HS?(G,A).

In [3] the author gives conditions for the natural map HS"(G,A) — H"(G,A) to be injec-
tive. For the first and the second symmetric cohomology these natural maps are injective
in general. Similar results are obtained in [1] for (symmetric) continuous cohomology of
topological groups, denoted (HS?(G,A)) H?(G,A). We will show the easy detail, missed
in both papers, that for the first symmetric cohomology group we actually have an equal-
1ty.

Proposition 2.1. With the above notations we have an equality HS'(G,A) = H!(G,A).

In particular, in the context of continuous symmetric topological groups ([1, Section 3])
we have HS!(G,A) = H!(G,A).

Proof. Recall the well-known fact H'(G,A) = Der(G,A)/Pder(G,A), where
Der(G,A) ={0:G—A|o(gh)=go(h)+0o(g)},

Pder(G,A) ={0,:G—A|a€A, o,(g) =ga—a}

One can see, from Definition 1.5, that ¢ € CS!(G,A) if and only if 6(g) = —go(g™!).
Therefor ¢ € ZS'(G,A) if and only if 6(gh) = go(h) + o(g) and 6(g) = —go(g).
We will prove next that ZS' (G,A) = Der(G,A). The inclusion from left to right is trivial.
Let 6 € Der(G,A) and take g = h = 1 in the derivation relation to obtain (1) = o (1) +
o(1), thus 6(1) = 0. Now take 4 = g~ ! in the same derivation relation to get

o(1)=go(g™")+o0(g).

Since 6 (1) = 0 we obtain that o € ZS'(G,A).
One can also see from Definition 1.5 that CS°(G,A) = A; hence the definition of 9°
assure us that Pder(G,A) = BS'(G,A). ]
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It is known that if we use normalized cochains the group cohomology is the same. We
will show that by using normalized cochains the conditions on a symmetric cocycle and
on a symmetric boundary are much easier to handle. Let n > 0 be an integer. Recall that
H"(G,A) =Z7"(G,A)/B"(G,A), where ¢ € Z"(G,A) is anormalized cocycle if (o) =
0 and

o(g1,.--,81) =0
for any gi,...,g, € G with some g; = 1 where i € {1,...,n}. Similarly we have the

definition of a normalized boundary. We say that a n-cochain ¢ : G" — A satisfies the (*)
conditions if

G(gl’g]_]’g3,---,gn) =0
G(gl"'"giflagi,gi_]’gi—&-z,...,gn) — 0 for 1 < l < n_l

6(81,~ . ~,gn—27gn7gr71) = 0

for any gi,...,g, € G. Also, we say that a n-boundary o : G" — A is a n-(x)-boundary if
there is B : G"~! — A which satisfies the corresponding (*) conditions such that 9" (f) =
o. For the rest of this section we will work with normalized n-cochains in the case of
usual group cohomology. For p an integer we denote by ,A the subgroup {a € A | pa = 0},
which is the p-torsion subgroup of A.

Proposition 2.2. Let A be a G-module such that ;A = 0. Then:
(a) ZS"(G,A) is the abelian group of all normalized n-cocycles which satisfies ().

(b) BS"(G,A) is the abelian group of all normalized n-(x)-boundaries which satisfies

().

Proof. a) Leto € ZS"(G,A). Then for any y1,...,y,+1 € G we have

n
)’10-()’2,---,)%—&-1) + Z (_1)16()’1,”-,)’j)’j+l,~--,)’n+1)+
j=1

(=) o(y1s..yn) =0 (1)

and
o(g1,--»8n) = —810(g; . 8182,83---8n) )

G(g]7~-~7gn) = _G(gla"'agi—]gi7g;17gigi+]a'~'agn) for 1 < l <n (3)

6(g1s.28n) = —0(81.82+ -+ &n_18n:85 ") 4)
for any g1,...,8, € G.

We take g, = 1 in (4) to get o(g1,...,8n—1,1) = —0(g1,...,8n—1,1) and since
»A = 0 we obtain o(gy,...,8n-1,1) =0. Let gy =1in(2) and g; = 1,1 < i <n,
in (3) to obtain similarly that o is normalized. We take g, = gl_l in (2) to obtain
the first condition of (x); we use that ¢ is normalized. In the same way we take
8it1=8; l ,1 <i<n,in(3)and g,_; = 1 in (4) to obtain the remaining conditions

of (x).
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b)

For the reverse inclusion let ¢ € Z"(G,A) such that (x) is true. It follows that o is
normalized and satisfies (1). In (1) we take

VI = 81,Y2 =81 Y3 = §182:V4 = &3s- Vi1 = &n

to obtain (2). By taking in (1)

VI =8l Vnl = &n18nYn = &y sVni1 = &n

we obtain (4). Next, we fix i such that 1 <i < n and let

y] - gl7~ . ~7yi = gi7yi—|—] - g;l,)’i+2 - gigi+1,)’i+3 - gi+27~ . ~7yn—|—] - gn

It follows that in the sum from (1) for j =i — 1 we obtain

(_l)iilc(gl’---’gi—]gi,gflagigi+]’---’gn),
for j =i+ 1 we obtain .
(1) o (g1s....8n)

and all the other terms are zero, since ¢ is normalized and satisfies (*), hence (3)
is true.

Let o € BS"(G,A). Then there is 8 : G*~! — A such that for any y1,...,y, € G we
have

O(V1seesdn) =
n—1 )
B2 )+ Y (=D BO Yyt yn) F (1) BO1L - ynm1) (5)
j=1
and
Blgis--gn1) = —g1B(g;"+8182:835 -+ 8n—1) (6)
Bgis--gn1) = —B(g1s . 8i-18i-8 '+ 8igit1,--»gn-1) forl<i<n—1 (7)
B(gis-rgn-1)=—B(g1,82 - 8n—28n-1-8, 1) (8)

for any g1,...,84,—1 € G. We take g1 =11in(6), gi=11in (7) and g,—; = 1 in (8)
to obtain that f is normalized. Since f is normalized and satisfies (6), (7), (8) the
same proof as in the first part of a) assure us that ¢ is a n-(x)-boundary. Since
BS"(G,A) C ZS"(G,A) we know from a) that o satisfies (x).

For the reverse inclusion let 6 € B"(G,A) be a n-(x)-boundary which satisfies (x).
So there is 3 : G"~! — A normalized such that (5) is true. In (5) we consider

VI =81LY2 =81 V3 = §182:Y4 = 83+ Vn = &n—1

to obtain (6). To obtain (8) we take

VI =81,Y2=82-->Yn—2 = &n—28n—1-Yn—1 = g,j_ll,yn = gn—1

in (5). For the last condition fix i such that 1 <i <n—1 and let

yl :gla"',yifl :giflgl"yl' :gi_]’yi+l :gi,--w)’n :gnfl-
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Now, in the sum from (5) for j =i — 1 we obtain

(_1)i_lﬁ(gla---agn71),

for j =i+ 1 we obtain

(=)' B(g1s---8i-18i-8F '+ &igit1---28n—1)
and all the other terms are zero; hence (7) is true. [ |

For n = 2 we have the next corollary which shows us that using normalized cochains
the conditions to define symmetric cocycles and coboundaries appears to be more easy to
remember and to work with them.

Corollary 2.3. Let A be a G-module such that ,A = 0. Then:
(a) Z8*(G,A) =Z7*(G,A)N{c:GxG—A|c(g.g" ') =0,Vg € G},
(b) BS*(G,A) =B*(G,A)N{c:GxG—A|c(g.g7!)=0,Ygc G

3 Symmetric cohomology and Mackey functors

In [1, Corollary 4.2] Singh proves that there is a well-defined restriction and inflation
map for continuous symmetric cohomology. Using explicit descriptions we will define
a restriction, conjugation and transfer map in algebraic context, for symmetric cohomol-
ogy. Moreover we will investigate when these maps give a Mackey functor; see [5, §53].
If 0 € CS"(G,A) NKerd”" is a symmetric cocycle we denote by [o]s € HS"(G,A) its co-
homology class.

3.1. Let K <H < G andn > 0 an integer. It is easy to show that
rg HS"(G,A) — HS"(H,A); r§([o]s) = [res(o)]s
is a well-defined linear map and satisfies rg o rfl = rg.
Lemma 3.1. Let H be a subgroup of G, g € G, A be a G-module and n > 0 be an integer.
(1) If 6 € CS"(H,A) then cqu(0) € CS"(8H,A) and trg(c) € CS"(G,A).
(2) The following two diagrams are commutative

Cg.H

CS"(H,A) CS"(¢H,A) |
|7 |,
CS"HU(H,A) — 2~ s+ (3H,A)
trg
CS"(H.A) CS"(G,A)

K K
G

CS™(H,A) — . cS™1(G,A)
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Proof. (1) We will show the statement for trg; the similar statement for cg g is left to
the reader. Let g1,...,g, € H. We have

((1,2)tr(0))(g15---.&n)
= —gitr (0) (g7, 2182.83,-- -, &n)

S R F | S -1 =
= —gi Z X¢0 (X2¢ g XIC,XIC  g182X3C,X3C  §3X4C, ..., XoC  &nC)

ceG/H
= Y —¥exie 'gimeo((xic 'g1%c) L XiC ' g1Xac Xae ' go¥ae, ... Tl ' guC)
ceG/H
= Y xe((1,2)0)(xc 'g15e. 3¢ | gaWAC, . .., Tnl ' guC)
ceG/H

=tr'%(0)(g1s....8n)
where the last equality is true since o € CS"(H,A).
Let i be an integer such that 1 <i < n.

((i,i+ l)trg(c))(g1,...,gn)
= —tr5(0) (g1, - 8118185 ' +8i&i+15--»8n)

- 1 1 _
= - Z xlCG(xlc 81X2C, ..., Xi—1C " &i—18iXi+1C,
ceG/H

S [ F— — 1 =
Xit1C & XiC,XiC  8i&it1Xit2C- -, XnC  &nC)

= Y xe((ii+1)0)(x1c ' g1%20. %20 ' gaX5C, ... Xul ' guC)
ceG/H

=t (0)(g1,---.8n),

where the last equality is true since o € CS"(H,A). Finally for the action of
(n,n+ 1) we obtain

((n,n+1)t5(0))(g15-- -0
= —trg(G)(gl,...,gnflgn,g;l)

1

-1 - — 1
1 1 1 1 I 1=
=— ) xgi'co(xign'c gixagn'c,....xn 180'C gn-18n8n C:gn'C 8, 'C)

ceG/H

If ¢ runs in G/H then g, 'c runs in G/H hence we can replace g, 'c by ¢ and we
continue the above equalities:

((nn+ 1)t (o)) (81 8n)

S A | — S P p—
=— Y xico(xic ' g1%C, ... G ' gn_18nC.T '8, 'GuC)
ceG/H

=— Y Xico(¥c 'giXC... . X1 ' gn_18nC ZuC ' gnC.(ZuC 'gnC) ")
ceG/H

= Y ¥e(nn+1)o(XC ' g1%0, ..., BIC | gn1TaC,XnC | gnT)
ceG/H

e P S R
= Z X1CO(X1C g1X2C,- - »Xn—1C  &n—1XnC>XnC  &nC)
ceG/H

=115 (0) (81.---.8n):
where the fourth equality is true since 6 € CS"(H,A).
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(2) The proof of statement (2) follows from the similar result for the usual group coho-
mology and statement (1). ]

Now Lemma 3.1 assure us that there are well-defined linear maps, conjugation and
transfer, which we consider in the next definition.

Definition 3.2. The conjugation map for symmetric cohomology is
cor t HS"(H,A) - HS"(*H,A), cou([0]s) = [con(0)]s,
and the transfer map is
t5 - HS"(H,A) — HS"(G,A), t([o]s) = [t5j(0)]s,
where 6 € CS"(H,A) is a symmetric cocycle.

Remark 3.3. It might be possible that cey and tg to be defined as consequences of
[1, Proposition 4.1] but we prefer these explicit constructions.

It is well known that there is a natural map from the symmetric group cohomology to
the usual group cohomology

i: HS"(G,A) - H"(G,A), i([o]s)=[o].

Theorem 3.2. Let n > 0 be an integer, let K,H be subgroups of G with K < H and
g € G. If the natural map i : HS"(G,A) — H"(G,A) is one to one then the family of
abelian groups {HS"(H,A)}u<c together with the linear maps {ri ,t¥ ,co '}k <m gec is
a Mackey functor.

Proof. We recall the well-known axioms of a Mackey functor [5, §53] which we want to
prove

@) rfrgzrf; tllgtfztﬁingKgH;
(i) rjf = tf] = idyusr (g a)5
(iil) conm = Co hHChH if g,h € G;
(iv) cpp = l‘stn(H’A) ifhe H,;
) coxr =rfleony, cont! =t;Hc,xif K<Handg€G;

(vi) Mackey axiom: if L,K < H then

H L hg
ity = Z Tk Lk ChK -
he[L\H/K]

The first part of statement (i), statements (ii),(iii) and (v) are easy to verify since the
equalities hold for maps of cochain complex in general, the without hypothesis that i is
injective. We exemplify with (v). Let o € CS”(H,A) and g1,...,g, € K and g € G. We
have

co i (1esg (0))(%g1,-...5¢n) = gresg (g1, .8n) = 80(g15-- . 8n);
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reseg (Co.r(0)) (3810 58n) = cok(0)(521.....58n) = 80(g1.- .. 8n)-

For the second part let 0 € CS"(K,A) and gy, ...,8g, € $H. By abuse of notation we use
the same notations for t}g asin 1.3.

con (trg (0)) (31, ..%8n)
:gtr,’?(gl,...,gn)
=g Y ¥co(xic 'gi%e,Xac ' gaX3e, ..., XnC ' gnT)

ceEH/K

It is clear that if H = J.cy, g ¢ then $H = Usceeps e 8¢ and &c = 8¢ for any ¢ € H/K.
Hence we have

trek (cox (0)) (3815 --,58n)

= Z 8x18¢c cg,K(G)(gxlgcilgglgngc, ... ,gxngcilggng)

8cesH /8K

_ 0] 1

= Z gxicg g0 (X1¢ ' g1X2C,. .., XnC  gnC)
sceqH /$K

=g Y Xco(FC 'giXC,. .., XnC ' guC)
ccH/K

For (iv) we need to prove that ¢, g (0)]s = [0]s if h € H and o is a symmetric cocycle.
Since for the usual group cohomology we have that [c;, ;(0)] = [0], using the injectivity
and the definition of i we are done. With some technical adjustments similar arguments
work for (vi) and the second part of (i), again using the injectivity of the map i. ]

By [3, Proposition 4.1] and Theorem 3.2 we have the next corollary.

Corollary 3.3. Let n > 0 be an integer , let K,H be subgroups of G with K < H and
g € G. Let A be a G-module such that n+ 1 is not a zero divisor and the equation n!x = a
has a unique solution. Then the family of abelian groups {HS"(H,A)} y<¢ together with
the linear maps {ri ,t¥ ,co n'} k< gec is a Mackey functor.

Remark 3.4. We observe from the proof of Theorem 3.2 that some axioms of the defini-
tion of the Mackey functor for symmetric cohomology are proved in general without the
assumption that i is injective. It is an open problem if all the axioms can be proved in
general, without this assumption.
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