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Abstract

This paper concerns with a parabolic system coupled via nonlocal sources,
subjecting to homogeneous Dirichlet boundary condition. The main aim
of this paper is to study conditions on the global existence and finite time
blowup of solutions. By using the super- and sub-solution techniques, the
critical exponent of the system is determined. Furthermore, the related clas-
sification for the parameters in the model is optimal and complete.

1 Introduction and main results

In this paper, we investigate the global existence and finite time blowup of non-
negative solutions for the following parabolic system with nonlocal sources

ur = Au + ||uv|f, (x,t) e A% (0,T),
v; = Av + ||uvl|l, (x,t) e A x (0,T)
(1.1)
u(x,0) =ug(x), v(x,0)=1vp(x), x€Q,
u(x,t) =0, v(x,t) =0, (x,t) €9 x (0,T),

where Q be a bounded domain in RN(N > 1) with smooth boundary 9Q), and
up(x), v (x) are nonnegative bounded functions in (), constants «, > 1, p,q > 0,
where || - || = fQ |- |*dx.
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Equations (1.1) constitute a simple example of a reaction diffusion system ex-
hibiting a nontrivial coupling on the unknowns u(x, t), v(x, t). Such as heat prop-
agations in a two-component combustible mixture [1], chemical processes [2],
interaction of two biological groups without self-limiting [3], etc.

In the past several decades, a number of works have been contributed to the
study of the following weakly coupled reaction-diffusion system

= Au+uPo”, v =ANo+uP20?, (x,t) € Qx(0,T), (1.2)

(see [1],[4]-[6] and references therein), especially its special cases p; = g2 = 0
(variational) or g1 = p» = 0 (uncoupled single equation). For the case p; =
g2 = 0, Escobedo analyzed the boundedness and blow-up of solutions|7]; Caristi
obtained the blow-up estimates of solutions[4]. Wu Yuan studied the uniqueness
of generalized solutions with degenerate diffusion[6]. It is well known that there
have been much more results for the uncoupled single equation case q; = po = 0,
including necessary and sufficient conditions for finite blow-up[8], estimates of
blow-up time[9], blow-up rates[10] and blow-up behavior[11].

The general form of (1.2) was systematically studied by Escobedo[5]. They
gave a complete analysis on the critical blow-up and the global existence num-
bers for the Cauchy problem of (1.2), where the introduced parameters « and

‘E S. g

played important roles in their framework.

Meanwhile, the system (1.2) was also studied by Wang in [12] and Zheng in
[13] with different methods. Some interesting results concerning the global exis-
tence and blow-up conditions of the solutions are established.

Lately, Li et al. in[14] and Zhang et al. in[15] studied the following system

Uy = Au—l—/ (x,t)0" (x,t)dx, v = Av—i—/u”xt)vq(x t)dx, x € O, t >0,

ur = Au~+a(x)uPr(x,£)o(0,t), v = Av+ b(x)oP2(x, t)u®(0,t), x € B,t >0,

respectively. They obtained some results on the global solutions, the blow-up
solutions and the blow-up rates.

Our present work is motivated by [5] and [12]-[15] mentioned above. The
main purpose is to extend Escobedo’s method in [5] to system (1.1) and estab-
lish the critical exponent which concern with the global existence and finite time
blowup of solutions.

For a solution (u(x,t),v(x,t)) of (1.1), we define

T* = T*(u,v) = sup{T > 0: (u,v) is bounded and satisfies (1.1)}.
Note that if T* < +oo, then we have

limsup ||u(x,t)||L= = +c0  or limsup |[v(x,t)||Le = +oo,
=T+ =T+

in this case, we say that the solution (u, v) blows up in finite time.
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Throughout the remainder of this paper, we denote

l=p —p lh )
A= , = .
( —q 1—9q ) ( )
Then, let us state our main results, the two theorems concern the global exis-
tence and blow-up conditions of the solutions to system (1.1).

Theorem 1. If one of the following conditions holds:

(1) p,q <Land pg < (1—p)(1 —q);

(2) p,g <1,pq > (1—p)(1—q)and the initial data uy(x), vo(x) are sufficiently
small;

B)p,g<1,pg=(1—p)(1—q)and the domain (|QY|) is sufficiently small.
Then every nonnegative solution of system (1.1) exists globally.

Theorem 2. If one of the following conditions holds:

(1) p,g <1,pg > (1—p)( —q), and the initial data uy(x), vo(x) are sufficiently
large;

(2) p,g<1,pg=1-p)(—q), thedomain contains a sufficiently large ball, and
initial data ug(x), vo(x) are sufficiently large.
Then the nonnegative solution of system (1.1) blows up in a finite time.

This paper is organized as follows. In the next Section, we establish the local
existence and give some auxiliary lemmas. In Section 3, which concerns global
existence, we prove Theorem 1. Theorem 2 which deals with the blow-up phe-
nomenon is proved in Section 4.

2 Local existence and comparison principle

At first, we give the maximum principle and the comparison principle for the
nonlocal parabolic system. Let 0 < T < 4oo, we set Qr = Q x (0,T),
Qr = O x [0,T], S = 9Q x (0,T) and define the following class of test func-
tions:

¥ = {¢(x,t) € C(Qr); ¥, AY € C(Qr) N L*(Q1); ¥ = 0;9(x,t)|xeaq = 0}

Definition 1. A pair of vector function (7i(x,t),3(x, t)) defined on Qr, for some T > 0,
is called a sub-solution of (1.1), if i, o € C>'(Qr) N C(Qr) and all the following hold:

(1) @(x,t),0(x,t) € L*(Qr);

(2)d(x,t),0(x,t) < Ofor(x,t) € St,and forall x € O, ii(x,0) < up(x),d(x,0) <
vo(x);

(3) For every t € [0, T) and any ¢, ¢, € ¥,

t
/Q ((x, )1 (x, £) — o (x)p1 (%, 0)) / (i1 + a0y + || @0]|Ly ) dxds,

0 JQ

~~

/Q(ﬁ(x,t)tpz(x,t)—vo( X) 2 (x,0)) /0 [ (o9 + o8s + | 9] ¢2)d(3;dls)
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A super-solution (i(x, t),7(x,t)) can be defined in a similar way.

A weak solution (1, v) of (1.1) is a vector function which is both a sub-solution
and a super-solution of (1.1). For every T < +oo, if (1,v) is a weak solution of
(1.1), we say the (u,v) is global.

Lemma 1. (Maximum principle) Suppose that w1 (x,t), wa(x,t) € C*(Qr) N C(Qr)
and satisfy

(

Miw = w1y — Awy — f1 /Q(anl + cppwy)dx >0, (x,t) € Qr,

Mow = wy; — Awy — f2 /Q(Clel + sza)z)dx >0, (x/ t) € Qr, (2.2)

wi(x,t) >0, wa(x,t) >0, (x,t) € St,
w1(x,0) >0, wa(x,0)>0, x €,

\
where fi(x,t) and c;j(x,t) are the nonnegative functions in Qr. Then wj(x,t) > 0 on
Qr.

Proof. The technique for proving the maximum principle for parabolic equa-
tion is quite standard. Here we shall sketch the argument for the convenience of
the reader.

Suppose the strict inequality of (2.2) hold, then we assert that w;(x,t) > 0
(i = 1,2) on Q7. According to w;(x,0) > 0(i = 1,2), by continuity, there exist
0 > 0 such that w;(x,t) > 0forallx € O,0 <t < J. Let

A=1{6<T:wixt) >0, (xt)eQx[00,i=12}

andf =sup A, then0 <t < T.

If f < T, there holds w;(x,t) > 0in Q x (0,f], and at least one of w,w,
vanishes at (¥, f) for some ¥ € Q). Furthermore, by the boundary conditions we
know that ¥ € (). Without loss of generality, we suppose w1 (%, f) = 0. In view
of the boundary conditions, we know w; > 0 on 9Q) x (0,f]. So w; takes the
nonnegative minimum on Qs at (%, f). Then, at (%, f) we find that

le = W1t — Aw1 — f1 /Q(cllwl + Clza)g)dx < 0.
This is a contradiction from (2.2). Hence f = T, that is w;(x,t) > 0(i = 1,2) on
Qr.

Now, we consider the general case. Take constant -y satisfies

> c11 + c12)dx, /c ~+ cpp)dx
0% (xI,It;?éT{fl/Q( 11 +c12)dx, fo Q(21 2)dx }

and set @;(x,t) = w;(x,t) +ee", (i = 1,2), where ¢ is any fixed positive constant.
In view of (2.2), we can get

( M@ = Miw + e (v — f1 /Q(cn + c12)dx) > 0, (x,t) € Qr,
M@ = Mpw + ee" (v — fo /0(021 + cp)dx) >0, (x,t) € Qr,
@1(x,t) > e’ >0, @i(x,t)>e? >0, (x,t) € St,
@1(x,0) =wy(x,0) +e>0, @2(x,0) =wy(x,0)+e>0 x€Q.
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Therefore, we have @;(x

X, ) 0, that is w;(x,t) + e’ > 0 on Q. Lete — 0T, it
follows that w;(x,t) > 0(i =

) on Q7. Thus the proof is completed. n

Based on the above lemma, we obtain the following comparison principle.

Lemma 2. (Comparison principle) Let (il,7) and (i1, ) be a nonnegative sub-solution
and a nonnegative super-solution of system (1.1), respectively. Then (if,7) < (il,7) on
Qr if

(i1(x,0),7(x,0)) < (ii(x,0),9(x,0)) and either

/(ﬂﬁ)“dx>p>0/ 5)fdx>p>0 or
Q
/Q(m;) dx>p>0/ 5)fdx>p >0 (23)

hold.

Proof. Subtracting the integral inequalities of (2.1) for (%, 7) and (#,7), and
using the mean value theorem, we have

/Q (a(x,£) — a(x, ) 1 (x, )dx < /Q (a(x,0) — @ (x,0)) 1 (x, 0)dx
+ /t/ it — i) (¢1s + Ay )dxds

—I—/D1 / 77uH1xsdx /1p1dx
+/D1 / ﬂUHlxsdx /Lpldx

Dy(s) = /0 13(9 /Q (@0)%dx + (1— 6) /Q (aﬁ)“dx)m_lde,

4

where

Hy(x,s) = /01 o (05 + (1 — G)ﬁﬁ)“_ld(?.

Since (i, 7) and (i1, 7) on Qr are bounded, it follows from « > 1 that Hy(x,s)
is a bounded, nonnegative function. Similarly, D1 (s) is bounded 1f p/a > 1. Now
if p/a < 1, we have Dy(s) < pP/*~! by the assumptions. Thus, appropriate test
function ¢; may be chosen exactly as in [16] to obtain

Sl ) = e D) < gl | [(x,0) = (x,0)] v
+h / / — i), +[6— 9] )dxds, (2.4)

where w; = max{w,0} and k; > 0 is a bounded constant. Similarly, we can
prove

[ 10t = 9 )] dx < 9alles [ [8(x,0) = (x,0)]dx
-|-k2/0 /Q (@ — )4 + [0 — 0]+ )dxds (2.5)
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for some bounded constant k; > 0. Now, (2.4)-(2.5) combined with the Gron-
wall’s lemma show (if, ) < (i1, 0) since (7i(x,0),9(x,0)) < (i(x,0),7(x,0)). Thus
the proof is completed. n

In order to prove the local existence of solution, for k = 1,2, --- , we consider
the following corresponding regularized system

(i) = Aficuie) + | fie(uie) g (o) 11K (x,t) € Qr,
(v0)r = Ag(vi) + || fic (i) gk (o) ||, (x,t) € Qr, 2.6)
up(x, t) = v(x, t) = 1/k, (x,t) € St, '

up(x,0) = ugi(x) +1/k,  v(x,0) = vgi(x) +1/k, x € Q,
where

. Uy, Uj } 1/k, . Ok, Ok } 1/k,
ficlue) = { 1/k, e <1/k, k() = 1k, o < 1/k

and ug;(x),vp;(x) are smooth approximation of ug(x), vo(x) with suppuy C Q
and suppuvy; C (), respectively. It is known that the system (2.6) has a unique clas-
sical solution (ul,v}) € C(Q x [0, T;(k))) NC>1(Q x (0, Ti(k))) for 0 < T;(k) < oo
by the classical theory for parabolic equation, where T;(k) is the maximal exis-
tence time. By a direct computation and the classical maximum principle, we
have ut, vl > 1/k. Hence (ul,v}) satisfies

(up)r = A(u) + upoplle, () = D0}) + lupoillf,  (vt) € Qry  27)

with the corresponding initial and boundary conditions. At the same time, pass-
ing to the limit i — oo, it follows that

ue(x,t) = lim ut(x, 1), ovp(x,t) = lim o (x,t)
1—00 1—00
and (u, vi) is a weak solution of

(e = Awg) + lugoille,  (on)e = Do) + o, (xt) € Qry (28)

with the corresponding initial and boundary conditions on Qr(), where T (k) =
lim; o T;(k) is the maximal existence time. Here a weak solution of (2.8) is de-
fined in a manner similar to that for (1.1), only the integral equalities for u and v,
(2.1) may be replaced with

/Q (ur(x, )1 (3, £) — (uo(x) +1/k)¢1(x,0) ) dx
— /ot /Q (uxyprs + uxAypy + ||ukvk||§tp1)dxds + % /Ot /E)Q(aLpl/ay)do'dsl (2.9)
/Q (v (x, £) 2 (x, 1) — (v0(x) +1/k)p2(x,0))dx

t 1
— /0 /Q (vktp2s + kAP + Hukka%le) dxds + P /0 /BQ (Y, /9v)dods, (2.10)

respectively.
Since u}(, v}( > 1/k, applying Lemma 1, we have the following lemma.
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Lemma 3. Assume that w(x, t),s(x,t) € C(Q x [0, T;(k))) N C>1(Q x (0, T;(k))) is
a sub- ( or super- ) solution of (2.7). Then (w,s) < (=)(u},v) on Q x [0, Ti(k)).

According to Lemma 3, we have

Lemma 4. If ky > ky, then we have (uil,v};l) < (u}é,v};z) on Q x [0, T;(ko)) and
Ti(ky) = Ti(ky).

Then, from Lemma 4, passing to the limit i — oo, it happens that (u,, vk, ) <
(Mkz,Ukz) and T(kl) = T(kz) if k1 > kp.
Therefore, the limit T* = limy_,, T (k) exists and, as well, the point-wise limit

u(x,t) = im w(x,t), o(x,t) = lim v(x,t)
k—o0 k—o0
exist forany (x,t) € Q) x [0, T*). Furthermore, as the convergence of the sequence
is monotone, passing to the limit k — oo in the identities (2.9) and (2.10) is justi-
tied by monotone and dominated convergence theorems for any ¢, ¢, € ¥ and
t € [0, T*). Thus, the following theorem is established.

Theorem 3. (Local existence and continuation) Assume ug, vy = 0,1, vg € L=(Q)),
there is a T* = T*(ug,vg) > 0 such that there exists a nonnegative weak solution
(u(x,t),v(x,t)) of (1.1) for each T < T*. Furthermore, either T* = o0 or

timsup([(-,£) oo + [0 £)) = co.

t—T*

3 Global existence

In this section, we will prove Theorem 1. According to Lemma 2, we only need
to construct bounded, positive super-solutions for any T > 0.
Let ¢(x) be the unique positive solution of the following linear elliptic prob-

lem
—Ap(x) =1, x€Q; ¢(x)=0 xec.

Denote C = maxyecq ¢(x), then 0 < ¢(x) < C. Now, we define the functions i, 7
as

_ l _ I

a(x1) = (Kp(x) + 1), o(x8) = (Kp(x) + 1)), 31)
where constants [,/ < 1, and k > 0 will be fixed later. Clearly, for any T > 0,
(11,0) is a bounded function and # > ki > 0,5 > k2 > 0. Then, a series of
computations yields

=y

f— AT =— k(L —1)(e+ 1)V + Kl (o 4+ 1)1 !
>khl (o + 1) > ki (c+1)h (3.2)
Ha@”ﬁ —fp(hith) (g + 1)11+l2||§ < kp(hi+l2) (C+ 1)P(ll+lz) |Q|P/"‘. (3.3)
Similarly,

0 — A0 > KL (C+ 1), lao||f <kIBFRI(C+ 1)t Q@E/F (34
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(D Ifp,g <land pg < (1—p)(1—gq), then there exist constant 0 < &1 < 1
such that

1-e)A—-p)>0+e)g (A—e)d—q)>A+e)p. (3.5)
Hence, AL = (e1,¢1)7 yields
(1—ph—ph=¢, —qgh+(1—q)h=¢. (3.6)
That is,

I — e1(1—q) +ep - e1(l—p) +eq
T a-pa-g9-p P A-pA-q9 -pq

Moreover, 0 < I1,I; < 1. Therefore, we can choose k sufficiently large such that

(3.7)

|p/e
I

0f/?

a+oya)’

k> max { (12 a+or=) "l e

I

and
(k(p +1)" > ug(x), (k(¢ + 1)) > vo(x). (3.9)

(
Now, it follows from (3.2)-(3.9) that (i, ) is a positive super-solution of (1.1).
(2) Next, if p,g < 1and pg > (1 — p)(1 —g), then there exist constant 0 < &5 <
1 such that

(+e)i-q) <(-e)p (+ea)l-p) <(-ea) (10
Hence, AL = (—&, —¢>)7 yields
(1 — p)ll — plg = —¢&, —q11 + (1 — Q)lg = —é&). (3.11)

Namely,

eo(l—q)t+ep  _ e(l—p)teq
A-p)A-q)—pg > A-pA-9-p7

Furthermore, 0 < I1,I < 1. Therefore, we can choose k sufficiently small such
that

I =— (3.12)

k < min { ( |Ql|p/a (14C)" 1—82>1/€2 (|Ql|q/ﬁ (1+C)~ 1_82)1/82}. (3.13)

And provided ug(x),vo(x) are also sufficiently small to satisfy (3.9). Then, from
(3.2)-(3.4) and (3.9), (3.10)-(3.13), we know that (i, 7) is a positive super-solution
of (1.1).

(3) Finally, if p,g < 1 and pg = (1 — p)(1 — gq), then we may choose positive
constants I, < 1 such that

%p - % - 1%”7 (3.14)
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Thatis Iy = p(l1 + I2), 12 = q(I1 + I). Without loss of generality, we may assume
that O CC B, where B is a sufficiently large ball. And denote ¢g(x) is the unique
positive solution of the following linear elliptic problem

—A¢p(x) =1, x€B; ¢(x) =0, x € 9B.

Let Cp = maxyep ¢p(x), then C < Cy. Therefore, as long as () is sufficiently
small and such that

w/p I B/q
]Q]<mm{(c +1) , (C +1) 1. (3.15)
Furthermore, choose k large enough to satisfy (3.9). Then, it follows from (3.2)-
(3.4) and (3.14)-(3.15) that (1, 9) is a positive super-solution of (1.1).

Thus, according to the Lemma 2, the proof of Theorem 1 is completed.

4 Blow-up results

In this section, we prove Theorem 2, to this end, we only need to construct
blowing-up positive sub-solutions.

Denote by A; > 0 and ¢ (x) the first eigenvalue and the corresponding eigen-
function of the following eigenvalue problem

—Ap(x) = Ap(x), x € ; ¢(x) =0, x € 90 4.1)

It is well known that ¢;(x) may be normalized as ¢;(x) > 0 in QO and

maxq ¢1(x) = 1.
Now, we define the functions #(x, t), 3(x, t) as follows

~ l ~ I
a(x, 1) = (s()p1(x)) ", d(x 1) = (s(t)pr(x))?, (4.2)
where [1,l, > 1, and s(t) is the unique positive solution of the following Cauchy
problem
s'(t) = ks (t)(s™2(t) —k2), t>0,

{ 5(0) = 6 > 0. (43)
where constants k1,kp, 7, > 0 and r; > 1 to be fixed later. Clearly, s(t) > ¢
and become unbounded in finite time T(J). Next, we will show that (i, 7) is a
sub-solution of problem (1.1). A series of computations yields

A+ [|0]1] = (1 — 1)s"94 72V |* — Alys'ih! 4 eqsP )
2 _A'lllsllcplll + Clsp(ll+12)
-1 .4 €1 Ltl)—1 —h  Mh
:lel 14)11H5(Sp( 1+ 2) 14)1 1 _ T)
b1, 1 p(h+l)—1 _ M
> s 1¢11ES(SP( 1+h)—h _ ?)’ (4-4)
o = his' 'S/ (1), (4-5)
A + |||} >Ds" 14;121 s(s1hth)=h Acl—lz), o = L7192/ (1),  (4-6)
2 2
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where . .
+ +
e =1lg7 x>0, ca=lley 2} > 0.

(D Ifp,g <1land pg > (1 —p)(1 —gq), then there exist constant 0 < &3 < 1
such that

(1+e)(1—q) > 1 —e3)p, (14e3)(1—-p)> (1-e3)q. (4-7)
Hence, AL = (—¢3, —¢3)! yields
(1-phh—ph=—e3, —gqh+(1—q)h=—¢s. (4-8)
Namely,

11:_ Sg(l—l])+€3p I, = — 83(1_P)+83q ) (4_9)

A-p)A—-q) —ps > A-p)A-9—pq

Moreover, I1,1l, > 1. Therefore, if we choose

k1 = min a C—z}, ko = max{
L' I

Ml Al
L/ 1_2 , rT = 1, rp = &3. (4-10)
1 2

Then, kq,kp, 7 > 0,71 > 1. Thus, assume that uy(x), vg(x) large enough to
satisfy

i(x,0) = (6¢1)" < up(x), (x,0) = (6¢1)"2 < vy(x). (4-11)

Now, it follows from (4.1)-(4.11) that (i, 7) is a positive sub-solution of (1.1),
which blows up in finite time since s(t) does.

(2) Next, we consider the case p,q < 1 and pg = (1 — p)(1 — g). Clearly, there
exist positive constants /1, [ > 1 such that

p(ll + 12) -1 =0, q(ll + lz) — I, =0. (4-12)

Without loss of generality, we may assume that 0 € (), and let Bg(0) be a ball
such that Bg(0) CC Q. In the following, we will prove that (if, 7) blows up in
finite time in the ball Bg. Because of so, (i, 7) does blow up in the larger domain
Q.

Denote by Ap, > 0 and ¢r(r) the first eigenvalue and the corresponding
eigenfunction of the following eigenvalue problem

N -1
r

—¢"(r) - ¢'(r) = Ap(r), re(OR); ¢'(0)=0, ¢(R)=0.

It is well known that ¢r(7) can be normalized as ¢g(r) > 0in Bg and ¢r(0) =
maxg, ¢r(r) = 1. By the scaling property (let T = r/R) of eigenvalues and eigen-
functions we see that Ag, = R™?Ap, and ¢r(r) = ¢1(r/R) = ¢1(7), where A,
and ¢1(7) are the first eigenvalue and the corresponding normalized eigenfunc-
tion of the eigenvalue problem in the unit ball B;(0). Moreover,

n}_}?xcm('r) = ¢1(0) = ¢r(0) = rréix@e(r) =1
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Now, we define the functions ii(x, t), 9(x, t) as follows

i(xt) = (s(Opr(lx)",  3(xt) = (s()gr(lx])",

where s(t) is confined as in (4.3). Then, a similar calculation as that of (4.4)-(4.6)
yields

At + ||as||f > Lish 1 g%s(l - )‘i’;ll), iy = Lish s (t); (4-13)
AT+ ||} > 12512—14;}35—;5(1 — )‘iilz), o = Ls'> 1gRs/(t); (4-14)

where
v = llgg ™18 = ([ R (xdx) " = R¥ ([ 91" (yh)dy) " < KR,

I, +1 Ng
C) = ||<P1%+2||q[3 < KyR*#

and Kj, K are constants independent of R. Then, in view of Ag, = R_Z)LBl, we
may assume that R, that is , the ball Bg(0) , is sufficiently large that

. ¢ C
ABg < min{ =, = }.
L'l
Hence,

_ /\BRll -0 1— /\BRZZ
(o8] ! (6]

1 > 0. (4-15)

We choose

Apli Apgl
ki = min{i—ll, C—Z}, ky = max{ﬂ, M}, rn=1 rn=0. (4-16)

5 c1 €2
Then, ki,k; > 0. On the other hand, assume that uy(x), vo(x) large enough to
satisfy

i(x,0) = (6¢r)" <uo(x), 9(x,0) = (6¢r)"> < vo(x). (4-17)

It follows from (4.12)-(4.17) that (i7, 7) is a positive sub-solution of (1.1) in the ball
Br(0), which blows up in finite time since s(t) does.
Thus, according to the Lemma 2, the proof of Theorem 2 is completed. n
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