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Abstract

Recent papers in physics literature have introduced spinor Ginzburg-
Landau model for complex vector-valued order parameters in order to ac-
count for ferromagnetic or antiferromagnetic effects in high-temperature su-
perconductors. In this paper, we study the spatial behavior of interacting
components of Spinor Ginzburg-Landau model. We prove the interspecies
interaction leads to extinction, that is, configurations where one or more den-
sities are null.

1 Introduction

Recent papers in physics literature have introduced spin-coupled (or spinor)
Ginzburg-Landau model for complex vector-valued order parameters in order
to account for ferromagnetic or antiferromagnetic effects in high-temperature su-
perconductors ([7]). This model can lead to new types of vortices, with fractional
degree and non-trivial core structure ([1], [8], [9]).

A reduction of the full two dimensional evolutionary spinor Ginzburg-Landau
model can be made which leads to a simplified model that retains the basic fea-
tures ([1], [8], [9]), related to the superconductivity model introduced in [7]:

2
o = Au] + puj + Zl Ui]-|ui|2uj in R? x (0, oo) ,
=

(1.1)
uj(x,0) = ujo(x) in R*x {0}, j=1,2.
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u; denotes the macroscopic wave function of the j** (j=1, 2) component, |u]-|2 is
interpreted as the particle density of the j component. u is the potential. The
constant Uj; (j=1, 2) is the intraspecies scattering length of the j-th hyperfine state
and Uji(i # j) is the interspecies scattering length. As U;; < 0(> 0), the self-
interaction is repulsive (attractive). As U;; > 0(< 0), the interspecies interaction
is attractive (repulsive).

In the understanding of the spatial behavior of interacting components, a cen-
tral problem is to establish whether coexistence of all the components occurs, or
the interspecies interaction leads to extinction, that is, configurations where one
or more densities are null. As |Uyp| > /|U11||Ux| and U3 < 0, Uy, < 0, sponta-
neous symmetric breaking occurs, and the 1-th component and 2-th component
are immiscible and separated in space called phase separation [14]. For this rea-
son, we may set Uj; = —e 2= —y, Ujj = —&72 — B(e) in the system (1.1), and
transform it into the following system

aus

S
2,6 _ ] .02
at — A+ B(e) Y Juj| S——21—2|u€| in R? x (0,00),

i#j (1-2)
uj(x,0) = ujy(x) on R? x {0}.

The solution to (1.2) is the gradient flow of the following energy functional

E(u, u3) 2/ Z|Vu]|2+—1—2|ul| @) Pl (13)

The following theorem is our main result concerning the extinction phenome-
non of (1.2).

Theorem 1.1. Let u]?, j = 1,2, be a solution to (1.2). Assume that Z]- |u]€.0|2 < 1and
1
E(uio, uy) — /]R2 5 L[ Vwpl?, (1.4)
j

where (wyg,wy) € V = {(v1,v2) € H'(R%;C?) : [01*|vaf* = 0, T;[vj]* = 1}.
Assume B(e) = O(e=2). There exist a (wy,wy) of complex-valued functions and
0 < v < 1 such that, up to a subsequence ¢ — 0, we have

us — wj in CL- IR x (0,00)), j=1,2, (1.5)
and w1 = 0 or wy = O, that is, one component is an asymptotic null. Moreover, w;
satisfies the heat flow of the harmonic map from R? to S when w; # 0.

We have a source of inspiration in our study, which is the corresponding the-
ory for the elliptic case. When u](x) and u5(x) are real functions, one investigates
the phase separation phenomena ([2, 3, 11, 13]). In the recent paper [12], Terracini
and Verzini extend this result of [2, 3, 11, 13] to the case of an arbitrary number
of components k > 3. However, from a rigorous mathematical point of view, the
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phase separation is not well understood so far for the complex-valued solutions
of (1.2). The method in [2, 3, 11, 12, 13] can not be applied to the this case.

In order to overcome the difficulty arising from complex-valued functions, we
introduce the heat flow of the harmonic map to the singular space (see Section 3).
We find that the solution of (1.2) converges to the solution of the heat flow of
the harmonic map to the singular space in H'-norm. The second important step

in our proof is to prove }_; [u 2 > 0 provided ¢ is small. The third step is to

prove the Bochner type inequ]ality and small energy regularity theorem, which
implies the uniformly Lipschitz estimate for (1], u5). The fourth step is to obtain
C1+7(1+7)/2_estimates by Schauder theory.

The rest of this paper is organized as follows: In Section 2, we derive some
basic lemmas. In Section 3, we prove the main Theorem 1.1.

2 Preliminaries

In this section, we will derive some basic lemmas. By maximum principles, we
have the following lemmas.

Lemma 2.1. Let ¥, = (u$, u) be the solution of (1.2) with E(¥?) < +oco. Assume that
B(e) = O(e~2). Then there exists a constant K > 0 such that, for t > &>, we have

K o¥e(x,t), K

Fe(oH] <3, [Vl n] < 5, |9 < 3 1)
and
t
[Pe(x, t)> <1 —i—Kexp(—@) for t > €. (2.2)
Moreover, if for some Cy such that
0 0 o 2o Co 2
¥ (x)] <1, |[V¥{(x)| < ~ DY, (x)] < 2 Vx € R (2.3)
Then, for any x € R2and t > 0,
K 0¥(x,t K
|T8(x/ t)’ S ]-/ IVTE(-X/ t)’ S zl |%’ S e_ZI (24)

where K depends only on Cy.
Proof . Set

Uj(x,t) = u]-(sx,szt), oi(x, t) = [Uj(x, t)[2.
Multiplying (1.2) by U; we have

001 — Aoy + 2]VU1]2 + 2(20'] — 1)0’1 + SzﬁO'ZO'l =0,
j

000 — Aoy + 2| VUL |* + Z(Zaj —1)0y + 2oy = 0.
j
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Now we consider
y'(t) + (y(t) + Dy(t) =0,

which has an explicit solution

__exp(=t)
Yo =7 ~exp(—) for t >0,

which blows-up as t tends to zero. Set & (x,t) = yo(t), o = 01 + 0y — 1. Then

010 — Ao + (1 + (7)0'+€2ﬁ0'10'2 + 2(’VU1’2 + |VU2|2) =0,

(0 —0)— AT —0)+2(0+0+1)(0—0) >0. (2.5)
The maximum principle implies that
F(x,t) —o(x,t) >0 forallt > 0and x € R?,
which implies
;]Uj(x,t)lz = ]Zaj(x,t) <9 fort > iand x € R%
Note that

ol — AU; = 2U;(1 — |U;*) — €B Y |U;]*U; on R* x [0,00), j = 1,2.
i#]
Since ]Uj(x, t)| < 3fort> %, we have
1 .
2U;(1 — |[Uy]?) —ezﬁ2|ui|2uj‘ SCfortzg j=12
i#]
By the standard parabolic equation theory, we have

||uj||C1/”‘/2(R2X[1,oo)) <K, j=12

where 0 < o < 1. The conclusions (2.1), (2.2) of Lemma 2.1 follow. (2.3) and (2.4) follow
as in the proof of (2.1) and (2.2). m

Now we give the energy estimate.

Lemma 2.2. Let u?, j = 1,2, be a solution of (1.2). Then, we have

t
X o2 + B 0) 5 0)) = B, o). 26
]

Proof . Multiply (1.2) by ujt and integrate by parts. n
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3 Proof of Theorem 1.1

In this section, we will prove Theorem 1.1.

Lemma 3.1. Let Y. = (uf, u5) be the solutions to (1.2). Assume that
1
E(uf, ) %/ ) [Vawjol? 3.1)
R2 2 ;
and ) ]w?oyz = 1. Assume B(e) — +oo ase — 0. Then there exist a subsequence of
{(uf, us)} and a function W = (wy, wz) € HY(IR* x (0, T)), such that
uj — w1, U5 — wr strongly in H'(R? x (0,T)) as e = 0;  (3.2)
/ [ Bl Plus P + (1—y‘1f€|) 50 as e 0. (3.3)

Proof . By Lemma 2.2, we obtain

//Rzz@”ferE Y(-,t)) = E(Y))- (3.4)

Hence, from (3.1), there exist wi,wy € H'(R? x (0,T),C) such that, up to a subse-
quence,

u§ —wy, u§ — wy weakly-*in L>(0,00;H(R?)) as ¢ =+ 0, (3.5)
u, — wyy, uS, — wy weakly in L2(0,00;L*(IR?)) as ¢ — 0, (3.6)

u§ = wy, u§ — wy strongly in L2(0,00; L?(R?)) as & — 0. (3.7)

Note that
(1-X% |u %)?
] 2

/ /]R2 / / g [Pus)? < C, (3.8)

we obtain
T
Y. |wj|2 =1 ae (x,t) €R*>x[0,T], / /2 w1 |?|w,|? = 0. (3.9)
' 0 JR

]

Taking the exterior product of (1.2) with uf , we get
‘Pgt VAN Tg - v : (V‘Pg VAN TE) - O. (3.10)

In view of (3.5)-(3.7), we get by passing to the limit in (3.10), denoting W = (w1, w7),
that

WiAW -V - (VIWAW) =0. (3.11)
From [5] we know that W is a weak solution of the following problem

oW

=~ AW = WIVWI[? inR* x (0,00),

W| =1 onR%x (0,00), (3.12)
W =W, onR?x {0},
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and

/T/t/ iW|2+1/T/ |VW|2—1T/ VI 2 (3.13)
o Jo Jr2'ot 2 Jo Jr2 2 Jre ob - ’

Using (3.1), (3.4), (3.13), and a lower semi-continuity argument, one may deduce the
strong convergernce

Y. — W strongly in H(R? x (0,T)), (3.14)
T . 2)2
/ / w 0. (3.15)
0 JIR? €
The conclusion of Lemma 3.1 follows. n

Proposition 3.2. Under the assumption of Lemma 3.1, ) ; |u}“70|2 < 1and B(e) =

O(e™1). Then, |w| and |wy| are continuous functions. Denote Qj = {(x,t) €
R? % (0,T) : |wj(x,t)] >0}, j = 1,2. We have

¥, Ol g1 g gy < € @16

and
Hu§||cll+%(1+7)/2(ﬂj) S C (317)

Proof . Step 1: [Ye(x)|> — 1 uniformly on R? x (0, T) as ¢ — 0.
Let (xo,tg) € R? x (0,T) and set & = |¥e(xo,t0)|. By Lemma 2.1 then a < 1, and
we have

C C 5.
[Fe(x,t)] <a+ P €—2p2 if |x—xo| <p,|t—to] < p* (3.18)
Thus
C C . C C
(1—[¥e(x,)*)?>>(1—a— =P E—sz)2 provided ?p + S—zp2 <1-—a. (3.19)
By (3.3), we obtain
to+0? Co C
2(1) = / 1 ¥ )2 > mpt(1—a— £ — S22, 2
o) = [0 [ PPzt —a =S 620)
Let € be small such that
el —u
p= (4C ) (3.21)
Hence
201 — )2 (1 — )2
20(1) > =81 -a) (3.22)

and therefore

(1—a)*<o(1) (3.23)
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ie., |¥e| — 1 uniformly on R? x (0, T). The proof of Step 1 is completed.
Step 2: (Bochner type inequality) Let

1 1 1
(¥e) = 5| VH2+ 15 (1= [Fe2)? + 5B(e) s Plual?

We have the following Bochner type inequality
(0 = A)e(Fe) < C(1+e(Fe))e(Fe)- (3.24)
Now we prove (3.24). Note that
1
(01 = D) (5 IV¥el?) = —[V2¥e [ + V(0¥ — AY,) - Ve, (3.25)
Using equation (1.2) we find

2 1
Wity — Dty = —B(&) L1 Py}, — 5 (Fe¥ex 1t + 5 (1= [Fe )it
i#]

Inserting this into (3.25) and using (1.2) we see that
1 1
(0 = D) (GIVH) = = [V = 5 ) (Fe - Yer,)?
k

ZZ |u1| Uj xku]xk"‘ ]V‘I’g]‘Z (1—- "P€| )
k i#j

1
< IV = G R Yo O T s, 29
k k i#j

VY,|?
IVE (a0t + 1A + Ble) Y sl e ).

+
¥ i#]

Since |[AYe| < |V*¥;| and |¥e| > % when € is small, using the Holder inequality, we
have

1 7
(9 = D) (FIVH) < =g [VAe2 + C(1 +e(Yo)e(Ye)  (327)
1 2y L 2
+3P (e>;|uz| [ujl* + 10l
Similarly, using (1.2), we have

_ 2)\2
- )= = S Pt 4 v

P EP)

1 3
- =(1- [Fe|?)¥e (0, ¥ — AF,) < E|A\Ifg|2 + C(1+e(Fe))e(Fe)

&
1
() Y luil *fu? — —[0r¥e. (3.28)
7 16
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Using equation (1.2), the same computing of (3.27) gives
(3¢ — 2)B(e) Y uil*)) ]

i7
= —2B(e) }_ [ui*|Vj|* — 2B(e) Y uiVuujuujVu — () Y |y
i7] i7j i7j
2
+ 5 (1= [¥el)Ble) il *[usl?
i7]
1 7
< =2B(e) ) [wil* [V + VAl = 2B(e) ) oo+
iZj i7

C(1+e(¥e))e(Fe) + éwmﬁ (3.29)

Combining (3.27), (3.28) with (3.29) we obtain (3.24).
Step 3: (Small energy regularity theorem) Let z = (x,t),zo = (xo0,t9), R,A > 0
and

Pr(z) = {z = (x,t) : |x — x| <R, |t —to| < R*}. (3.30)

There are two positive constants 6y € (0,1) and K such that

1
— Y.) <6 3.31
R2 /PR(Z) e( )— 0 ( )
then , ,
(R? sup e(¥e)(x,t) < Koy [ el(¥e). (3.32)
27 penla) R% Jpx(2)

The proof of [[4]; Lemma 2.4] carries over almost literally.
Step 4: We choose ry > 0 such that

1

= IVIW|? < 6/2. (3.33)
1/0 PyO(Z)

By Lemma 3.1, for all € small,
1
— Y.) < 6. 3.34
2 ), eI (334)

Now using the small energy regularity theorem we have that
e(Ye)(z) < Cby, x € Py az). (3.35)

Then, using the finite covering theorem, for any compact subset K C R? x (0, c0), we
have
e(¥,) < Cg in K. (3.36)
Step 5: Let Q;s = By(x) X [to —s; to + s|. Then for any q > 2, there are a constant
Cy > 0 independent of € and a constant ey > 0 such that

115121210, 5. ) < Car J=1,2, € <o (3.37)
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First of all, we have from Step 4 that |[¥¢||T(Qrs) < C;. Moreover, we have for
& — U=[¥P)

2
1
2P — AP + 5P < 281 [P |uz|* + 2| Ve |* in Qs (3.38)

Here we have used the fact that |[¥.| > 1/2.

Take cut-off function ¢(x) € Cg(B/(x0)),¢ = 1 in B,;a(x),n(t) €
C([to — s, to+s]),n = 1in [tg —s/2,tg +5/2],|VE| < C/r,|Vy| < C/s,
0 <¢&<1,0<ny <1 Multply (3.38) by &(x)n?(t)®9~! and integrate it over
Qy s to give

= ewroeiyi-2 [ gmroeises ][ @wpne
< [ @Rl Pl + 90 (3.39)
Le.
3201 [ R0 vers s [ 2@
<0, EOFOP G | €2<x>’72<f><1>"‘1<ﬁ|u1 PJusf? + [V )72

2¢2 )22
Ho [, SOt + = / X) P17 (3.40)

Set o = , we have

Al

: o, SOOI <C | PO (Bl Fluaf + [VE[2

2¢2 2¢2
— Z(x)n ()|m|<I>‘7+ — E(x) P2 (H)@T (3.41)
q QV,S
Hence
1 2(x) ()T < C, + C 1c1>4 1q>”f 3.42
1 & (x)n*(HP7 < Cq + Ce? (2 + ). (3.42)
Qr,s Qrs\Qr/Zs/Z

Fixing r,s and taking e small enough such that

2
i_i < 116 C; < % (3.43)
We have
1 E ()P ()P < Cp+ L 1, (3.44)
4 Qr,s 16 Qr,s\Qr/Z,s/z

It follows that

/ 1< C, Vg > 2. (3.45)
Qr/Zs/Z
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Note that

@ = O = ~2( Vil + B L i Pl ) + 2] . (3.46)
i7]
From Step 4, (3.45) and LP-theory of parabolic equations, we obtain (3.37).
From the Sobolev imbedding,we have, for some vy € (0,1), that

11521 70112 gy < € 1= 12 (3.47)

Hence, |w1| and |wy| are continuous functions. From (3.9), we have |w ||w;z| = 0.
Step 6: Let K C (); be any compact subdomain. By step 5, we have w; = 0 in (),

i # j,and
luj| = 0 uniformly in K C Q;j as e — 0. (3.48)
We may assume that ¢ is sufficiently small so that
uj| = 1/4 in K C Q. (3.49)

Thus we may write

€

uj(x,t) = pe(x,t) exp(ige(x, t)) inK,

and we may assume

1
K /K ¢e € [0,271). (3.50)
Using (1.2), we have
pg% — div(p?Ve:) =0 in K, (3.51)
a S 1 .
B ot pe | Vol +2 Yl = 5 (1= [¥P)pe nK.  (3.52)
7]

By Step 5, we have, for 0 < y < 1,
l0ell crev4m /2y < C- (3.53)
Using Schauder theory [6], it follows that, for e < €y and K1 C K,

H%HCH%HWZ(KO < CH%HC%WZ(K) <C. (3.54)
Combing (3.53) with (3.54), we obtain (3.17). n
Lemma 3.3. Under the assumption of Proposition 3.2, we have wy = 0 or wy = 0.

Proof . By Lemma 3.1 and Proposition 3.2, we have |w1|*> + |wa|?> = 1, |wy]|wz| = 0,
|w1| and |w,| are continuous. Hence, w1 = 0 or wy = 0. u

From Lemma 3.1, Proposition 3.2 and Lemma 3.3, we prove Theorem 1.1.
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