Global well-posedness and scattering of a 2D
Schrodinger equation with exponential growth

Tarek Saanouni*

Abstract

We investigate the initial value problem for a semi-linear Schrodinger
equation with exponential-growth nonlinearity. We establish global well-
posedness and scattering in the energy space.

1 Introduction

In this work, we study the initial value Schrédinger equation with exponential
growth nonlinearity

o+ Ayu = of(u) on Ry x R2 (1.1)

with data
up = u(0,.) € HY(R?). (1.2)

Where o € {—1,1}, u := u(t, x) is a complex-valued function of (¢, x) € R x IR?,
and

fu) = Au(l + 4rr|u?)s! (e(1+47”‘2)% - e),/\ >0,a > 0. (1.3)
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A solution u of (1.1), satisfies formally conservation of the mass
M 1) = [|u(t) % oy (14)

and the Hamiltonian

A lu(t)[?)2 4
H(u,t) = ||Vu(t)||%2(]R2) +a%||e(l+4 u(t)[*)2 —e(1 +47r|u(t)|2)2||L1(R2)-
(1.5)

We call energy of u,
E(u,t) := M(u,t) + H(u,t). (1.6)

Before going further, we recall a few historic facts about well-posedness of the
monomial defocusing semilinear Schrédinger equation

i+ Ay = |u|P~tu, p>1, wu:(~TT)xR?—C (1.7)

denoted NLS,(R?) which was widely investigated. A solution u to (1.7) satisfies
conservation of mass and Hamiltonian

2
Hy(u(6)) = V() gy + 5 fo, 110 (6 0)d

Moreover, for A > 0,
uy: (=T*A%, T*A%) x R = C
(t,x) —> A%u()x_zt,/\_lx)

solves (1.7). Note also that for s, := % - pz o, the norm of H*(R?) is relevant in
the well-posedness theory of (1.7) since it’s invariant under the mapping f —

2
AP F(ATL), A > 0.
We limit our discussion to 0 < s, < 11

1. NLS,(IR%) local well-posedness in H*(R?). It is now known ([11],[19],[12])
that

(@) If s > s, (1.7) is locally well-posed in H®, with an existence interval
depending only upon ||ug|| .
(b) For s = s, (1.7) is locally well-posed in H*, with an existence interval

depending upon e*4uy.

(c) If s < s, (1.7) is ill-posed in H® (see [7, 13, 8, 2, 35]).
So, It’s naturel to refer to H* as the critical regularity for (1.7).
2. NLS,(R?) global well-posedness .

(a) The energy subcritical case, s; < 1. Using local well-posedness and the
conservation laws of Hamiltonian and mass, we obtain global well-
posedness of (1.7) in H!. It is expected that the local H* solutions of
(1.7) extend to global solutions. For certain choice of p,d, there are

Ufs. > 1, (1.7) is locally well-posed in H®, for s > s.
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results (see for instance [3, 4, 16, 17, 38]) which show that H® ini-
tial data ug evolve into global solutions of (1.7) for s € (5,,4,1) with
s <$§p4 <land§,, close to 1 and away from s.. For all problems with
0 < s, < 1, global well-posedness in the scale invariant space H* is
unknown but conjured to hold. Moreover the solutions scatter when
p>psi=1+7[1928].

(b) The energy critical case, s = 1. Since the local existence interval does
not depend only on |[ug|;p1, an iteration of the local well-posedness
theory fails to prove global well-posedness. But using new ideas of
Bourgain in [4] (see also [5]) (which treated the radial case in dimen-
sion 3) and a new interaction Morawetz inequality [17] the energy crit-
ical case of (1.7) is now completely resolved [34, 39, 32]. Finite energy
initial data 1 evolve into global solution u with finite spacetime size
llu|| 2044y < oo and scatter.

L%

(c) The energy supercritical case, s > 1. Global well-posedness for the de-
focusing energy supercritical NLS,(R?) is an outstanding open prob-
lem (see [8, 2, 35] for some partial results).

3. The two space dimensions case. The initial value problem NLS,(IR?) is
energy subcritical for all p > 1. So it’s natural to consider problems with
exponential nonlinearities, which have several applications, as for exam-
ple the self trapped beams in plasma (see [25]). Cazenave considered in
[9] the Schrodinger equation with decreasing exponential nonlinearity and
showed global well-posedness and scattering. With increasing exponentials
the situation is more complicated because there’s no a priori L* control of
the nonlinear term. Moreover the two dimensional case is interesting be-
cause of its relation to the critical Moser-Trudinger inequalities (see [1, 33]).
The two dimensional Schrodinger problems with exponential growth non-
linearities was studied, for small cauchy data, by Nakamoura and Ozawa
in [30]. They proved global well-posedness and scattering.

Later on, Colliander-Ibrahim-Majdoub-Masmoudi considered the Schrodin-
ger equation (see [15]),

i+ Ay = ou(e¥* 1) on Ry xR% o€ {-1,1}. (1.8

They obtained local well-posedness (resp global well-posedness in the de-
focusing case) for H(up) < 1and an instability result for H(up) > 1 (similar
results was proved in the case of wave equation [23, 24]). Subtracting the cu-
bic term of (1.8) nonlinearity, Ibrahim-Majdoub-Masmoudi-Nakanishi pro-
ved recently in [21] scattering of

i0p 4+ Mgt = u(e¥* —1 - 4xju?) on Ry x R2 (1.9)
in the case H(up) < 1. They used a new interaction Morawetz estimate
proved independently by Colliander et al. and Planchon-Vega [14, 31]. The
case H(up) = 1 is an open problem. (Similar results was proved in the
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case of wave equation [21, 29]). In the light of [15, 21], we consider the
Schrodinger equation (1.1) with exponential nonlinearity for & < 2. Note
that if we fix A = e~! and « = 2, we find exactly (1.8). The case & > 2 is an
open problem. We show local well-posedness (resp global well-posedness
in the defocusing case) in the space C([0, T], H!(IR?)) N L*([0, T], W'4(IR?)),
T > 0 (resp in C(R, H'(R?)) N L} (W'*(R?))). We prove uniqueness of
solution in the energy space C([0, T], H'(IR?)). Similar well-posedness re-
sults were proved for the nonlinear Klein-Gordon equation with exponen-
tial nonlinearity in [26]. Then we subtract the cubic term of (1.1) nonlinear-

ity and prove scattering in the energy space.
Remark 1.1. Comparing this work with [15, 21] we note that
1. For a = 2, well-posedness in the energy space was proved in [15] under the condi-
tion H(ug) < 1 and using a logarithmic inequality (see [22]). But for 0 < a < 2,
we establish well-posedness in the energy space without any restrictive condition,

moreover we don’t use any logarithmic inequality.

2. For a = 2, scattering in the energy space was proved in [21] under the condition
H(ugp) < 1, but for 0 < a < 2, we establish scattering in the energy space without
any restrictive condition.

3. In order to prove scattering we have subtracted the cubic part from our nonlinearity
f to avoid the critical exponent p.

In the following subsection we give our main results.

1.1 Main results

Our first result is the following local well-posedness Theorem obtained by a clas-
sical fixed point argument.

Theorem 1.2. There exists T > 0 and a unique solution u to (1.1)-(1.2) in the class
c([o, 7], H'(R?)).

Moreover u € L*([0, T], W'Y*(IR?)), and satisfies for all 0 < t < T, M(u,t) =
M(u,0),H(u,t) = H(u,0). We recall the Hamiltonian

A Tlu(H12) 2 a
H(u,t):= \|Vu(t)||%2(]R2) +a%\|e(1+4 ®F2 _ o1 +4n’u(t)|z)2”ﬂ(k2).

Where 0 < a <2,A > 0,and o € {—1,1}.

In the defocusing case, using the local theory we derive global well-posedness
in the energy space. The crucial point here is that the local existence time depends
only on the size of the data and not on its profile.
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Theorem 1.3. In the defocusing case (o = 1), the cauchy problem (1.1)-(1.2) has a
unique global solution u in the class

C(R, HY(R?)).

Moreover, u € L} (R,W'Y4(R?)), and forall 0 < t < T, M(u,t) = M(u,0),

loc

H(u,t) = H(u,0).

In order to avoid a scattering critical exponent p, = 1+ % (see [28]), we
subtract the cubic part from the nonlinearity f and we prove scattering in the
energy space. In fact we show that every global solution of (1.1) is asymptotic, as
t — foco, to a solution of the linear Schrodinger equation

idyv + Av = 0. (1.10)

In other words, the effect of the nonlinearity is negligible for large times. Precisely
we have the following scattering result

Theorem 1.4. Assume that

Flu) = Au(l+ dmful?)3—! (e<1+4"”2>5 —e(1+4fu)t),a € 0,2[ 2 > 0.
(1.11)

For any global solution u € C(R, H') of (1.1), there exist unique free solutions u of
(1.10) such that

[(u —us) (D) |z (gey—0 as t— Foo.

Moreover, the map

H'(R?) — H(R?) u(0) — u=(0) (1.12)
is an homeomorphism.
Remark 1.5. We note that

1. A similar result was proved for, « = 2,A = e~ 1, under the condition H (ug) < 1
and where the homeomorphism (1.12) is not global but from {¢ € H'(R?); H(¢) <
1} onto {¢p € H'(IR?); |Vl 2(r2) < 1}. See [21] for more details.

2. A complete scattering theory is available in the case p, = 1+ %, in the conformal
space of functions f € HY(R?) such that [ |x|?|f(x)|*dx < oo (see [18, 37, 20]).

In what follows, we collect some estimates needed in the sequel.

1.2 Tools

In order to control the solution of (1.1), we will use the following Strichartz esti-
mate (see [10]).
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Proposition 1.6. (Strichartz estimate) Let I C IR be a time slab, to € I and

GelL (I, WLE (R?)). There exists a positive real number C such that if u := u(t, x) a
solution in C (I, H'(R?)) of the linear problem

i + Ayu = G, u(ty,.) € Hl(]RZ),

then
Jilascrnecreyy < C(Nuto, Mgy + G o gy )+ (19
Where1l <r, < oo and
L1t 1111 1 1
g r « B 2a & B B

In particular we have the following energy estimate.

Proposition 1.7. (Energy estimate) With the same hypothesis we have

sup [u(t, ) s < C(utto, ) linerey + IG I amguey ). (114)
€

In order to control the nonlinear part of the energy in the L} (H.), we will use
the following Moser-Trudinder inequality [1, 27, 36].

Proposition 1.8. (Moser-Trudinger inequality) Let « € (0,47), a constant C, exists
such that for all u € H'(R?) satisfying ||Vul|2ge) < 1, we have

/]RZ (em(x)\z _ 1)dx < Callut)2 o) (1.15)

Moreover, (1.15) is false if « > 47t.
Remark 1.9. « = 47t becomes admissible if we take |[u||p g2y < 1 rather than

IVul[ 122y < 1. In this case

K:= sup , (e4”|“(x)‘2 — 1>dx < 0 (1.16)
Il 1 2y <17 R

and this is false for « > 47t. See [33] for more details.
These estimates will be coupled with the following absorption result

Lemma 1.10. (Bootstrap Lemma) Let T > 0and X € C([0, T], R4.) such that

X <a-+bX? on 0, T]

where,a,b > 0,0 > 1,a < (1 — §)— and X(0) < ——. Then
(6b)9 (6b)7-1

6
<
X_G—l

a, on [0, T).
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Finally we recall the following Sobolev embedding
Proposition 1.11. (Sobolev embedding) We have
W (R%) c L1(R%)

whenever

l<p<g<oo,s>0 and < -+

= |~
= | =
SRS

The rest of the paper is organized as follows. First, we show local well-
posedness of (1.1) using a standard fixed point argument. Second, we show
global well-posedness in the defocusing case. In the last section we prove the
scattering Theorem 1.4.

We mention that C is an absolute positive constant which may vary from line to
line.If A and B are nonnegative real numbers, A < B (respA ~ B) means that
A < CB(resp B S A < B).

2 Local well-posedness

This section is devoted to the proof of Theorem 1.2. First, we prove the local
existence by a fixed point argument.

2.1 Local Existence

We start with the following technical lemma which is crucial in the proof of The-
orem 1.2.

Lemma 2.1. For any positive real number € there exists a positive constant C¢ such that

f(z1) = f(22)| < Celz — 22| ) (e€|zf|2 — 1). (2.17)

i=1,2

Proof of Lemma 2.1. Let us identify f with the C* function defined on IR? and de-
note by Df the R? derivative of the identified function. Then using the mean
value theorem and the convexity of the exponential function, we derive the fol-
lowing property

[f(z1) = f(z2)] < |21 —22f sup [Df(2)]

[21122]
S -zl B (A la) e ) 4 [z,
i=1,2
and the conclusion follows. n

Remark 2.2. Of course we have (using an easy computation)

Ce— 400 as e—0,
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but this fact not matter in the rest of the proof. The reason is that in the proof we shall
choose a small (but fixed) € in order to use Trudinger-Moser type inequality. Actually,

the choice of

7T
& = 5

3(1+ o 1 ey )

is enough to carry out the proof.

Remark 2.3. In what follows, the symbol C, stands for a constant depending on & but
may vary from line to line.

Let T be a positive real time and w the solution of the following free Schrédin-
ger problem
idjw + Aw =0, w(0,.) = uo. (2.18)

We recall that the space Er := C([0, T], H' (R?)) N L*([0, T], W'4(IR?)) is complete
under the norm

17ll7 := sup [Ih(t )l g g2y + (17l 23 (a2
te[0,T]

Let £7(1) be the ball in &7 with center zero and radius 1. We consider the map ¢
on £7(1) given by ¢(v) = 7, where 7 solves

i0¢0+ AG =0f(v+w), 9(0,.) = 0. (2.19)

We prove that the map ¢ leaves £7(1) stable and is a contraction for T sufficiently
small. Applying the energy and Strichartz estimate (1.13)-(1.14) to v1, v € Er(1),
we get

|91 = 22l|7 < || f (o1 +w) = f(v2 + )| 110,111 (R2)) =
[1f(u1) — f(uZ)HLl([O,T],Hl(]RZ))'
Using Sobolev embedding and (2.17), we deduce for any & > 0,

1) — F2) oy S L (e -1)
(e

e|u;|? )

< ce||u1—uz||i4(kz> Y (€ 1 o 2:20)
i=1,2

—M2|

L1(R?)

Y

< cg H|u1 —u2|

L1(R?)

On other hand, using the energy conservation, we get

2
o1 + w2 gy < (14 N0l ey )

Now, let e be a real number satisfying

0<e< & . 2.21)

3(1+ o 1 ey )
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Using Moser-Trudinger inequality (1.16) we have

e|u;|? 7t(+/ & |uj])?
[ e2elmil —Upwey = /]RZ (e4 (V/ el —1>dx
< K.

Thus by (2.20)
3
£ (ur) = fu)ll 2oy S THIwr — w27

It remains to estimate [|V(f (u1) — f(#2)) |1 12 (g2)- Write

IV (f (1) = f(u2)) |12 (r2)

< [IVur(Df (u1) = Df (u2)) |2 (wey + [IDf (u2) (Viy — V)| 2(ge)

= (1) + (Zo).

With a convexity argument, we get, for z1,z, € C,

|Df(z1) — Df(z2)] < |21 — 22 Z |z (1 + ’Zl,IZ)e(lﬂz,-F)Z'
i=1,2

Now, taking for0 < a <2and e > 0,

1+ y2)e(l+x)?
Cae 1= su x|(1 + x )i
R ]x] +etx” — 1

and using Moser-Trudinger inequality (1.16), we have

449

(2.22)

(2.23)

(2.24)

12
o S Y IV (i —u) (] + e = 1) 2 ey
i=1,2
12

S Y IV (= )| 2y + [ Vur (u1 = u) (€1 = 1)]| 2 ey

i=1,2
S ) [Vur || parey llun — w2 psrey il s +

i=1,2

12
IV 2 || s ray i — a2 ps 1€ = 1| sy
12
S s — el I ey X (s + e = 1l
i=1,2
Sl — w7l Vi [ parey (1 + [luo | )
Moreover
2
T, < Col|V(ug —u) (e — 1) 2 ey
2
< CelIV (11 — ) arey €2 = 1 pa e
S V(1 —u2)| s (w)-
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Integrating with respect to time, we obtain

IV () = fF)lzmey S Nl = w2llrl Vil s re) (14 o]l r2))
IV (u1 — ”2)||L1TL4(]R2)

3
S T3l — w2l Va1l sy (1 + ooll i ey)
19 (1 = 1) |3 40x2))

3
S Tl = ol (1 V0l sgme) (L + ool ) +1)

A

3
T4 |ug — uZ”T(HuOH%[l(RZ) +1).

Thus X
|01 — D27 S T4 (||u0||%11(]Rz) + 1) |01 — v2]| 7. (2.25)

For Uy = —W, ’272 = 0’ SO
~ 3
Il S T3 (lo 2 gy + 1) lon + wlr
3
S T3 (|10l ggey + 1) (1+ 2ol wey)- (2.26)

We conclude by (2.25)-(2.26) that for small T, ¢ is a contraction which maps
Er(1) into itself, which prove existence of local solution to (1.1)-(1.2).

2.2 Uniqueness in the energy space

In what follows, we prove the uniqueness of solution to the Cauchy problem
(1.1)~(1.2) in the energy space.” Let T be a positive time, #; and u, two solutions
to (1.1)-(1.2) in Cr(H'(IR?)). Then, setting w := uy — uy

idrw + Aw = f(uq) — f(up) w(0,.) = 0. (2.27)
By energy estimate (1.14),
[l ey S 11 (1) = f(u2) 10,1, 1 (R2)) -

Using the precedent computation and the fact that there exists T > 0 such that
||”iHL<;H1(1R2) < 1+ [luoll g1 (me), i € {1,2}, we have

1f (1) — f(”z)HLlTLZ(]RZ) S THwHL‘%"Hl(IR2)/

and ||V (f(uq1) —f(uz))HLlTLZ(]RZ)

S Nwllem @) Vil psgey (14 ol g re)) + IVl 11 page)

4
< T3 (10l oy V01 g ey (1 ol ) + V20 s oy ) 2:28)

The following Lemma concludes the uniqueness proof.

ZNote that the uniqueness is in the energy space.
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Lemma 2.4. We have
5
1. vaHL%L‘l(]Rz) S HwHL%"Hl(IRz)(l + HuOHHl(]RZ))ZT6
5
2. ||Vu1||L%L4(]R2) S14+(1+ ||u0||H1(]R2))T6.
Proof. By Strichartz estimate (1.13)

||vaL‘%L4(]R2) S, Hv(f(ul) - f(uz))HL%([O,T],L%(]RZ))'

Moreover ||V (f(uy) _f(MZ))HL%(]RZ)

< |[Vur(Df(u1) — Df (u2))]]
= Ji+ %

o, + VDS ()]

L3 L3 (R2)

Using (2.23) — (2.24) and Moser-Trudinger inequality (1.16) for ¢ satisfying (2.21),
we get

J S Y 1V (ur — o) (fg] + €47 = 1))

i=1,2 L2 (R?)
< , elui]* _
S L (IVuonl g ) + Vs =l 5 0 )
S (19l 2oy ol e i oy

i=1,2

12
IV [l 2 e 0] o o) e _1HL12(IR2)>
S Mol s ey (1 + ol w2)?,

and for e > 0,

T2 S ||VZU(e€|u2|2_1)HL%(]R2)
< Vol eyl = 1oz
S IVl re
S ||w||L°T°H1(]R2)'

So

IV(f(u1) = flu2))ll 5

2
LZ(]RZ) SJ ||w||L°T°H1(]R2)(1+ HuOHHl(IRZ)) .

Thus for the Strichartz couple (¢, ) = (&,

NI

)

Vool psmey S IV OFQ) = F@2)ll e o 16 w2y

ST

[o)[¢;]

||w||L°T°H1(]R2)(1+HuOHHl(]RZ))Z'
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Similarly we have

IVinllgiawey S 1Ol ey +IVAWON g 113 ey

2
5
S 1wl rey T0
< 1+ (1+ uoll ey ) T5. .

Thus, by Lemma 2.4 and (2.28), for small time T
||w||L°T°H1(R2)

S f Q) = fQu2) o1, 11 (r2))

N THwHL?Hl(]RZ) + T3 (HWHL;°H1(]R2)HV”1 HL%L‘*(]RZ)(l + ||”0||H1(]RZ))
IVl 812 )

S lllgrmme (T+ T30+ luollmre) )

So for small time T
HwHUle(RZ) = 0.

Which prove the uniqueness for small time and so for all time.

3 Global well-posedness in the defocusing case

This section is devoted to prove Theorem1.3 in the case ¢ = 1. We recall an
important fact that is the time of local existence depends only on the quantity
[0 || 1 (r2)- Let u be the unique maximal solution of (1.1) in the space &7+ with
initial data ug, where 0 < T* < 4-c0 is the lifespan of u. We shall prove that u is
global. By contradiction, suppose that T* < +o0, we consider for 0 < s < T, the
following problem

0,0+ Av = v
(Ps){ o) = u{g,.)).

Using the same arguments used in the local existence, and taking

7T
€= T 12Ew(0))

we can find a real T > 0 and a solution v to (Ps) on [s,s + 7]. According to
the section of local existence, and using the conservation of energy, T does not
depend on s. Thus, if we let s be close to T* such that s + 7 > T*, we can extend
v for times higher than T*. This fact contradicts the maximality of T*. We obtain
the result claimed in Theorem 1.3.
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4 Scattering

In this section we prove, as claimed in Theorem1.4, the scattering of the following
nonlinear Schrédinger problem

o + Au = f(u)
(P){ TR0 = up € HI(RY),

Where

Fu) == Au(1 +4n|u|2)%—1(e<1+4”\”\2>7 —e(1 +4n|u|2)%),a e [0,2[,A > 0.
(4.29)
For any global solution u € C(R, H!) of (1.1) and any time slab I C IR, we denote

||u||sl(1) = ||”||L°°(1,H1(JR2)) + ||u||L4(I,W1f4(]R2))'
In order to prove of Theorem 1.4 we will use the following Lemma

Lemma 4.1. For any global solution u € C(R, H') of (1.1), any time slab I
llls iy < N(D ey + Nl isey 1l g, TET

Proof. By Strichartz-estimate (1.13) we have

1
v €05l Mulsin STl @ + 1N 2y oy e @30)

1+2;1 Ty (]RZ))

Take 7 = 1, by Moser-Trudinger (1.16),

_ 2\8-1( (1+4nful)E _ 2\4
P01, 1y o = At )3 e (14 4lul)2 ) g o
< 3(eelul® _
S lful (e 1)||L%(]R2), for e>0
< ul]®
S 1l y o
With the interpolation inequality || - [|*5, < || - [|2,]] - |5, we have
L3
<
FO 8 8 gy S I sy I ey 5
S ||”||L4(1’L4(]R2))||u||L4(I,L8(]R2)) (4-31)
S ||”||§1(1)||u||L4(I,L8(]R2))' (4.32)
It remains to control ||V f(u)]| 4 . We recall that

L3 (L3 (R2))

Ve>0, |Vf(u)| S [Vullul(e” 1),
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Using Holder and Moser—Trudinger inequalities, coupled with the interpolation
inequality |- [[*35 < [l - flos] - [|.s we get

IVFGOU g oy S Va2 (e — 1)

IR2) L3 (R2)
S ||V”||L4(]R2)||”||216( ||eg‘u — s w2y
< 2
S \|VuuL4(Rz>uu||mRz)

S IVullpsme) s eyl s r2) -

With Holder inequality, we get

IV f(u )|| $ oot () SO IIVu()[ sy 1 ()l s r2) (18 | L4 (m2) || i
S IVl g pareyy el pa o sy el o o e ryy (4:33)
S ||”||L4(1,L8(]R2))||”||51(1)- (4.34)

Thus, by (4.30)-(4.32)-(4.34),

lallstry S e (T) ey + Ntll e s oy el g
Which close the proof of the Lemma 4.1. n

We will also use a global a priori bound, proved by Colliander et al. [14] and
Planchon-Vega [31],

Lemma 4.2. Let u be a global solution of (1.1) in H'(IR?). Then

3 ! 3 1
||u||L4(]R,L8(]R2)) S ||u||£°°(]R,L2(]R2))||vu||£°°(]R,L2(]R2)) S./ M(M)4H(1/l)4.

Using the preceding Lemma we can decompose R to a finite number of in-
tervals I where [[u]|4; 13(g2)) is small enough. Then with the absorbing Lemma
1.10 we obtain

[ul[s1(r) < o°.

Sou € L®(R, H(IR?)) N L*(R, W4(IR?)) and by (4.31)-(4.33),f (1) € L3 (R, W3 (R2)).
Let the operator

T:R — L(HY(R?)), T(t)¢:=K;*¢.

Where
Kilx) 1= e ¥
B2 dimt '

Remark 4.3. We recall that
1. T(t) is an isometry of H'(R?) which satisfies T(t +s) = T(t)T(s).

T(t)¢ is the solution in C(R, H'(IR?)) to the free Schridinger equation (1.10) with
data ¢ € H'(R?).
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3. u(t) = T(ug —i [y T(t—s)f(u(s))ds.

Let v(t) := T(—tu(t) = ug—i [y T(—s)f(u(s))ds. By Strichartz estimate
(1.13)

lo(t) —o( ) lmmey = ITE)(@() —o(x >>\|H1<Rz>
= 0 [ TG ) Fu) S e
S IFl =0,

((,7), WY (R2)

Denoting v4 the limit of v(t) as t — d-c0 in H'(IR?), we have

+oo
lo(t) = vi [l ) =30, vizuo—i/o T(—s)f(u(s))ds.

Moreover, u(t) := T(t)v+ is solution to the free Schrédinger equation (1.10)
with data v+ and satisfies

+o0
H(u - ui)(t)HHl(]RZ) t_>—> 0.

Which close the proof of the first part of Theorem 1.4.

Remark 4.4. We recall that
1. ug(t) = U —zfo T(t—s)f(u(s))ds.
2. u(t) = us(t) +i [[F°T(t—s)f(u(s))ds.

It remains to show that the map ¢ : ug — vy = tliI:? T(—t)u(t) in H'(R?)
—doo

is an homeomorphism of H!(IR?). As a first step we show in what follows that ¢
is bijective.

Lemma 4.5. ¢ : H'(R?) — HY(R?) ug+—— vy = thlf T(—t)u(t) in H(R?) is
— 0
bijective, u being the global solution to (P) in C(R, H'(IR?)) with data u.

Proof. We treat the case t > 0, the case t < 0 is similar.
Let vy € HY(R?),u(t) := T(t)v; we will show that there exists a unique u €
C(R, H'(IR?)) solution to (P) and satisfying

(= 1) ()| ey =5 0.

We proceed with fixed point argument. Let S > 0 and the map

g:5Y(S,00) = S(S, 00)

s 1 () +i/t+°° T(t —s)f(u(s))ds.
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Using Strichartz estimate for o = ,B/ = % and (4.31)-(4.33), we see that g is well
defined and satisfies

Ig() =g(@)lIs1te0) < Nf () = F(O)I] 4

L3 (100 W3 (R2))’
Using Moser-Trudinger and Holder inequalities, we obtain (for some € > 0 small
enough)

1f () = f()I 4

< elul?
YPT P 1 LUV P

o), L3 (R2))

2(aElof? _
fwoloP(e 1)||L%(( .

+
S IMw(@) e ray llult )||L6 (R2) |

L3 (t,0)
+ [l (t) | s ey [0 (¢ )||L6 R2) || 3 (t00)”
where w := u — v. , \
By the classical interpolation inequality || - |7, < || - 1741 - [I7s and Proposition

1.11, we get
o) s oy N (U ey 5.,

2 4
S Mol es ) [ O oy 14 D | s ey 3.,

A

HwHL‘l((t,oo),L‘l(]RZ)) H u Hi‘l((t,oo),L‘l(]Rz)) || u Hi‘l((t,oo),LS(]Rz))

2 4
S Hw“Sl(fm)”uHi‘l((t,oo),L‘l(RZ))||u||z4((t,oo),L8(R2))
S kusl(t,oo)||u‘|%4((t,oo)lwl,4(]RZ))'
Now, write
IV(F0) = FO, 3y o)ty S IVHDF0) = DEENI 3.
+ [VwDf(@)]| 4

L3 ((t,e0),L3 (R?))
< (J1) + ().

Arguing as previously, we have

< 2(tlv* _
(%) S IVoRPE =Dl e

kusl(t,oo) ||v||%4((t,oo),W1r4(]R2))’

and

< elul> _ elo]* _
(F) 5 [Vuw(e® =) g o V(@ )y
Moreover

[Vuo(e 1) 4

it
I 10(5) Tzt ey | (3 s ey () oy g,

N
S Nl (000,10 ®2) IV U L8 (1 00), 4 0R2)) 9] L5 (1,00), 18 (R2))
<

||w|| S1(t,00) ||” ||%4((t,oo)lwl,4(]R2)) .
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tor oo

Since [|u] 14 (1,00, wraR2)) T 19l 4((1,00),wr4(R2)) — 0, we obtain (for ¢ large enough)

g (u) — g(v)“Sl(t,oo) S (“uH%‘l((t’oo),Wl,‘l(]Rz)) + ||U||%4((t,oo)’wl,4(][{2)))||u - Z’Hsl(t,oo)
< k|lu-— U||51(tloo), k €]0,1]. (4.35)

Thus, for S large enough, g has a unique fixed point u € S!(S, ) N C((S, ), H!(R?)),
satisfying
—+00
() = s (F) +1 / T(t—s)f(u(s))ds, t>S. (4.36)
t
Now take ¢ := T(—S)u(S) € H'(IR?), note that u is solution to the problem

(Ps) { iaLLE;:.)Au i f(u),lp't > S

By Theorem 1.3 u is global, so u(0) is well defined in H!(IR?). Moreover, by
Strichartz estimate and (4.31)-(4.33),

I = u )l rey S ol (g,00),m8R2)) 141 L ((1,00), w2y 141l 1 1,00)

=+
S || H ((t,00), WIA(R2)) Hu||51too) ~T°0.

It remains to prove uniqueness of such u.
Let uq,u; € C(R, H'(IR?)) solution to (1.1) such that

torfoo

(i = u) (Ol ey — 0,0 € {1,2}.

By Remark 4.4 we know that u; = g(u;), so using (4.35), for large ¢
Jur — u2lls1t 100y = N8(u1) — &(12) [l 51 (¢t 1-00)
1
EHul - u2||51(t,+oo)'
Thus u; = up and u is unique. This end the proof of the Lemma 4.5. n
The second step is to prove the continuity of .
Lemma4.6. Themap ¢ : H(R?) — H'(R?) g +— vy = Jim T(—t)u(t) in H'(R?)
—+oo
is continuous, u € C(R, H'(R?)) being the solution to (P).

Proof. Let ug € H'(IR?) (resp (ul)n € HY(R?*)N), u (resp u") denotes the global
solution to (P) in C(R, H!(R?)) with data ug(resp ull), v(t) = T(—t)u(t)(resp
n _ _ n — 1 no_ 1; n . 1 2
v"(t) = T(—t)u"(t)) and v tgrfwv(t)(resp (o tEI—PooU (t)) in H* (R?).
Assume that li_r>n g — uoll 2y = 0
n—oo

By Lemma 4.2, we have sup 1" {| 14((0,00),18(R2)) < 00, 50
n

tli)m [SUPH” ||L4 ((t,00),L8(R2)) =0.
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Thus, with Lemma 4.1, we have sup [|u"|[g1( c0) < -
n

Let e > 0, there exists T, > 0 such that for w" := u" — u,
I3
sup [ 110" 1510y (11112 7, 0, c50m2) + 10" ooy s )| € 5+ @37)
n

Arguing as previously and using computations shown in the course of the proof
of Lemma 4.5, we have

[0t — U+||H1(1R2)
Jug — uo — i/o T(=s)(f(u") = f(u))ds| g (g2)

< ||u’8—“0||H1(1R2>+||f(”n)_f(”)“m’((o,ooxwl/ﬁ'(RZ))

S g = woll g (me) + 1" st 0 (18024 oy 5y + 18717 0 2582 )
w15t 0.0 (180207 cory + 18" 1240 1 23R )
&
S Mlug — uoll g w2y + lwnllsio,,) + 3 (4.38)

Using global well-posedness of (P), we have
nll_I)T.}o Hwnusl(O,TS) = 0. (4:39)
Since 7}1_r>n g — uoll 1 2y = 0, using (4.38)-(4.39), there exists ne € IN such that

0% — o4 llrey <& Vi = ne.
The proof of the Lemma 4.6 is achieved. n
In the last step we prove the continuity of !
Lemma 4.7. The map =1 : H'(R?) — HY(R?) v+ — ug is continuous.

Proof. Let v: € HY(R?),(vh), € (HY(R?))N, ug := ¢p~1(v4),ufl = ¢p~1(on).
Let u (resp u™) the global solution to (P) in C(R, H' (IR?)) with data ug (resp ul1),
v(t) = T(—t)u(t)(resp v"(t) = T(—t)u"(t)) we recall that v, = tET v(t)(resp
no_— 1; n : 1/m2
v = tEva (t)) in H* (R?).
: 1 _
Assume that nlgrgo [0} — 04 || gr(r2y = 0.

With conservation of the mass

0]l 12(rey = Jim [fue(E) [ 2m2) = [0+ [l12(r2).
and

lugll12(rey = lim [ (8) [ 12rey = (0% [ 12(r2)-
So

lim {Jug || 12(r2) = [[t0]l12(r2)- (4.40)
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We recall the hamiltonian

Hu, ) = [ V(O] 2 ey + [, F(®)dx,

o

where F(u) 1= 52~ (e(1+4”|“|2)% — £[(1 + 4m|ul?)* + 1])
Since tli)rfoo |T(t)v4]|rrr2) = 0 for all ¥ > 2, we have tEr—Poo [1(t) | L (r2) = 0O for

r > 2. Using Moser-Trudinger inequality (for ¢ > 0 small enough), we get

2
IF@() ey < Cellu(t)(e®) _1)||L1 (R2)
< Cllu®llse O -1l 3 o
S )]s we)-
So, we have tEI—Ii—loo - F(u(t))dx = 0. Thus, since tEI—Ii—loo IVu(t)|l2m2) = [IVo+ || 12(r2),

H(u,0) = lim H(wt) = Voo [ o)
With the same way H (u" 0)—\|V7J+||L2 - So hm H(u ,0) = H(u,0). Thus

sup HuBZHHl(]RZ) < ©oo.
n

By Lemma 4.2, we have sup 1" [ 14((0,00), 18(R2)) < 00, 50
n

Jim [sp s 500 | =0

Thus, with Lemma 4.1, we have sup [|u" (|51 o) < -
n

Let e > 0, there existe T, > 0 such that for w" := u" — u,

(4.41)

N[ ™

5tp 190" 57, o0) (11370 5y 17 B, 5 )] <
Arguing as previously, we have

[ (Te) || g1 (r2)
< 10~ o+l + L) = 0 oy s
S o - ZJ-i-“Hl(]Rz) + ||wn||51(T€,oo) <||u||%4((T€,oo),L8(R2)) + ||”n||%4((T€,oo)’L8(Rz))>

S
1% = o4 [l ey + 5

S
Thus, there exists n, € IN such that
" (Te) ([ r2y < & V> ne.

We conclude the proof of the Lemma 4.7 via a time translation and well-posedness
of (P) in the energy space. ]
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The proof of Theorem 1.4 is achieved via Lemmas 4.6-4.5-4.7.
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