Matrix Sylvester equations in the theory of
orthogonal polynomials on the unit circle*

A. Branquinho M.N. Rebocho

Abstract

In this paper we characterize sequences of orthogonal polynomials on the
unit circle whose Carathéodory function satisfies a Riccati differential equa-
tion with polynomial coefficients, in terms of matrix Sylvester differential
equations. For the particular case of semi-classical orthogonal polynomials
on the unit circle, it is derived a characterization in terms of first order linear
differential systems.

1 Introduction

Let F be a Carathéodory function in the Laguerre-Hahn class, i.e., satisfying a Ric-
cati differential equation with polynomial coefficients (see [4])

zAF' =BF>+CF+D, A#0. 1)

A first approach to the analysis of Carathéodory functions satisfying this type of
differential equations and to the analysis of its corresponding sequences of ortho-
gonal polynomials was done by Alfaro and Marcellan in [2]. We remark that the
Laguerre-Hahn class on the unit circle includes some well known classes, such as
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the Laguerre-Hahn affine class on the unit circle (which corresponds to the case B = 0
in (1)), the semi-classical class on the unit circle (which corresponds to the case B = 0
and D a specific polynomial in (1)), and the class of second degree functionals on the
unit circle. It also includes linear fractional transformations of Laguerre-Hahn
Carathéodory functions (see [3, 4, 7, 8]).

The motivation for the study here presented comes from several applications
related with orthogonal polynomials on the unit circle and also on the real line.
In what concerns to the orthogonality on the real line we note the works of Mag-
nus [18], Maroni [21, 22] and Hahn [15, 16]. In [18] Magnus used the theory of
Laguerre-Hahn orthogonal polynomials (the “Riccati model”) in the study of the
convergence of Jacobi continued fractions. This was done, first, by considering
a modified approximant which satisfies a Riccati differential equation and, then,
by estimating the error behavior with the help of appropriate linear differential
equations which are satisfied by a sequence of Laguerre-Hahn orthogonal poly-
nomials (see [15, 16]). See also the example in [18, section 5], showing the use of
the Riccati model in disordered systems analysis. In [21, 22], Maroni studies the
Laguerre-Hahn class on the real line from an algebraic point of view, putting em-
phasis on the distributional equations for the corresponding forms defined in the
linear space of real polynomials; some modifications that preserve the Laguerre-
Hahn character are studied (in [4] the analogue of these results are established for
Laguerre-Hahn functionals on the unit circle).

Let us now return to the orthogonality on the unit circle. Since the Laguerre-
Hahn class on the unit circle contains linear fractional transformations of Cara-
théodory functions which satisfy Riccati type differential equations, then it is
a suitable class to study some transformations concerned with the measure of
orthogonality or with the orthogonal polynomials when one starts, for example,
with Laguerre-Hahn affine orthogonal polynomials, or with orthogonal polyno-
mials associated with second degree Carathéodory functions. Here are some ex-
amples:

a) shift perturbation of the reflection coefficients of the orthogonal polynomials
(see [23]);

b) backward extension or modification of a finite number of places of the reflec-
tion coefficients of the orthogonal polynomials (see [23]);

c) rational perturbation of the measure of orthogonality (see [5, 6]).

In this paper we aim to obtain a characterization of the Laguerre-Hahn Cara-
théodory functions and a representation for the corresponding sequences of or-
thogonal polynomials on the unit circle. We will see that, also on the unit circle,
the first order differential relations satisfied by Laguerre-Hahn orthogonal poly-
nomials play an important role. In fact, a key result of our paper is the equiva-
lence between (1) and the following matrix Sylvester differential equations for

Yy = |j;g _Q(;n} and Q, = [_Qn Q;]T ’

ZAY! = B, Y, — Y,\C
{

zAQ), = (B, + (BF+C/2)I) Q,,n € N,

where {¢,}, {Q}, and {Q,} are the corresponding sequences of orthogonal
polynomials, of polynomials of the second kind, and functions of the second kind,
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respectively, 3, and C are matrices of order two with polynomial elements, and I
is the identity matrix of order two (see Theorem 3).

As a consequence of the referred equivalence, we obtain a characterization
of polynomials which are orthogonal with respect to a semi-classical weight, in
terms of first order linear systems of differential equations (see Theorem 4). These
systems are similar to the ones derived in [10, 17] (see also [19]). But here it is
well to emphasize that, in those papers, the authors went further and studied the
dynamics of the linear systems of differential equations subject to deformations
of the semi-classical weight, thus showing the occurrence of Schlesinger systems
as well as Painlevé equations.

The equivalence between (1) and (2) allows us to give a representation for
{Yy} in terms of the solutions of two linear differential systems, zAL' = CL and
zAP!, = B,P,, asY, = P,L!,¥n > 1 (see Theorem 5). Furthermore, the
characterization for semi-classical polynomials previously obtained will help us
to establish that the Carathéodory function F in (1) is a linear fractional transfor-
mation of a semi-classical Carathéodory function, say F (see Theorem 6), and we
give a representation for {Y;} in terms of the semi-classical orthogonal polyno-
mials corresponding to F (see Theorem 7).

This paper is organized as follows. In section 2 we give the definitions and
state the basic results which will be used in the forthcoming sections. In sec-
tion 3 we establish the equivalence between (1) and the matrix Sylvester differ-
ential equations (2). In section 4 we establish a characterization of semi-classical
orthogonal polynomials on the unit circle in terms of first order linear differen-
tial systems. In section 5 we solve the matrix Sylvester differential equations
from section 3, zAY;, = B,Y, — Y,C, with the help of the the results previously
obtained for semi-classical orthogonal polynomials. Thus, we determine a repre-
sentation for the solution, Y}, in terms of sequences of semi-classical orthogonal
polynomials on the unit circle. Finally, in section 6, an example is presented.

2 Preliminary results

Let y be a probability measure with infinite support on the unit circle T = {e®? :
6 € [0,27t[ }. The corresponding sequence of orthogonal polynomials, called or-
thogonal polynomials on the unit circle (with respect to p), is defined by

1

27 . .
%/ 4)”(619)57”(6—19) d‘u(e) = hnén’m, hn 7é 0/ n,m € IN.
0

If 1 is absolutely continuous with respect to d6, associated with a weight w, i.e.,
du(0) = w(0)db, then we say that {¢,, } is orthogonal with respect to w. If each
¢n is monic, then {¢, } will be called a monic orthogonal polynomial sequence, and it

will be denoted by MOPS.
Given a measure y, the function F defined by
1 27 619 _|_ z
Fz) = 5= | S du(e) ©)

is a Carathéodory function, i.e., it is an analytic functioninID = {z € C : |z] < 1}
such that F(0) = 1 and Re(F) > 0 for |z|] < 1. The converse result also holds,
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since any Carathéodory function has a representation (3) for a unique probabil-
ity measure y on T (see, for example, [25]). In addition, it is well known that
du(0) = ReF(re'?) d6 converge weakly to du when r 1 1, lim,4q Re F(re'?) =
Re F(e'?) exists a.e. for § € [0,27], and if du(6) = w(0)dO + dus(0), with dyus the
singular part, then

w(0) = Re F(e?).

Given a sequence of monic polynomials {¢,} orthogonal with respect to y,
the associated polynomials of the second kind are given by

et 4 o ,
() =1, 0u(2) = 5 [ 52 (4nle) ~ 9u(2)) du®), ¥n € N,

27 et —z

and the functions of the second kind are given by

1 2”ei9—i—z i0
Qn(z)—ﬁ/o () du(6), n=0,1,...

We define the following matrices which will be used throughout the paper,

_ (Pn _Qn _ _Qn
L R @
where ¢;, and ()}, denote the reciprocal polynomial of ¢, and (), respectively,
and Q;(z) = O} (z) — F(z)¢;,(z). We recall that the reciprocal polynomial p* of a
polynomial p of exact degree n is defined by p*(z) = z"p(1/z).
The sequences {¢,}, {Q} and {Q,} satisfy recurrence relations and cou-
pled relations which we use in the matrix form, as given in the following the-
orem (see [14]).

Theorem 1 (cf. [12, 13, 24]). Let F be a Carathéodory function and {¢,}, {Qy}, and
{Qn} the corresponding MOPS on the unit circle, the sequence of associated polynomials
of the second kind, and the sequence of the functions of the second kind, respectively.
Let {Y,} and {Q,} be the sequences defined in (4). Then, the following relations hold,
Vn € N,

Y, = AnYn—lr An = {EZZ ﬂln} ’ (5)
—r
2. =%, ©

. 1 -1
with a, = ¢,(0), Yo = [1 1 } .

Moreover, Vn € IN,
Pu(2)Qu(2) + Pu(2)Q0 (2) = 2h,2", )
¢nu(2)Qu(2) + ¢n(2)Qp (2) = 22", ®)
with hy = TTE_1(1 — |ag|?).
Let Ho(z) = L 5b7, [z] <1, Heo = LGz, [z| > 1. We will write
Ho(z) = O(zF) or Hoo(z) = O(z7 %) if by =--- =by_1 =0,k € N.
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Corollary 1. Let {¢,,} be a MOPS on the unit circle and {Qy} be the corresponding
sequence of functions of the second kind. Then, Vn € IN,

Qu(z) = 2h,2" + O(z"Y), |z| < 1,
Qu(z) = 2ay 1z 1+ 0(z72), |2| > 1,
Q;(2) = 28, 12" T+ O(Z"2), |z < 1
Qi(z) =2h, +O(z™Y), |z| > 1

with ay 11 = ¢p1(0), hy =TT (1 — |ag]?).

Corollary 2. Let {¢,} be a MOPS on the unit circle and {Q,} be the corresponding
sequence of associated polynomials of the second kind. Then, the following holds:

a) If there exists k € IN such that ¢y (a) = Qi(a) =0, thena = 0;

b) If there exists k € IN such that ¢r(a) = Qr(a) =0, then x = 0.

Theorem 2 (Geronimus, [11]). Given a sequence of complex numbers (ay) satisfying
lay| <1, Vn € IN, let {¢pn} and {Q,} be the sequences of polynomials defined by the
recurrence relation (5), and let F be the corresponding Carathéodory function. Then, the
sequence defined forn > 1 by

2 a 1
Cone | 21—l | Th12(1 — Jag?)

_ _ 1 _ . an _
1+‘ 1—1—512 an ’

05 (2)
¢ (2)

converges uniformly to F(z), on compact subsets of ID.

3 Characterization in terms of matrix Sylvester differential equa-
tions

Hereafter, I denotes the identity matrix of order two.

Theorem 3. Let F be a Carathéodory function and {Y,} and {Q,} the corresponding
sequences defined by (4). The following statements are equivalent:
a) F satisfies the differential equation with polynomial coefficients

zAF' = BF? +CF+D; )
b) {Yy,} and {Q,} satisfy the Sylvester differential equations
zAY,, = B, Y, — YuC (10)
zAQ), = (By+ (BF+C/2)1)Q,, n €N, (11)
where B, are matrices of bounded degree polynomials,
5= 8, 2

and

C/2 -D
= [ B —C/z} ' (13)
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Proof. a) = b).
Let F satisfy (9). Firstly we obtain (10). This will be done by dividing the proof in
two parts: in the first part we deduce the equations

zAQ), = (I,1+ C/2)Q — Dy + ©,, 1O (14)
and in the second part we deduce the equations
zA(Q) = (Ina + C/2)0);, + Doy, + 0,20, (15)
zA(¢)" = (In2 — C/2)¢; — BO, — O oy

where I, 1,12, 0, 1, ©,, 2 are polynomials whose degrees are bounded by a num-
ber independent of nn. These two systems of equations can be written in the matrix
form (10), with B, and C given by (12) and (13), respectively.

(@)
First part. If we substitute F = Qu _ (cf. (6))in zAF' = BF?> + CF + D we

bu b
obtain
Qn Qn)’_ (Qn Qn)z (Qn Q)

A(=L_21) —p(=2_21) 4c(X_22) 4D,

Z(% o o o) T\ )T
ie.,
ZA(@)’_B&(&_Z&)_C&

$n $n \ Pn ¢n dn

a,\’ 0, \? Q,
—zA [ B() —c(2) +D.
? <¢n)+ (cpn) (¢n)+
Therefore we have
Q,\’ O, \2 9 N
Al B(—Z) —Cc(-2)+D}¢?=06, 16
{Z (%)* <¢) <¢n)+ }¢” (16

0, =zA <&>I—B& (&_2&) — ¢ -
Pn Pn \Pn Pn Pn

From (16) it follows that @, is a polynomial. From the asymptotic expansion of
Qyn in |z| < 1 (see Corollary 1), and since the left side of (16) is a polynomial, we

get

with

O,(z) =2"0L(2),

with ©}; a polynomial. From the asymptotic expansion of Q, in |z| > 1 (see
Corollary 1) it follows that ©} has bounded degree,

deg(®)) = max{deg(zA) —2,deg(B) —1,deg(C) — 1}, Vn € N.
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Thus, (16) becomes

I 2
{zA (%) + B (%) —-C (%) +D}¢ﬁ =7"'0}.

Using (7) in the previous equation we obtain

! 2
{ZA <%) +B (%) —-C (%) + D} ¢ = On1 (P + Quy),

where ©,,1 = ©L/(2hy,).
Consequently, Vnn € IN,

C . C x
{ZAQ;Z - EQH + D4)n - ®n/107’l} 4)n — {ZA4);,[ + 54)” - BQn + ®n/1¢7’1} Qn .

We distinguish the following cases (see Corollary 2):
a) ¢, and ), have no common roots, Vn € IN, i.e., ¢,,(0) # 0,Vn € IN;
b) there exists a finite number of indexes k € IN such that ¢, and (3; have common
roots, i.e., ¢x(0) = O (0) = 0 for a finite number of ks ;
c) there exists np > 1 such that ¢,(0) =0, Vn > ng.

Case a) If ¢, and ), have no common roots, Vi € IN, then we conclude that
there exists a polynomial /,, ; such that

(17)

ZAQ;/I - %Qn + D(Pn - ®n,10:<1 = ln,lgn ’
ZAP, + Su — BQy + @p19f = Ly1¢n, ¥V €N,

and we obtain (14). Moreover, [, 1 has bounded degree,
deg(l,1) = max{deg(zA) — 1,deg(B), deg(C),deg(D), }, Vn € IN.

Case b) We first assume that ¢1(0) # 0, ..., ¢x_1(0) # 0, and k is the first index
such that ¢ (0) = 0. Thus, ¢, and (), have no common roots forn =1,...,k — 1.
From case a), equations (17) hold forn = 1,...,k — 1. Let us write (17) to k — 1
and multiply the resulting equation by z, to obtain

22AQY | — 5201+ Dz¢y—1 — 20,11 = lk112Q%—1,
ZZA(P]/(_l + %Z(Pk_l — BzQO)y 1 + Z@k_Ll(P;:_l = lk—l,lchk—l .
By substituting
M (z) = 204 1(2), Of(2) = Of_1(2), 20 _4(2) = Q(2) — Q1 (2)

and
Pr(z) = kr-1(2), P (2) = ¢p_1(2), 24 _1(2) = Pi(2) — Pr—1(2)

in previous equations, it follows that

2AQ), — SO + Doy — 20,1105 = (lh_11 + Ay,
ZAP, + Sk — By + 20,1195 = (l_11 + A) ¢,
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and we obtain (14) ton = kwith[y1 = ly_11 + Aand O = zO_11 .

Furthermore, if ¢x;1(0) = -+ = ¢py4,(0) = 0, ¢Ppik,+1(0) # 0 to some
ko € IN, then, using the same method as before, the differential relations (14)
are obtained forn = k+1,...,k+ ko, with

bip=lh_11+(m—k+1)A, @, =2""1@_1,, n=k+1,...,k+k.

Case ¢) If ¢,(0) = 0, Vn > np, then ¢, and Q, are polynomials of the
Bernstein-Szegd type,

Pu(z) = 20 1(2), Qu(z) = 20 4 ().
Applying the same method as before, we conclude that equations (14) hold,
Vn € N, and, forn > ng, l,,; and ®, 1 are given by
it =lpg14+ (n=ng+1)A, ©yq =2"""1@, 17

OF *
Second part. If we substitute F = —* — Q—f

(cf. (6)) in zAF' = BF> + CF + D
and proceed as in the first part, we obtain (15)nwith

deg(l,2) = max{deg(zA) — 1,deg(B),deg(C),deg(D)}, Vn € N,
deg(®,2) = max{deg(zA) — 1,deg(B),deg(C)}, ¥n € N.

Let us now obtain (11). Taking derivatives on Q, = Q, + ¢,F and Q;, =
Q) — ¢, F (ct. (6)) we obtain

zAQ), = zAQ), + zA¢, F + zAF ¢,,,
zA(Q)" = zA();)" — zA(¢;)'F — zAF ¢y,

If we use (9), (14) and (15) in the previous equations, then (11) follows.

b) = a).
Taking into account (6), 9, = Yy [_1 } ,Vn € IN, the equation (11) is equiva-
lent to
pu— — / pa— —
zAY), { 11 + zAY, [ OF} = B,Y, { 11 + (BF+C/2)Y, [ 11:] )

From (10) it follows that

—F

B 60 [

] + zAY, {_ﬂ = B,Y, {__ﬂ + (BF +C/2)Y, {_ﬂ ,

Y, (ZA {‘OF'] _c {‘ﬂ ) — (BF +C/2)Y, {‘ﬂ .

Taking into account that Y}, is nonsingular, we obtain

2A {_F'} _c {_F} — (BF +C/2) {_F} .

ie.,

0 1 1
Since C is given by (13), zAF’ = BF? + CF + D follows. n
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The following formula for tr(B,) was given in [20] for a particular case of a
semi-classical sequence of orthogonal polynomials on the unit circle.

Corollary 3. Under the conditions of the previous theorem, the matrices B, given by
(12) satisfy

ZAA;Z - BnAn - Aan_l , n 2 2, (18)

tr(B,) =nA, neN, (19)
n—1

det(B,) =det(Bi) — A Y L, n>2, (20)
k=1

where tr(By,) and det(B,,) denote the trace and the determinant of BB, , respectively, and
det(B) = A (2247 — (D + B) + C(lm[*+ 1)) /(2n) + BD - C*/4, (1)

a; — 4)1(0), hl =1- |ﬂ1’2.

Proof. To obtain (18) we take derivatives on Y, = A,Y,_1 and substitute Y, =
A Y,1 4+ AnY) 1 in (10), zAY;, = B, Y, — Y,,C. Therefore, we get

ZAAL Y, 1+ zAAY,, 1 = By Yy — Y, C.
Using (10) for n — 1 in the previous equation we get
zAA Y1+ Ay (By1Ya—1 — Yuo1C) = BuY, — YauC.
Using the recurrence relation (5) we obtain
zAAY 1+ Au (By1Yn—1 — Yu-1C) = BpAnYu—1 — AnY,1C,

i.e.,

ZAA;’IYH—l — (BnAn - Aan_l) Yn_l .

Since Y} is nonsingular, for all n € IN and z # 0, we obtain (18).
To deduce (19) we use equations (14) and (15),

ZA(PI//I + C/Z(Pn — BQ)y, + ®n,1¢;kz = ln,l‘Pn
zAQ), — C/2Q + D¢y, — ©, 100 = 1, 1Oy
zA(QM) — C/2Q);, — D¢ — O 20y = 1, Q0
ZA((P:;)/ + C/ch;kz + BQZ + ®n,2(,bn = ln,ZCP;kz :

If we multiply the previous equations by )}, ¢, ¢, and Q),, respectively, we
obtain, after summing,

zA (9,90 + ¢n () + (0)' Qu + 05 0) = (Lug + In2) (9n Q2 + 05 Q)

i.e.,
ZA (G, + ¢ Q)" = (lng +1n2) (9nY) + ¢,Q)
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Thus,
zA (pn QY + ‘PZQH)/ = tr(Bn) (¢n(Y + 1) -

If we use (7) in the previous equation then we get (19).
We now establish (20). From (18) we obtain, forn > 2,

zZ  ay

Taking into account that B, is given by (12) and A, = {E . 1 } , we obtain
n

det(B,) det(A,) = z(1 — |a,|*) (det(B,_1) + Al,_12), Vn > 2.
Since det(A,) = z(1 — |a,|?), then the last equation is equivalent, if z # 0, to
det(B,) = det(B,—1) + Al,_12, Yn > 2.

Consequently, we obtain (20). Moreover, if we compute det(3;) by taking n = 1
in (10), we obtain (21). ]

Remark . (18) is equivalent to the following equations, for all n € IN,

anly1 — Opg = —20,_11 +auly—1p
zlyy — anz20p1 = zly 17 — an®y 12 + ZA 22)
—2@p2 + anzlyp = anzly—11 — Op_12 + 0nzA

—0yOp2 +lp2 = —0,20,_11 + 112

4 A characterization of semi-classical orthogonal polynomials
on the unit circle

In this section we derive a characterization for sequences of semi-classical ortho-
gonal polynomials on the unit circle.

Definition 1 (cf. [26]). Let 1 be a measure supported on the unit circle given by
du(0) = w(0)do + L | Ayds, , where Ay > 0, |z =1,k =1,..,N, N € N. The
weight w (or the measure ) is semi-classical if there exist polynomials A, C such
that

dw(9)/d9 _ C(z) _ s
w(f) A(z)’ '

The corresponding sequence of orthogonal polynomials is called semi-classical.

(23)

For our purposes, we will consider the analytic continuation of the weight w
to an annulus {z : €1 < |z| < €2} and, in order to simplify the notation, we still
denote this analytic continuation by w = w(z). Thus, the equation (23) is now
equivalent to

w'(z) —iC(z)

o0~ A% (= d/dz). (24)
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It is well known that the corresponding Carathéodory function satisfies a first
order linear differential equation

zA(z)F'(z) = —iC(2)F(z) + D(2),

where D is a polynomial (see [26]). Moreover, the converse holds for a specific
polynomial D depending on A, C (see [3, 7]).
We will need the lemma that follows (see [9]).

Lemma 1. Let X and M be matrix functions of order two such that X' = M X . Then,
(det(X))" = tr(M) det(X). (25)

The theorem that follows is a generalization of a result for semi-classical ortho-
gonal polynomials on the real line established in [19]. Moreover, it shows that the
necessary condition given in [3, Theorem 5] for a MOPS on the unit circle to be
semi-classical is also sufficient.

Theorem 4. Let {¢,,} be a MOPS with respect to a weight w, {Q,} be the sequence of
functions of the second kind, and Y, = [('b” —Qn/ w} ,n > 1. Then,

¢n  Qu/w
w(z) = Kefzzl %dt, KeC, (26)
if, and only if, Y, satisfies
zAY) = (B, —C/21)Y,, Vn € N, 27)

where B, is the matrix associated with the equation zZAF' = CF + D satisfied by the
corresponding Carathéodory function.

Proof. Let w satisfy w'/w = C/(zA) and let the corresponding F satisfy zAF' =
CF+ D.
From Theorem 3 the following two equations hold,

_Q;l/w — —Qu/w
zA [‘P’l} = (B, —C/21) [ﬂ , (29)

where B,, are the matrices associated with zAF’ = CF + D. Moreover, as w' /w =
C/(zA), then

—Qu/w|" _ _, [-Qh/w]  ~, [-Qu/w
[ Q) —aa[ ) - [&0.

If we substitute (28) in (30) we get

—Qn/w /_ _ —Qn/w
ZA{QZ/ZU] = (B, C/ZI)[Q;‘Z/ZU} . (31)
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Finally, from (29) and (31), the differential system (27) follows.
We now prove the converse.
1y, = [P —Qn/w
" |:(P7’l Ql’l /w

] satisfies (27) then, from Lemma 1, we obtain

(det(Vy)) = TB=C/2D g3,y
zA
From (8) we get det(Y,) = 2h,2" /w, thus the last equation is equivalent to

w  nA—tr(B, —C/21I)

w zA
. . . w’ C
If we use tr(B,) = nA (cf. (19)) in the previous equation then we get o = A
and we conclude that w is given by (26). n

5 Solutions of the Sylvester differential equations

In this section we solve the Sylvester differential equations (10), zAY;, = B,Y; —
Y,C, Vn € IN. The result that comes next is a particular case of a result on matrix
Riccati equations known as Radon’s Lemma (see [1]).

Theorem 5. Let F be a Carathéodory function satisfying zAF' = BF? + CF + D and
By, C be the corresponding matrices given by (12) and (13), respectively. Let G C C be a
domain not containing the zeros of zA, and zg € G. If L (L nonsingular) and Py, satisfy,
Vn €N,

zA(z)L'(z) = C(2)L(z)
{,C(Zo) =1 (32)
and
zA(z)Py(z) = Bu(z)Pu(2)
{Pn (20) = Ya(z0) (33)

then the corresponding sequence {Yy, } associated with F, defined in (4), has the following
representation in G,
Y, (z) = Pu(z) L71(z),Vn € N. (34)

Proof. To zAF'" = BF? + CF + D we associate (10), zAY! = B,Y, — Y,,C, with
B, and C given by (12) and (13), respectively (see Theorem 3). Let £ and Py,
satisfy (32) and (33), respectively. Let us see that that Y;, = P,£ ! is the solution
of zAY; = B, Y, — Y,C . Taking into account that

ZA(PLL7Y = zAPLLT 4 zAP, (L7
and (L1 = —£71L'L71, from (33) we get
zA(Pu LY = B, P. L7 —zAP,L7IL'L7T.
Using (32) in the previous equation we get
zA(P. LY =B, P L =P, L7iCLLt,

ie., Y, = P,L ! satisfies zAY], = B,Y, — Y,,C, and the assertion follows. ]
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Remark . The solution of (32) is given by £(z) = L(z)L°, with L a fundamental
matrix of the differential system (32) satisfying zAL' = CL, and L° = L(zp) 1.
The solution of (33) is given by Py,(z) = P,(z)P?, with P, a fundamental matrix
of (33) satisfying zAP, = B,P,, and P satisfying P,(zo)PY = Y, (zo), i.e., P} =
(Pu(z0)) 'Yy (z0). Thus, if we substitute £ and P,, given as above, in (34), the
solution of the Sylvester differential equations (10) becomes

Y, (z) = P, (2)E L7} (2) (35)
with
En = (Pu(20)) " Ya(20)L(20) - (36)

5.1 Solution of (32)

We search for a matrix L of order 2 satisfying zA(z)L'(z) = C(z)L(z), with C
given in (13).

Lemma 2. Let L be a fundamental matrix of solutions of (32). Then, det(L(z)) =
det(L(zp)).

Proof. From Lemma 1 (cf. (25)) we have

(€

(det(L)) = =5

det(L).

Since tr(C) = 0, it follows that (det(L))’ =0, i.e.,
det(L) =¢, ceC.

Thus, det(L(z)) = det(L(zg)), for some zy € C. n
Lemma 3. Let C be the matrix defined by (13). Then,

(@) C>=B1, p=(C/2)>—-BD;

(b) The eigenvalues of C are /B ;

(c) V VB = span{[D C/2— \/B] "V is the eigenspace corresponding to /B and

vV VBT span{[D C/2+ /B] "'} is the eigenspace corresponding to — VB
In what follows, Ly, L, are column vectors of size 2.

Lemmad4. Let L = [Ly Ly] be a fundamental matrix of (32). Then,

zALy = \/BL1 +zAc1V_ VB (37)
ZAL) = —/BLy + zAcV VB (38)

with c1, ¢y functions.
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Proof. From (32) it follows that

zA

(C++B1I) <L’1 — @u) = Oyu1, (39)
C—VBI) <L2 + \/BL2> = O2x1- (40)

A

Since the eigenvalues of C are £, /B, and the corresponding eigenvectors are V N

and V N from (39) and (40) we obtain, respectively,

Lll — Z—\/AFLl = Cl(Z) V_\/B

LIZ + Z—\{{FLZ = Cz(Z) V\/E

where c1, ¢ are functions. Thus, (37) and (38) follow. ]

5.2 Solution of (33)

We search for matrices P, of order two satistying, for eachn € IN,
zAP, = B,P,. (41)

Hereafter we will consider z; € C and C a polynomial such that fzzl %dt is
defined (in suitable domains).

Lemma 5. Let B, be the matrices given in (12), let A, C be polynomials. P, is a solution

of
zAP, = (B, — C/21)P, (42)

z C/2

if, and only if, P, = el A P, is a solution of (41).
Proof. Let P, be a solution of (42). Since

z C/Zdt ~

z ¢/
zA(ele A Pn) C 2alt

—
%ejﬁ C“‘zdtP +zAD) e Iy

and D, satisfies (42), then we obtain

z C/2

A(efti (iz/‘\zd ) B P ele tA

fZ C/2

thus P, = ¢ ' B, satisfies (41). Analogously one proves the converse. m

Taking into account the previous lemma, we will solve (41) searching for a

z C/2
f21 A tPn , n € IN, where D, satisfies (42). Further-

more, we will search for P, given by P, = [ ﬁb " ~Q "/w} , Vn € IN, where

(Pn)* Qu/w@

solution {P,} givenby P, = ¢
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{$n} is a MOPS on the unit circle with respect to a weight function @, and {Q,}
is the corresponding sequence of functions of the second kind.

Let us remark that, using the same arguments as the ones used in the proof of
Theorem 4, from zAP), = (B, — C/21)DP, we get

@' nA—tr(B, —C/21)
w zA ’
@' 8
and since tr(B,) = nA, there follows — = —, thus
w zA
z ¢
@ =Keln7" Kec. (43)
Henceforth, 5
z C/2 3 (Pn _Qn/w:|
P—ezl tA =, | ,meN, 44
" [«pn) 0y/@ #
with @ given by (43).

Remark . According to Theorem 4, P, = [ ( (g) ”)* _QQ*”/;ﬂ satisfies zZAP! = (B, —
n n

C/21 )15” , where B, is associated with the equation for the corresponding Cara-
théodory function, say zAF' = CF + D, thus depending on A, C, D. On the other
hand, B, of (42) depend on A, B,C,D. As it will be seen in Lemma 7, this is
possible because the polynomials B, C, D depend on C, D.

Lemma 6. Let F be a Carathéodory function satisfying zZAF' = BF? + CF + D and
{¢n} the corresponding MOPS. For all n € IN, let P, be a fundamental matrix of the
corresponding differential system (33). If P, is given by (44), where {¢y,} is the MOPS
with respect to the weight W, then the following equations hold:

P, = AP, 1, A, = [EZZ ﬂ ,neN, (45)
ZA./Z(;,I - Bn./z(n - Aan_l , n 2 2. (46)

Proof. (45) is a consequence of the recurrence relations for { P, } (see Theorem 1),

5 _ A D i _ z ¢ (0)
P, —Anpn—lr An = [4;”(0)2 1 }, n €N,

VYe now establish (46). Since P, satisfies zAP,, = B, P,, then by substituting P, =
A, P,_1 in the previous equation, there follows

ZAA Pn 1+AnZA 1—Bn./4n n— 1,1’l>2
Using zAP, | = B, _1P,—1 in the last equation we get
ZA.A/ 1+ An n— 1Pn 1 — BnAn n—1-

Thus, . . 3
(ZAA;I + Aan—l)Pn—l = BnAnPn—l .
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Since P, is nonsingular (det(P,) # 0, Vn € N, Vz # 0) then
zAA, + A,B,_1 = B, A,
follows, and we obtain (46). [ |
Remark . From (18) and (46) we get the equations
zA(Ay — Ap)' = Bu(Ap — An) = (Aw — Au) By 1, n > 2.

Hence, B
An®n,1 - /\n®n—1,2
)\nln,l - )\nln—l,z

= (47)
AM®p_1,1 = 2Oy
Aulnog — Anly—11 = AnzA
where Ay, = a, — iy, ay, = $(0), @, = $,(0), Vn € N.
bF
Hereafter we will denote linear fractional transformations T(F) = % y

T(u,b;c,d) (F) .

Theorem 6. Let F be a Carathéodory function satisfying zAF' = BF?> + CF + D, and
{¢n} be the corresponding MOPS. Let P,, n € N, be a fundamental matrix of the
differential system (33) given by (44), and F be the corresponding Carathéodory function.
Then, there exists a unique linear fractional transformation, T(, .. 4), with a,b,c,d € P

and ad — be # 0, such that F = T .. 1) (F).

Proof. To prove that F is a linear fractional transformation of F, we begin by es-
tablishing that the reflection coefficients of {¢,} and {¢,}, i.e., a, = ¢,(0) and
i, = ¢n(0), differ only in a finite number of indexes.

Let us write A, = a, — d,, Vn € IN. First we establish that Z = {n € N :
Ay # 0} is a finite set. In fact, if Z was not finite, for example, Z = NN, then
An # 0, Vn € IN. But from (47) we would obtain

ln,1 = ln—1,2/ Vn € IN.
Substituting in (22), we would obtain
®n,1 = Z®n—1,1/ Vn € IN,

hence
®Tl,1 = z”@lll,Vn € IN.

But this is a contradiction to the fact that deg(®,,) is bounded. Therefore, Z # IN.
On the other hand, if we consider, without loss of generality, the case

a, =d,, n=12,...,np,
an %ﬁn/ n 2”0/

then we will obtain the same conclusion.
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To conclude that F is a rational transformation of F of the referred type, we
take into account its representation in continued fraction given in Theorem 2.
To establish the uniqueness of T, .. s) we remind that the inverse of T(, ;. 4,
ad —be # 0, is given by T(, _,_ 4) - Therefore, if Ty and T; are two linear frac-
tional transformations such that Ty (F) = T(F), then the composition T, ' o Ty
satisfies (T, ' o T1)(F) = F, and thus we obtain T, ' o Ty = id, ie, T} = Tb.
Hence, the uniqueness of T is established. n

5.3 Determination of the polynomial C

In what follows we determine the polynomial C which defines { P, } given in (44).

Lemma 7. Under the conditions of the previous theorem, let F be a Carathéodory function
satisfying zAF' = BF? + CF + D, let C be a polynomial which defines a weight @ given
by (43), and let F be the Carathéodory function associated with W. Let Ty, —pr;—a2pa) #
a;,Bi €P, i =1,2, a1f2 — axB1 # 0, such that F = T(F). Let us consider the first
order linear differential equation for F,

zAFF =CF+D, DeP. (48)
Then, the following relations hold:
B = (02py — a3P2)zA + apaC + 3D, (49)
C = (a2f) + a1y — apPy — a1P2)zA + (12 + a2p1)C +2p1p2D,  (50)
D = (w1} — #1p1)zA +a181C + B1D, (51)

where we have considered, without lost of generality, apB1 — a1B2 = 1.

Proof. Since @' /@ = C/(zA) (cf. (43)), then @ is semi-classical. Therefore, the
corresponding F satisfies (48),~ with D a polynomial (see [3, 7]).

— B1F - F - F
Let us write F = “17’% ,le., F = i St 13 .Using F = 2 S in (48),
—ay + BofF p1 + BoF P1+ B2F
it follows that
zA(x3B1 — a1B2)F' = ByF? 4 CoF + Dy, (52)

with
By = (a2 — a5B2)zA + a2poC + B30,
Co = (a2 + a1y — a3B1 — a1 B2)zA + (a1 B2 + azf1)C +2B1B2D,
Dy = (18] — &1B1)zA + a1 81C + B3D.
Hence, F satisfies zAF' = BF? + CF + D and (52), thus it follows that
zA(waf1—afa) By G D»

zA B C D°
Therefore, if a7 — a1B2 = 1, then

B = By, C:CZ/ D = D,
and (49)-(51) follow. [ |
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According to Theorem 6, for each polynomial C defining a weight @ by (43)
and {P,} as in (44), there exists a unique linear fractional transformation T such
that F = T(F), with F the Carathéodory function associated with @. In this issue,
we pose the question: being C; and C, polynomials (defining weights of the same
type as in (43)) and F, F, the corresponding Carathéodory functions such that F
is a linear fractional transformation of F;, i = 1,2, to obtain relations between C;
and C,. The next lemma gives us an answer.

Lemma 8. Under the same conditions of the previous lemma, let F be a Carathéodory
function satisfying zAF' = BF? + CF + D. Let Cy, C; be polynomials defining semi-
classical weights of the type (43), and let F; and F, be the corresponding Carathéodory
functions, non rational, satisfying

zAF] = C1F, + Dy, (53)
zAF) = GF + D,. (54)
Let Ty = Ty, pi—arps)r 12 = T(y1,—yi;—yam,) be the transformations such that

Ti(Fy) = F, Ty(F,) = F. If we assume, without loss of generality, that a1 — a1py =
1, a1 — y1y2 = 1, then the following relations take place:

(2B — 45B2)zA + a2B2C1 + B3D1 = (Yary — Va112)zA + 12172Ca + 15D, (55)
(027 + w185 — ayB1 — a1 Ba)zA + (w12 + a2B1)Cy + 2818201
= (211 + 7112 = Yo — V1m2)2A + (1112 + v211) Co + 2im2D2 - (56)
(017 — a1p1)zA + a11Cy + B1D1 = (min — Yim)zA + 1imCa +1iD2. (57)
Proof. Since F = Tj(F;) with F; satisfying (53), from previous lemma we obtain

B = (0(2‘3/2 — (szﬁz)ZA + 0(2‘3261 + ,B%f)l ,
C = (a2} + a1 — apP1 — &1 2)zA + (w182 + 221)C1 +2B1 2Dy,
D= (0(1‘3/1 — 06/1‘31)214 + 0(1‘3161 + ‘B%Dl .

Also, since F = T, (F,) with F, satisfying (54), from previous lemma we obtain
B = (1211 — 12112)2A + 12112Ca + 13D2,

C = (7211 + 115 — Yl — Y112)zA + (v112 4+ v2111)Co + 2111720,
D = (1111 — vim)zA + y1mCa + 3Ds.

Therefore, (55)-(57) follow. ]

We now state the main result of this section, a representation formulae for
{Y,}, defined in (4), associated with a Carathéodory function F that satisfies
zAF' = BF?> + CF + D.
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Theorem 7. Let F be a Carathéodory function satisfying zAF' = BF?> + CF + D,
A,B,C,D € P, and let {Yy,} be the corresponding sequence given by (4). Then, there
fzzl tadt

exists a polynomial C (defined by Lemmas 7 and 8), and a weight ® = Ke
K € C, such that

Y — \/5(?1’1 _Qn/ﬁ E L—]_
tWag Qv ]
where {¢,} is the MOPS with respect to @, {Qy} is the sequence of functions of the

second kind associated with {¢p,}, E, are the matrices defined in (36), and L is a funda-
mental matrix of (32).

, n €N,

Proof. These equations are a direct application of Theorem 5, namely (35). n

6 Example

Let us consider the sequence of Jacobi orthogonal polynomials on the unit circle,
{¢n}, with parameters « = B, F the corresponding Carathéodory function. Let
{Q, } be the sequence of associated polynomials of the second kind and F be the
corresponding Carathéodory function. F satisfies (see [4])

z(z> —1)F' = —2acy(z* — 1)F? — 2a(z*> + 1)F,

where ¢ is the moment of order zero of the Jacobi measure on the unit circle.
Taking into account Theorem 5, firstly we will solve the following differential
systems:

—a(z%2+1) 0
—2ac(z2 —1) a(z®+1)
z(z> —1)P, = B,P,. (59)

z2(z2 — 1)L (z) = L(z), (58)

In what follows we consider a complex domain G such that {0,1, -1} & G, and
azopinG.

Lemma 9. The fundamental matrix of solutions of (58) is given by
L(z) =z %(z% — 1)"

z
1 — 2acg fzzl a2 —1)72%4t 1 —2acq fzzz 2a-1(12 1)~y

20 (22 . 1)—204 ZZ(X (ZZ o 1)—204

with z1 # z».

Now we obtailg a solution of (59). Takin into account Theorem 4, henceforth
we will consider C as polynomial and we will solve (59) searching for a solution
I? ¢/2 —0O.. /77 5
P, given by (44), P, = e Joy et {4’” g”/ﬂ ,Vn € N, with A =22-1, {$,}
(Pi’l Qn /w
the MOPS with respect to @, {Qy, } the corresponding sequence of functions of the

J7
second kind, and @ = Ke’a
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On the other hand, F is a linear fractional transformation of F given by F =
1/F (see, for example, [23, 25]), with F satisfying (see [26])
z(z2 —1)F = 2a(z%> + 1)F + 2aco (22 — 1).

Therefore, by Lemma 7, C = 2a(z*> + 1) follows, and consequently we obtain
o= ((22—1)/2).

From Theorem 7, the following representation for Y;,, = [gz _Q%n} holds:
n n

o — (- 1>/z2‘2“~c2n] -
() (2 =1)/2) 7 (Qn)*
1 — 2acy fzzz t2tx—1(t2 _ 1)—21xdt — 2 (22 _ 1)—21x

X _1 + Z“CO fzzl tza—l(t2 _ 1)—20{dt ZZO( (22 _ 1)—206

],nelN

z
where K = mo/ T2 )72 By = (Pa(zo))” WYa(20)L(zo0)-

Z1
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