Subordinations for domains bounded by conic
sections

Stanistawa Kanas

Abstract

We establish some conditions under which the differential subordination
of the type p(z) + 2p'(2)/p(2) < Q(z) yields p < ¢ in Y. Functions @ and
q are chosen so that they map the unit disk onto domains enclosed by conic
sections. Some applications of obtained results are given.

1 Introduction

We denote by H the set of functions of the form
f(z)=z+a®+---, (1.1)

analytic in the unit disk /. By S we denote the subclass of H of univalent functions.
Also let CV, 8T, ST (a) (a € [0,1)), and UCV denote subclasses of S consisting of
convex, starlike, starlike of order a and wuniformly convex functions, respectively.

Recently, Kanas and Wisniowska ([7]) introduced subfamilies of univalent func-
tions called k-uniformly convex and k-starlike, with 0 < k < oo, and denoted k-UCV
and k-S7T, respectively. The analytic conditions of those classes are following (cf.

3], [4], [7], [8], [10]):

k-UCY = {f €H:Re <1 + ZJJ:((;))> 7 ‘ZJ{((z?

, zeu}, (1.2)
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and
E-ST ={f e H:Relzf'(2)/f(2)] > kl|zf'(2)/f(z) = 1], z € U}. (1.3)

Note that k-UCV and k-S7 are connected by the well known Alexander relation, i.e.
f € k-UCY if and only if zf'(2) € k-ST. Also, we note that geometrically k-UCV
is a subclass of univalent functions that map circular arcs, contained in the unit
disk, with centers contained in the disk of the radius k, (k € [0,00)), onto convex
arcs. The similar class but only for the case k = 1 was studied by Goodman ([1]).
Observe that in the case k = 0 families k-UUCV and k-S7 coincide with well known
classes of convex (CV') and starlike (ST') functions, respectively.

Let the functions g and G be analytic in the unit disc &. The function g is said
to be subordinate to G, written g < G (or g(z) < G(2), z € U), if G is univalent
in U, g(0) = G(0) and g(UU) C G(U). When ¢(z) = ¥(p(z), 2p'(2); 2) with ¢, p
analytic and having appropriate normalization, then the subordination is called the
first-order differential subordination.

The theory of subordination has significant meaning in the theory of univalent
functions; the notion of subordination is also often used for defining classes of func-
tions. For example k-UCYV and k-S7 can be rewritten in terms of subordination as

1+ zf"(2)/f'(z) € Q, where
O = {u—l—iv cu? > kA (u— 1) 4 K% u > O}.

The family of plane domains €2, consists of domains convex, symmetric about real
axis and bounded by conic sections. Denoting by pp the conformal mapping that
maps U onto €, we obtain the family of conformal mappings depending on k (k €
[0,00)). Therefore, for each fixed k, the family k-UUCV is the family of all f € H for
which 1+ zf"(2)/f'(z) < pr(2) and k-ST consists of all functions f € H such that
2F(2)/F(2) < prl2), = € U.

We briefly recall one of the problem that characterize the theory of differential
subordinations; for more details the reader should consult the monograph due to
Miller and Mocanu ([13]). Assume that p is a function with positive real part and
such that p(0) = a, p(z) # a. Also, let ¢ : C* x U — U be analytic and such that
¥ (p(0),0;0) = a. Given 1 and univalent function ¢, ¢(0) = p(0), find the ”largest”
function @, such that Q(0) = a, and the relation

Y(p(2), 2p'(2); 2) = Q(2) = p(2) < q(2) (1.4)

holds. The second problem of this theory is to find the ”smallest” function ¢ for
given (), and so that (1.4) holds.

The above mentioned problems were investigated in a numerous papers (cf. e.g.
(2], [11], [12], [13], [14], [15]), for various choice of @ and ¢q. However, authors mostly
consider cases when functions ¢ and ) map the unit disk onto half-plane, sector or
a disk. Thus they can not be strictly applied for k-UUCV and k-S7T. The aim of the
paper is the study of the relation (1.4) when @ or ¢ is py. We choose function 1 such
that it provides the containment results for k-UUCV and k-S7T and related subclasses
of univalent functions. Finally, we compare obtained conclusions with the classical
results from the univalent function theory.
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Now, we recall the lemma basic in the theory of differential subordinations.

Lemma 1.1 ([12]). Let h be an analytic function on U except for at most one
pole on OU, and univalent on U, p be an analytic function in U with p(0) = h(0)
and p(z) #Z p(0), z € U. If p is not subordinate to h, then there exist points
20 €U, (o € OU and m > 1 for which

(2] < lzol) € h(Ud),  p(z0) = h(Go), 200/ (20) = m Go P (Co)-

2 Main results

Theorem 2.1. Let k € [0,00). Also, let p be an function analytic in the unit disk
such that p(0) = 1. If

zp'(2) zp'(2)
Re <p(z) + o) ) —k ‘p(z) -1+ o) >0, (2.1)
then
p(e) < 202 (2.2)

where a > a(k), and a(k) is given by

1=K\, o 1-k
T+ k T+ k

Proof. We may assume that o > 1/2 since the condition Re (p+2p/(z)/p(z)) > 0
implies at least Re p(z) > 1/2 (c.f., e.g. [13], p. 60).

Suppose now, on the contrary, that p £ h. Then, by Lemma 1.1 and results of
Miller and Mocanu ([12]), there exists zg € U, (o € OU, and m > 1 such that

alk) == (2.3)

1 — 2 2
p(20) = a+iz, zp'(2)=my, where y< — w, z,y € R.
2(1 —«)
Making use of the above relations, we thus have
20’ (20) 2o’ (20)
Re [ p(z0) + 7> —k |p(zo) — 14 ——==
( p(20) p(20)
= Re (a+i:c+ my. ) —k’a—l+iaz+ my.
o +x o +x
a(l —a) + 22 — myl? + 22(2a — 1)?
_ ., omy ylel-a) o + 2220 - 1)

a? 4 22 Va2 + a2
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< a- a (1—-a)?+2?
2l —a) a?+a?
2
k\/[a(l —a)+ 2?2 + 15 —1—2(1”‘“—_206)} + 22(2a — 1)?
va?+a?
a (1—a)?+2?
21 —a) a?+2?

—Q Q —2x 2
k\/[(l );2 )y 2 2?1_200] + 22(2a — 1)2

Va2 + x?

The function r(z) is even as regards =, and attains its maximum at z = 0 when
a > 1/2. Indeed, denoting

= o —

=:r(z).

g 3—204’ B:(l—oz)(204+1)7 C =901,
21— a) 2

we have

(z) = —T [ a2a —1)

(a2 +22)32 | (1 — a)Va? +a?
A%zt 4 2A%0%2% 4+ B(2A%a* — B) + C?a?

+ ok
J(B+ Ae?)? 4 222

Then 7r'(z) = 0 if and only if # = 0, since the expression in the square brackets is
positive (B(2Aa®— B) = 24 (—6a°+ 90— 1) = 225 [3a(1—a)(2a—1)+3a—1] > 0
when a > 1/2), for x € R. Thus r(x) attains its maximum at x = 0, and we have

l—a (1—a)2a+1)
<r0)=a-— —k =0 24
i) <r(0)=a— 1 = , (2.4
for « = a(k), as given by (2.3), that contradicts the assumption. n

Now, we consider other form of the function ¥ (p(z), zp'(2); z) that provides var-
ious containment results for classes k-UUCV and k-S7T.

Theorem 2.2. Let§ € (0,2] and k € [0,00). Also, let p be the function analytic
in the unit disk such that p(0) = 1. If

P\ |2
Re <1+5 ) ) ké‘ )

> 0, (2.5)

then p(z) < h(z), where h is given by (2.2), and o > «(k, ) where

a(k,8) = %. (2.6)
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Proof. As in the proof of Theorem 2.1 we may assume that o > 1/2. Supposing,
on the contrary that p £ h, and making use of Lemma 1.1, we obtain

e (14 s g e
p(20) p(20)
~ Re <1+ moy )—ké‘ my
o+ 1 o+ 1
_ oy s Myl

a? + 12 NG

mad (1 —a)?+ z? Emé (1 —a)?+ a?

< _ _
=1 2(1—a) a?+a? 2(1—a) a2+ a2
— )2 2 _ )\2 2
< 1- a0 (I1-—a)+2® ki (1-a)+z _. s(2).

2(1—a) a?+a? 2(1—a) a2+ a?

The function s(z) attains its maximum at the point z = 0. Indeed,

s'(z) =

—0x [204(204—1) x2+a2+2a—1]_0

k
21 — a) | (2 + 22)? + (a? + z2)3/2

if and only if z = 0 since, for a > 1/2, the expressions o + 2a — 1 and 2a — 1 are
nonnegative, and

§(0) = —6 l2(2a — 1)+ k(a® +2a — 1)] <o

2(1 — a) as
Thus, we have
1-— 1-—
s@) <s) =120z ol=a)
2a 2a
for a« = a(k, 0) where a(k, ) is given by (2.7). n

The above Theorems are key results for obtaining some inclusions for k-uniformly
convex and k-starlike functions and its connections with other well known subclasses
of univalent functions. Applying Theorem 2.1 we may formulate the following:

Theorem 2.3. Letk € [0,00). If f € k-UCV, then f € ST (), where a > a(k),
with a(k) is given in (2.3).
Proof. Assume f € k-UCV. Then, by (1.2),

2f"(2) 2f"(2)
Re <1+ 72) ) >k )

Setting p(z) = zf'(2)/f(2), p(0) =1, the above condition can be rewritten as

Re (M i Z;;;g) ok |p<z> g Z;;;g

z€eU.

or
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Now, applying the Theorem 2.1, we obtain the assertion. [ ]

Remark. Observe, that in the case, when k£ = 0, we recover the classical sharp
result that each convex function is at least 1/2 starlike. Also, we have «a(1) =
V2/2 ~ 0.705, that gives related result for uniformly convex functions. It improves
the result concerning the order of starlikeness for uniformly convex functions ([9]).

Using Theorem 2.2 for the case, when § = 1 we have:

Theorem 2.4. Let 0 <k < oo. If f € k-S8T, then

Simalarly, iof f € k-UCV, then

k1
Re f/(z) > 12
AR e

Proof. Setting p(z) = f(2)/z (or p(z) = f'(2))), under the assumption that
f € k-S8T (or f € k-UCV, respectively) and making use of Theorem 2.2 the assertion
follows. u

Setting 6 = 2 in Theorem 2.2 we obtain:

Theorem 2.5. Let 0 <k < oo. If f € k-UCV, then

k+1
Re /() >
and if f € k-ST, then
k+1
)/ > k42

Proof. By putting p(z) = /f'(z) with f € k-UCV (or f € k-ST, respectlvely)

and using the Theorem 2. 2 we conclude the assertion.

Next, we prove some theorems that will be helpful for comparing the obtained
results with the classical ones.

Theorem 2.6. Let p be an analytic function in the unit disk, such that p(0) = 1.
If, for o € [1/2,1],

Re <1 + zp’(z)) >a, then Rep(z) >,
p(2)

where § > [(a), and

Bla) = : (2.7)
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Proof. Reasoning along the same line as in the proof of Theorem 2.1 and 2.2,
and supposing Rep < (3, we have

Re <1+Zp'(2)> _ im Y

p(z) 3% +
< g Bl=p)2+a7
B 2(1 = B)(8% +2?)
where r e R, m > 1 and y < — (1;(61)7_2;;32
Bl(1-B)>+a?]

It is easy to check that he function u(z) = 1 —
maximum at x = 0, thus

201-8)(371a2) attains its only

Re <1+Z§;S)> gg—%

that equals to o when [ = 1/(3 —2«). This contradicts the assumption, so that the
assertion follows. O

Setting p(z) = f(z)/z in Theorem 2.6 we obtain the following containment result.

Theorem 2.7. If for some a € [1/2,1] f € ST (), then

f(z) 1
z >3—20[

Re

Theorem 2.8. Let p be an analytic function in the unit disk, such that p(0) = 1.
If, for a € [%, 1}

Re\/p(z) + zp/(2) > o, then Rep(z) >4,

where § > §(«), and
202 41
5(a) = O‘; . (2.8)

Proof. Supposing, on the contrary, that Rep < 4, we have

Re?/p(2) +2p/(2) = %[5+my+\/x2+(5+my)2}

O PONR SRR GRS O PR et S ?
= 172 41— 2\" 2 2(1-9))"

WherexGR,mzlandyg_%

The right hand function v(z) attains its maximum at x = 0. Indeed

3—54 22
i—e) T 2002 1

o
B 2 30—1 2 2 1-9¢ ’
\/372 + (T - 2(1—6))

V()
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and v'(x) = 0 if and only if

3-56 x2
—5 T 3= 1
=0 or 2(1-96) 2(1-9)2 _ —0.

The second equality is satisfied for no z € R, since after some computations, it
reduces to

(20 -1)(6 —1)=0.
Then v'(z) = 0 if and only if z = 0 and

gy Db6%—8+2
O =G na=g) <°

for 0 € [1/2,1). Thus

Re?\/p(z) + 2p/(2) = o?

when § = (2a% + 1)/3, that contradicts the assumption and the assertion follows.

u

Substituting p(z) = f(z)/z in Theorem 2.8 gives immediately the following re-
sult.

Theorem 2.9. If Re./f'(z) > « for some o € [1/2,1], then

f(z)  2a*+1

R >
¢ z 3

Having in view the above results we can compare the classical results concerning
the half-plane with these obtained for domains bounded by conic sections. This
comparison shows that such a substitution provides "the step to the right”. For
instance classical results give

2f"(2) 2f'(z) _1 flz) 1
Re <1+ f’(z)>>0 —> Re e >5 —> Re . >§,
whereas, by Theorems 2.1 and 2.7 we obtain
2f"(2) 2f"(2) 2f'(z) f(z)
Re <1+ f’(z)>>k 702) Re e >a = Re7>ﬁ,

where o = a(k) = (1/4) [\/((1—k)/(1+/<:))2+8—(1—k)/(1+k)}, and [ =
1/(3 = 2a).

Setting k£ = 1, for example, we obtain from the above the following:

1)) | () _ V2
fte (” ) ) e T T T
—> Re f(ZZ) > 3+7\/§ ~ 0.63.
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Also, we know that

Zf/l(z) ; 1
Re <1+ f’(z)>>0 —> Re f(z)>§ — Re —= >

whereas, applying Theorems 2.5 and 2.9 we conclude

E+l o fG)

zf"(z) zf"(2) ;
Re <]. + f’(z) ) > kf| f’(z) = Re/f (Z) > k‘—«FQ Re s > 0,
with 6 = [2(k + 1)?/(k + 2)? 4+ 1]/3, and when k = 1 we obtain
2f"(2) z2f"(2) . 2 flz) 17
Horeover PO L) fo) ke
2f'(z 2f'(z z +
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