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Abstract

We give a classification of parallel surfaces in the groups of rigid motions of
Minkowski plane and Euclidean plane, equipped with a general left-invariant
metric. Our result completes the classification of parallel surfaces in the eight
three-dimensional model geometries of Thurston and in three-dimensional uni-
modular Lie groups with maximal isometry group.

1 Introduction

In recent years, there has been done a lot of research concerning curves and sur-
faces in 3-dimensional homogeneous spaces. Initial work was done in [4] and [2].
One of the reasons for this success is that the classification of these spaces is well-
understood and that they form a natural generalization of 3-dimensional real space
forms. Indeed, let M3 be a simply connected homogeneous manifold with isometry
group I(M?3), i.e. I(M?) acts transitively on M?3. Then dim I(M?) € {3,4,6} and
moreover:

(i) if dim I(M?) = 6, then M3 is a real space form, i.e. Euclidean space E?,
hyperbolic space H3(c) or a three-sphere S3(c),

(i) if dim I(M?) = 4, then M? is either a Riemannian product H?*(c) x R or
S?(c) x R, or one of following Lie groups with left-invariant metric: the special

P

unitary group SUs, the universal covering of the special linear group SLoR or
the Heisenberg group Nils,
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(iii) if dim I(M?®) = 3, then M3 is a general 3-dimensional Lie group with left-
invariant metric, for example the Lie group Sols.

Another reason is that the above classification contains t}/lggight model geometries
of Thurston ([7]), namely E?, H3, S3 H? x R, S? x R, SLyR, Nil3 and Solz. The
famous geometrization conjecture of Thurston states that these eight spaces are the
‘building blocks’ to construct any 3-dimensional manifold.

Parallel submanifolds are an important class to study. Their second fundamental
form is covariantly constant and hence their extrinsic invariants do not change from
point to point. Parallel and even higher order parallel surfaces have been classified
in the 3-dimensional homogeneous spaces M? with dim I(M?3) € {4,6}, see [1], [3],
[9]. In the present paper we investigate parallel surfaces in £(1, 1), the group of rigid
motions of Minkowski plane, and in the universal covering of £(2), the group of rigid
motions of Euclidean plane, both equipped with general left-invariant metrics. The
first family includes the remaining model geometry Sols.

2 Parallel hypersurfaces

Let f: M™ — M™! be an isometric immersion of Riemannian manifolds. Denote
by N a unit normal vector field on the hypersurface and by V and V the Levi
Civita connections of M™ and M"*! respectively. We define for all X,Y € T,M",
p € M", the shape-operator S by SX = —V N and the second fundamental form
hby h(X,Y) = (SX,Y) = (X, SY). The hypersurface is said to be totally umbilical
if S is a scalar multiple of the identity transformation at every point, and totally
geodesic if S = 0. The formula of Gauss relates the Levi Civita connections and the
second fundamental form: if X and Y are vector fields tangent to M", then

VxY = VxY + h(X,Y)N. (1)

Now let R be the curvature tensor of M™ and R that of M "1 then the equations
of Gauss and Codazzi state respectively

(R(X,Y)Z,W) = (R(X,Y)Z,W)+h(X, Z)h(Y,W) = k(Y. Z)h(X. W), (2)

(R(X,Y)Z,N) = (VA)(X,Y,Z) - (Vh)(Y, X, Z), (3)

forp e M"™ and X,Y,Z, W € T,M". Here, the covariant derivative of h is defined
by
(VR)(X,Y,Z) = X[W(Y,Z)] — h(VxY,Z) — h(Y,VxZ).

Remark that for n = 2, the equation of Gauss can be reformulated as

K(p) = <R(E1,E2)E2,E1> + det S, (4)

where K denotes the Gaussian curvature of M? and {F}, F5} is an orthonormal
basis of T, M?.

~ We say that M™ is parallel in M"+1if Vh = 0 and that M" is semi-parallel in
M"™1if R h = 0, where

(R-h)(X.,Y,Z, W) = —h(R(X,Y)Z,W) — h(Z, R(X,Y)W)
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for every p € M"™ and XY, Z, W € T,M". It is easy to see that parallellism implies
semi-parallellism and for n = 2, the following result is easily obtained:

Lemma 1. Let M? be a surface immersed in a three-dimensional Riemannian man-
ifold. Then M? is semi-parallel if and only if it is flat or totally umbilical.

3 The motion groups E(1,1) and E(2)

3.1 Unimodular Lie groups

A Lie group G is said to be unimodular if its left-invariant Haar measure is right-
invariant. Milnor gave an infinitesimal reformulation of unimodularity for 3-dimen-
sional Lie groups. We recall it briefly here.

Let g be a 3-dimensional oriented Lie algebra with an inner product (-,-). We
define the vector product operation x : g X g — g as the skew-symmetric bilinear
map which is uniquely determined by the following conditions:

() (X, X x¥) = (¥, X x¥) =0,
(i) [X x Y2 = (X, X)(¥, Y) — (X, V)2,
(iii) if X and Y are linearly independent, then det(X,Y, X x Y) > 0,

for all X,Y € g. On the other hand, the Lie-bracket [-,] : g x g — g is a skew-
symmetric bilinear map. Comparing these two operations, we get a linear endomor-
phism L; which is uniquely determined by the formula

[X,Y]=L(X xY), XY €g.

Now let GG be an oriented 3-dimensional Lie group equipped with a left-invariant
Riemannian metric. Then the metric induces an inner product on the Lie algebra
g. With respect to the orientation on g induced from G, the endomorphism field L,
is uniquely determined. The unimodularity of G is characterized as follows.

Proposition 1. [5] Let G be an oriented 3-dimensional Lie group with o left-
wmvariant Riemannian metric. Then G is unimodular if and only if the endomor-
phism Ly is self-adjoint with respect to the metric.

Let G be a 3-dimensional unimodular Lie group with a left-invariant metric.
Then there exists an orthonormal basis {eq, es, €3} of the Lie algebra g such that

[61762] = C3€3, [62763] = (161, [63761] = Ca€3, ci € R.

Three-dimensional unimodular Lie groups are classified by Milnor as follows:

Signature of (c1, ¢, ¢3) | Simply connected Lie group Property
(+,+,+) SU, compact and simple
(+,+,-) SL,R non-compact and simple
(+,+,0) E(2) solvable
(+,—,0) E(1,1) solvable
(+,0,0) Heisenberg group Nilg nilpotent
(0,0,0) (R®,+) Abelian
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Remark that parallel surfaces are classified in the first two Lie groups and in the
last two Lie groups, in the case that they are equipped with a left-invariant metric
giving rise to a maximal isometry group. In this paper, we study parallel surfaces

in B(1,1) and E(2).

3.2 The group of rigid motions of Minkowski plane

Let E(1,1) be the motion group of the Minkowski plane:

e 0 =
E(1,1) = 0 e* y
0 0 1

The Lie algebra e(1, 1) is given explicitly by

x,y,z € R }

w 0 wu
e(1,1) = 0 —w v u,v,w € R
0O 0 0
Consider the basis
001 000 1 0 O
FF=(000], Fb=|1001], EF=[0-10
000 000 0 0 0

of ¢(1,1). Then the left-translated vector fields of {Fy, Fy, F3} are given by

0 0 0

fi=e %> fa=ce 8_y’ f3=$~
The dual coframe field is

wl =eFde, W =e'dy, wd=dz.

Now we take the following left-invariant vector fields wq, uo, us:

Uy = %(_fl + fa), ux= %(fl + f2), uz=fs.

This left-invariant frame field satisfies the commutation relations
[ur, ug) =0, [ug, uz] = uy, [uz, us] = —us.

We equip E(1,1) with a left-invariant Riemannian metric such that {ej,es,e3},

with e; = §*, is orthonormal, where A;, A9, A3 are positive constants. The resulting

Riemannian metric is

)\2 )\2
Gouner) = 5 (—wh +07)7+ T+ @)+ A (W)

Moreover we have the following:
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Theorem 1. ([6, Proposition 2.4]) Any left-invariant metric on E(1,1) is isometric
to one of the metrics gia, ) With Ay > Xy >0 and A3 = ﬁ

For simplicity of notation, we put g(A1, A2) = g

1.
A1A2,3755)

The Riemannian homogeneous manifold Sol; = (E(1,1),¢(1,1)) is the model
space of solve-geometry in the sense of Thurston. Thus, we have obtained the fact
that Sol; has a natural 2-parametric deformation family

{(E(la l)ag()\la)‘2)) | )\1 > )\2 > O}

Note that this deformation preserves the unimodularity property, because all these
spaces have common underlying Lie group E(1,1).

3.3 The group of rigid motions of Euclidean plane
The Euclidean motion group E(2) is given explictly by the following matrix group:

cosf) —sinf =
E(2) = sinf cosf vy r,y€R, 0 S
0 0 1

—~— —~—

Let FE(2) denote the universal covering group of E(2). Then F(2) is R?* with multi-
plication

(v,y,2) - (2,9, 2) = (x + 2" cosz — y'sinz ,y +a'sinz +y'cosz , 2+ 2').

Take positive constants Ai, Ay and A3 and a left-invariant frame

e —i —sinzg+coszg e —ig e —i cosz3+sinzg
LW ox oy )’ 2T 02 TN ox oy |-

Then this frame satisfies the following commutation relations:

[617 62] = C1€3, [627 63] = (261, [637 61] = 07

A1

with ¢; = o and ¢y = /\?3\3. The left-invariant Riemannian metric determined by

the condition that {ej, es, €3} is orthonormal, is given by

G ng) = AT(cos zdx + sinz dy)? 4+ N5(—sin z dx + cos z dy)* + A3 dz>.

Also in this case, we have:
Theorem 2. ([6, Proposition 2.3]) Any left-invariant metric on E/?@/) is isometric to
one of the metrics go, as,ng) With i > Ao > 0 and A3 = ﬁ, or A1 = Ay = A3 = 1.
In particular, E(2) with metric gu,1,1) is isometric to Euclidean 3-space E3.

For simplicity of notation, we put g(A1, A2) = gy,

1 .
Anxn)
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4 Parallel surfaces in E(1,1)

We start with the general left-invariant metric on E(1,1), given in Theorem 1:

2 2
g( A, o) = ﬁ(—e_z dr + e* dy)? + &(6_2 dr + e* dy)? +

d2
2 2 N

ATA3

with A\; > Ay > 0. The orthonormal frame field

e b —ezg+e_zﬁ ey = ! ezg—l—e_zg e —)\Ag
V) ox ay ) TP V2 o ay) T Poz

satisfies the following commutation relations:

[e1,62) =0, [e2,e5] = Aler,  [es, e1] = —Ae.

Using Koszul’s formula, one can then compute the Levi Civita connection V. This
is completely determined by

—~ e >\2+)\2 o )\2+)\2
V6161 = 0, v6162 = - 12 263> Vele?) = 12 262,
— )\2_,’_)\2 — — >\2+)\2
V6261 = - 12 2637 v6262 = 07 V€263 = 12 2617 (5)
— )\2_)\2 — )\2_)\2 —
vegel = 12 2627 v6362 = - 12 2617 v6363 = 0.

The Riemann Christoffel curvature tensor R is then determined by the following
sectional curvatures:

/) 2 2\2
<R(€1762)62,€1> = W,
~ >\2 _'_)\2 3)\2 . >\2
(R(eq, e3)es, €2) = ~ 2)51 i 2)’ o
~ 22 + A2)()\2 — 3)\2
(R(ey,e3)es,e1) = (Al 2)5l : 2)‘

Remark that for \; = Ay (for example in Sols, where A\; = Ay = 1), the curvature
tensor can be expressed as

<R(XaY)Z>W> = )‘%[<XaW><KZ>_<X>Z><Y>W>
+2<X, Z> <Y, 63><VV, 63> + 2<Y, W> <X, 63><Z, 63>
—2(X, W)Y, e3)(Z, e3) — 2(Y, Z)(X, e5)(W, e3)].

Now consider a surface M? in E(1,1). Let N = ae; + Bey + ves denote a unit
normal vector field, then V} = ve; — aes and V5 = ves — (Bes span the tangent
plane to M? at every point. If M? is parallel, the normal component of E(X Y)Y Z
should vanish for every p € M? and X,Y, Z € T,M?, due to Codazzi’s equation (3).
Therefore, we prove the following:

Lemma 2. With the notations from above, we have:

(i) Nor(R(V1,Vo)Vi) = (A + A9)By(Me? = Aj(e® + 7))N,
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(it) Nor(R(Vi,V2)Va) = (A + A3)ay(AR(5% +9%) — A3B%)N.

Proof. We will only prove the first equality. The second one can be proven
analoguously. Using (6), we find

R(Vh V2)V1 = R(”Yel — ez, Yey — 563)(761 - 0463)
= Y R(er,ex)er — ay’R(er, ex)es — 877 R(er, e3)er
+afBvR(e1, e3)es — 0472R(€3, es)er + 04273(63, es)es

A2+ )2
= 1 2[—* (A 4 A3)eg + B7A (AT — 3)2)es
+afy(A] — 3X3)er + a®y (3T — A3)ea). (7)

If we develop ﬁﬁ(%, V)V in the basis {V1, Vo, N}, we get
1 2

4 -
mR(Vl,Vz)Vl = pVi+qVo+7rN

= p(yer — aes) + q(vea — Bes) + r(aer + fey + ves)
= (w+ar)er+ (vq+ Br)es+ (—ap — Bg+r)es.  (8)

Comparing (7) and (8), we get

p + ar = afy(A} — 3\3)
¥q + 0 = =7 (A1 +23) + @*7(3AT = X))
—ap — Bg+r = B3N — 3)3),

from which r = 48v(A2a? — X\3(a® + ~?)). This proves the first formula. O

We can now formulate the main theorem of this section.

Theorem 3. Let M? be a parallel surface in (E(1,1), g(A, X2)). Then M? is one
of the following:

(i) an integral surface of the distribution spanned by {8%, 8%},

(i1) an integral surface of the distribution spanned by {a%’ %} or {a%’ %},
the latter case only occuring if Ay = Xo. Moreover the surfaces described in (i) are
flat and minimal, but not totally geodesic and the surfaces in (ii) are totally geodesic
and have constant Gaussian curvature —\}.

Proof. Since M? is parallel, Codazzi’s equation (3) implies Nor(R(V1,V2)Vi) =

Nor(R(Vi, Va)Vz) = 0. From Lemma 2, it follows that there are two cases to consider:
N = +e3 and N = aey + Pey, with o + 32 = 1.

Case 1: N = +ej

We assume N = e3 (if N = —es, the argument is analoguous). Remark that

TM? = span{ey,e,} and that the shape-operator S is given by Se; = —V, e3 =
A2422 = ISV
-5 —5 €1, 1.6

MN+X/0 1
5= 10)°

€2, 562 = —v5263 = —
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From Gauss’ equation (4) we have that the Gaussian curvature of M? is

K = (R(e,e2)es, 1) +det S

R R R AN
4 2

= 0.

Hence M? is flat and minimal but not totally geodesic, even not totally umbilical.
Gauss’ formula (1) yields that the Levi Civita connection V of M? satisfies V., e; =
Ve ez = Veer = Ve,eo = 0, which implies that (Vh)(e;, ej,e,) = 0 for i,5,k €
{1,2}. Hence M? is indeed parallel.

Case 2: N = ae; + ey, with o> + 5% =1

Now the tangent plane to M? is spanned by the orthonormal basis {Ey, E»}, with
E, = Bey — aea, Ey = e3. A necessary and sufficient condition for this distribution
to be integrable, is given by Frobenius’ theorem, namely [E;, Ey] € span{E}, E»}.
In this case, we have

[E1, Ey) = Vey—aes€s — Ve (Ber — aes)
= (—aX — Ex[f))er + (BA3 + Exfa])es,
which is in the distribution span{ Ey, E5} if and only if it lies in the direction of Ej,

i.e. if and only if
B3] — BEs[a] = Ai3? — Mo’ (9)

To determine the shape operator of M?, we compute

A+ A3
2

)Ela

VelN = Vi _ae(aer + fBes) = (BEi[a] — B [8])Ey +
N a2

(Oé2 - /82)E27

Ve, N = Ve(aes + Bes) = (BEs[a] — aBEy[6] —
from which

o ( QB[] ~ Euo] aBy[f] ~ fEsfo] + M5 ) |

2 2
Gy 0

The symmetry condition for S is the same as (9) and we get
o _ [ aBilB) = BE] AR5 - a?)
Al‘;)‘z (62 _ Oé2) 0

Recall that a parallel surface is automatically semi-parallel and from Lemma 1,
we get that M? is flat or totally umbilical.
M? is flat if and only if

(é(ﬁel — aeg, e3)es, fep — aes) +det S = 0,

or equivalently
(AT +29)8% = 2X18° + At =0,
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which has obviously no solutions for (.

On the other hand, the expression for S shows that M? is totally umbilical if and
only if it is totally geodesic, implying o? = 3% and aE; [3] = BE)|[a], or equivalently,
a==x0= % (since a?+ 3% = 1). This is compatible with (9) if and only if A\ = ..

For o = ﬂ = \}5, we have B, = —)\—16 2 Ey=MZ andfora=-f= % we have
E, = _A_l e ? (% , By = )\%%. The Gaussian curvature of both families of surfaces
can be computed, using Gauss’ equation, as K = —\{. 0

Remark 1. The complete surface through the identity, which belongs to the first
family described in the theorem, is given by the parametrization ¢ : R*? — E(1,1) :
(u,0) 1= (u, ), with

0
o(u,v) = exp (ua—x> exp <U8_y
0
0
0

0 U
= exp| O 0 |exp
0 0
0
v
1

OO = OO
o= O O = O

This is exactly the group of all translations of Minkowski plane. Analogously, the
surfaces through the identity of the families given in the second part of the theorem,
are generated by isometries preserving the origin and translations in the x- resp. the
y-direction.

Corollary 1. A parallel surface in Sols is an integral surface of one of the following
distributions: span{a%, 6%}, span{%, %} or span{a%, %}. Surfaces of the first
type are flat and minimal, but not totally geodesic, whereas surfaces of the second

and the third type are totally geodesic and have constant Gaussian curvature —1.

—_—~—

5 Parallel surfaces in E(2)

—~—

We start with the general left-invariant metric on E(2), given in Theorem 2:

g(A1, A2) = Ai(cos zdx +sin z dy)? + \3(— sin z dx + cos z dy)* + dz?

ATA3

with Ay > Ay > 0 or Ay = Ay = 1. In the last case, we are dealing with Euclidean
space and hence we exclude this case. The orthonormal frame field

e —i —sngchoszg e —)\Ag e ! coszg—i-sng
W Ox oy ) P TRy W Ox dy
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satisfies the following commutation relations:
[e1,e0) = Mes,  [ea, €3] = Ajer,  [es,en] = 0.

The Levi Civita connection is given by

— — )\2_)\2 — )\2_)\2
v6161 = 07 v6162 = 12 2637 ve163 = - 12 2627
= AN = . = X242 1
V6261 - T T 9 €3, V6262 - 0) v6263 - P) €1, ( 0)
— 2742 ~ 2_ 42 —
V6361 = _)\12>\262a vegeZ = )\12>\2617 V6363 =0.
The curvature of the space is completely determined by
~ A2 —A2)(3A2 4+ \2
(R(er, e2)ez, €1) = _( : 2)51 . 2)7
~ A2 — A2) (A2 4 3)\2
<R(€2,63)63,€2> — ( 1 2)5l 1 + 2)’ (11)
5 (Al = A3)?

<R(€1, 63)63, €1> = 1

—~—

Now consider a surface M? in F(2). We will use the same notations as in
the previous section, namely N = ae; + ey + 7ye3 is a unit normal vector and
Vi = ve; — aeg and Vo = vey — [es span the tangent plane to M? at every point.
The proof of the following lemma is completely analoguous to that of Lemma 2.

Lemma 3. With the notations from above, we have:

(i) Nor(R(Vi, Vo)V1) = (Af = A3)By(A1y? — Aja®)N,

(it) Nor(R(V1,V2)V2) = —(Af = A3)ay(Ay? — A3(B% + 7)) N.

—~—

This enables us to prove the classification of parallel surfaces in E(2).

Theorem 4. The only parallel surfaces in E(2) are integral surfaces of the distri-

bution spanned by { 9 0

B a_y}' These surfaces are flat and minimal, but not totally
geodesic.

Proof. Since the proof is similar to that of Theorem 3, we will not go into much
details.

Codazzi’s equation (3) and Lemma 3 imply that there are two cases to consider,
namely N = +e3 and N = ae; + [es, with o? + 3% = 1. In the first case, we have
that the tangent plane to M? is spanned by {ei, e,}. But this is impossible due to
Frobenius’ theorem, since [e1, e5] = Ales.

So the only possibility is N = ae; + fes, with o? + 32 = 1, in which case
E1 = fe; — aey and Ey = ez form an orthonormal basis for the tangent plane. The
integrability condition is

aFs|B] — BEsy[a] + Aaa? =0 (12)
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and we have

— 2 2

e = (9Bl - aBla)E + (LS g,
— 2 _ )2

VeN = (8Bl - aBlf) + 2= 2)p,

The symmetry condition for the shape-operator S coincides with (12), and we obtain

g — ( abn[B] — BE ] )\352_@ ) |

A24)2
A3p? — Sl 0

From Lemma 1, we know that M? should be totally umbilical or flat.

It is clear that M? is totally umbilical if and only if it is totally geodesic. This
2,12 2 12
implies 3?2 = A%g‘? and thus o? = Azz/\g‘l,

Finally, M? is flat if and only if

which is impossible since A\; > Ay > 0.

R A2+ N2
(R(Pe1 — aeq, e3)es, feg — aeg) — <)\§g2 _ g)

2
=0
2 )

which is equivalent to 2 = 1. This means that e; and es span the tangent plane to
M?, proving the theorem. O

From the proof, the following is clear:

—_~—

Corollary 2. ([8]) E(2) does not admit any totally geodesic surfaces.
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