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Abstract

Let G be a finite Dini-smooth domain and w = ¢g(z) be the confor-
mal mapping of G onto D (0,rg) := {w :| w |< o} with the normalization
©o(z0) = 0, @p(20) = 1, where zp € G. We investigate the approximation
properties of the Bieberbach polynomials m,(2), n=123,--- for the
pair (G, zp) and estimate the error

I o = mn Il == max{| o (2) = mn (2) |: z € G}

in accordance with the geometric parameters of G.

1 Introduction

In the following GG is a domain in the complex plane C, bounded by a Jordan
curve L, and w = ¢, (z) is the conformal mapping of G onto the disk D (0, ) :=
(w: |lw|] <19, ro > 0) normalized by

Po (Zo) =0, <P; (Zo) =1

with some fixed zo € G.
Without loss of generality, we may assume that the conformal radius of G with
respect to zp equals 1. Let ¢y (w) be the inverse to ¢g (z). Let also

G =C\G, D:=D(0,1), T=0D, D :=C\D.
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We denote by ¢ the conformal mapping of G onto D , with the normalization

¢ (00) = 00, lim ?(2)

z—00 gz

>0

and we also set ¢ := @71,

The conformal mappings play an important role in many areas of applied math-
ematics and mechanics. But the determination of these mappings is very difficult;
only for some special domains the conformal mappings have an explicit analytical
expression. Therefore it is actually the approximation of the conformal mappings by
polynomials, expressed in terms of some other data, which can be found easily.

One elegant polynomial to achieve this is the Bieberbach polynomial m,, n =
1,2, ..., for the pair (G, 2), which admits the representation

STACHIAGE

, z€G

1

2

1 9
5 1P (=)

with respect to the orthogonal polynomials P; (z),j =0,1,2,...,n — 1, over G.
Given a domain G, our problem is to find an estimate for

[0 — Tl = max |¢o (2) — mn (2)],
z€G

depending on the geometric properties of the boundary L.

If L has a certain degree of smoothness, this error tends to zero with a certain
rate. In several papers (see, for example [5], [6], [3], [14], [13], [7], [8], [9], [10])
various estimates of the error ||py — 7,|| and sufficient conditions on the geometry
of the boundary L are given to guarantee the uniform convergence of the Bieberbach
polynomials on G. In particular if G is a Lyapunov domain, i.e. if the tangent
direction angle 6 (s) of L, expressed as a function of the arclength s, satisfies the
condition

10 (s1) = 0 (s2)] < cls1 = 2", @ € (0,1)
with ¢ = ¢(L) > 0, then by [14]

clnn

ﬁ’ 0<axl (1)

le0 = mallg <
for some constant ¢ which is independent of n. According to [13] and [9], for the
same domain there is also the estimate

cvinn

||<p0 - 7771”@ S n%+a

2

(2)

which improves the Wu estimate (1).

In this paper we give a generalization of the estimate (2) for a new class of
domains containing the Lyapunov domains as a particular case. As we shall see in
the next section, if G is a Lyapunov domain, then this estimate coincides with (2).

We shall use ¢, ¢y, ... to denote general constants not depending on specific data
of the problems posed. For a > 0 and b > 0 we say that a < b (equivalence relation)
if c1b < a < ¢9b for some constants ¢q, co > 0.
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2 New results

A curve L is called smooth if there is a parametrization of L : w(7), 0 < 7 < 27,
such that w'(7) is continuous and w'(7) # 0. On the other hand the curve is smooth
if and only if it has a continuously varying tangent. Since the characterization of
smoothness in terms of tangents does not depend on the parametrization considered,
we may choose for convenience the conformal parametrization, i.e., w(t) = 1y(e"),
0<t< 27,

Let L be a smooth Jordan curve and let 6(¢) be the tangent direction angle of L
at w(t) = o(e”).

Definition 1 We say that L€ B («, ) if

4
w(0,6) := sup [0 () = 0 (- + h)ll g 2 < 0 In” -, d € (0,7]
hI<s ’ 0

for some parameters a € (0,1] and § € [0,00) and for a positive constant ¢ inde-
pendent of 6.

In particular the class B («,0), 0 < a < 1, coincides with the class of Lyapunov
curves. Furthermore, it is easy to verify that if 0 < oy < ap < 1, then

%(O&l,ﬁ) D) %(Oézﬁ), ﬁ S [0, OO)
and also
B (a, 1) CB(a,fa), a € (0,1]

for0§61<52<oo.
Our main result is presented in the following theorem and proved in section 4.

Theorem 1 If Le B(a () with a € (0,1] and § € [0,00), then

clnft1/2p .
ThatizE o, € (0,1);

oo —mllz<y
clnn3/2 n, a = 17

with a constant ¢ > 0 independent of n.

The estimate given in Theorem 1 is a generalization of (2) to a wider class of
domains than the Lyapunov domains. In case of Lyapunov domains 8 (a,0) with
« € (0,1) we have the following corollary.

Corollary 1 If Le B (a,0), then
cVinn

nite’

lpo — Tullg <

The estimate given in the above Corollary 1 was already proved in [13] and [9].
It improves the Wu estimate (1) in [14].
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3 Auxiliary results

We start with the following definition.

Definition 2 The smooth curve L is called Dini-smooth if

/w(f’t)dt<oo

0

for some ¢ > 0.
The following lemma holds.
Lemma 1 If L€ B(«, 5) with a € (0,1] and § € [0,00), then L is Dini-smooth.

Proof 1f L € ®B(a, ) then by definition 1

4
w(6,t) < ct®In” -

and hence
C 9 t C ta ln/B é (&
/”(t’ )dtgc/ : tdtgcl/ta_l_adt<oo,
0 0 0
since Pr% t°1n” % = 0 for every fixed ¢ > 0 and 3 > 0. [ ]

As every curve L € B (a, f) with a € (0,1] and § € [0, 00) is Dini-smooth, the
derivative 4,06 is continuous on L and hence the modulus of continuity given below

is well-defined.

Definition 3 Let ® (w) := ¢, [t (w)] and L € B(a,B) with o € (0,1] and
B €1[0,00). The function

5 () = s (o) () = (e 00) @ im0

|h|<é
is called the generalized modulus of continuity for @6.
Lemma 2 If L € B(a, ) with o € (0,1] and (§ € [0,00), then

@ (V0:6) 2= sup [uy (we) =i (w)]] <

6 In® %, a € (0,1);
Ih]<5

cSInttE 4 =1.

5

Proof. As L is Dini-smooth we have [11, p.44]

arg v () =0(t) —t = = ®
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and

log v, (w) = Z'Q/ﬂel:t v (0 (t) —t — g) dt.

27T06”—w

Moreover, if we denote g (t) := arg iy, (¢'*), then by (3)

4
w(g,0) =sup || g(t+h) =g () [[jpong S w(0,0)+w(td) < cd” In” 5

|h|<6
On the other hand, for

5
w* (g,9) == /w

we have

6 In® 3, ae(0,1);
(9.0) <

cd InPt! f;

a=1.
Indeed, if a € (0, 1), then for a sufficiently small £ > 0

64
5’

54
t*¢Inf n < 30 In

€ (0,9]
with a constant c¢3 independent of 4. On the other hand
4 4
lnﬁg < lnﬁg, teldm)

for every 3 € [0,00). Hence by relation (5) we have

€] B4
w*(g,0) < cg/ L 02(5/ tdt
0

1 T

4 4 4

< 0% ¢ In” S/ts_ldt + 50 In” S/ta_2dt < 6% 1n? 5
0 5

If « =1, then by similar arguments we get

tel /64
w*(g,9) < 06/ i 3 075/ tdt
0

4 T
4 4 4
< cg6° In® 547550% — 075{ In” ;dln n

4 4 4
< ¢o6 In”? 5 + 190 InPtt 3 < ¢ It 3

95

(5)
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Now as L is Dini-smooth, the 27 periodic function g (t) = argvy (e®) = 6 (t)
—t — & is Dini-continuous on the real line. Hence starting from (3), (4) and apply-
ing Proposition 3.4 from [11, p.47] we conclude that the function log vy (w) has a
continuous extension to D and furthermore

llog ¢y (wy) — log vy (w2)| < cw” (g, )

for wy, wy € D with |w; —ws| <6 < 1.
The last inequality implies that

Vo (wi) = v (wa)| < enw*(9,0),  Jwi —wn| <5< 1. (7)

Now combining the relations (6) and (7) results into

c6* In® 3, ae(0,1)
w (¢075> S

cd Inftt 4

5, a=1

which completes the proof. [ ]

Lemma 3 If L € B(a, ) with a € (0,1] and § € [0,00), then

céalnﬂé, a € (0,1);
w(®,0) <

cdInPtt 4

50 a=1

Proof. As L is Dini-smooth, the functions v, and ¢,, are continuous on D and
on G respectively. The same properties are valid also for the functions ¢ and ¢,
respectively on D~ and on G—. Moreover, the relations | vy [<| %' [< 1 on | w |= 1,
and | o, [<| ¢ |=< 1 on L hold. Hence

Jio [¢ (we™)] = ol @), = v (we™) = @) |,
et — 1’ = ||

= Hwe’h—wH =
T

and by Lemma 2 we have

0 (@.0) = sup |@ (we™) = @ (W), = sup g [v (we™)] = ¢ b (w)]
- 1 _ 1
s | Lo [ (we™]] ¥ [eo [& ()] |

< 012;1‘1235 Hiﬁé [800 w (weih>H — wé) [0 [1 (w)]]HT
I’ a e (0,1);
<

cdInPtt 4

3 a=1.
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We denote by LP (L), 1 < p < oo, the set of all measurable complex valued
functions f on L such that |f|” is Lebesgue integrable with respect to the arclength,
and by E? (G), 1 < p < oo the Smirnov class of analytic functions in G.

We shall use the following approximation theorem by polynomials in EP (G) (see

[1]).
Theorem 2 Let fe EP(G), 1 < p < oo. If L is Dini-smooth, then for every

natural number n there are a constant ¢ > 0, independent of n, and a polynomial
P.(z, f) of degree n such that

1
15 = Pues Dllusy < e (£

For the mapping ¢y and a weight function w we put

‘P;)_Pn ‘:OE)_Pn

cn (906)2 = i}:»lnf’ 2(G) E, (%’ w>2 = izgnf L2(Lw)’

where the infimum is taken over all polynomials P, of degree at most n and
L2 (Lw) = {fe L (L):|ffwe L' (L)}

for a weight function w given on L.

4 Proof of the main result

Developing for Dini-smooth domains the idea used in [7], [8] , and [9], we apply
a classical method based on the extremal property of the Bieberbach polynomials,
and also the inequality connecting the values ¢, &,06)2 and E? (apz), w>2 established
in [4].

Proof of Theorem 1.  If g, (z) is the polynomial of degree at most n, best
approximating ¢, in the norm [ 2 1€

H% Tl T i}o}f 0 — P”HLQ(G) ’

the infimum being taken over all polynomials P, of degree at most n, then putting
Qu(2) = [aa (@t ta(2) = Qu(2) + [1 = u ()] (= 20)
20
we have t, (z) = 0, t, (2) = 1. From the inequality
/ 1 0 / 1
en (¢0), < en 2B | 0o, = (8)
£/,

established in [4], we obtain

90{) - t;z L2(G) = HSOE) —qn—1+qn (ZO)H

Ly (@)
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<én (902))2 + 11 = gn (20) | 1)

—1.0 / 1 !
<cn LK, (9007 |80/’>2 + ‘ ©o (20) = Gn (ZO)HLQ(G) : (9)
Applying the inequality

112,009
1 (o)l = dist (2o, L)

which holds for every analytic function f with [[f]|,, ) < oo, (8) and (9) yield

! ]_ En (90;))2 1 0 ( / ]_ >
Po> 77 + S C14?'L7§En 2 ’ .
‘ ( 0 |90|>2 dZSt(ZmL) 0 |§0| 2
According to the extremal property of m, we get
~1-0 ’ 1
Sceun 2B, |\ ot | - (10)
£/,

Now applying Andrievskii’s polynomial lemma (see [2])

o — |

<
L2(G) — n

H% — L2(G)

P/

n

1
[Pollg < ¢(Inn)?

L2 (G)

which holds for every polynomial P, of degree at most n with P, (z9) = 0, and using
the method of Simenonko [12] and Andrievskii [2], relation (10) leads to

1
Inn\? ;1
o = mally < cxs () o (s@ ) |
¢ n e,

As L is Dini-smooth we have

gol(z)‘xl, z€eL

and hence

w0 — Pu

IN

1

Inn\?2.
ci5 | — | inf
n Py,

1
< Inn\?2. f‘
c — | in
e o

;From (11) by Theorem 2 and Lemma 3 we finally get the inequality

lpo — nllg L2(L, 1/1¢'])

(11)

¢o — Pu

L3(L)

B+1/2
IIITL % 1 Clrlza+1/2n7 « e (07 1)7

leo — mallg < 17 () w (‘I’a ) <

n n

clnPt3/2 _
n3/2 I a = 17

which completes the proof.
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