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Abstract

In this paper, the fundamental solution of the Dirac equation on hyper-
bolic space will be calculated by means of the fundamental solution for the
wave-operator in the (m + 1)-dimensional Minkowski space-time of signature
(1,m). This leads to addition formulas for the fundamental solution in terms
of the solution in a lower-dimensional Minkowski space-time. Certain iden-
tities between hypergeometric functions can then be used to obtain a closed
form for the fundamental solution of the Dirac equation.

1 Introduction

In this paper the fundamental solution for the Dirac operator on a hyperbolic space
is constructed within the framework of Clifford analysis. Clifford analysis may be
regarded as a direct and elegant generalization to higher dimension of the theory
of holomorphic functions of a complex variable, centered around the notion of a
monogenic function, i.e. a null-solution of the Dirac operator. In the third section,
a brief introduction to Clifford algebras and Clifford analysis will be given.

In the second half of the previous century Clifford analysis has grown out to
an independent discipline; standard reference books are [1], [4] and [12]. For a
nice overview of the basic results we refer the reader to [5]. In most of the literature
concerned, the Dirac operator considered is the elliptic one acting in a flat Euclidean
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space. This setting was generalized by considering Dirac operators on manifolds (see
e.g. [12] and [3]). For Clifford analysis on Riemannian spaces of constant positive
or negative curvature we refer e.g. to [17], [15], [16], [13] and [9].

In reference [2] it was observed that these last generalizations concern the Dirac
operator for Spin-1 fields and a way to generalize the Dirac operator for Spin—% fields
was introduced. In this paper, we will use the same model for hyperbolic space as
in [2], though introduced in another way (see section 2).

In the fourth section the problem of finding the fundamental solution for the
Dirac operator will be turned into a scalar problem, while in the fifth section some
elementary notions concerning the hypergeometric function will be presented. In the
last two sections (section 6 and 7) we will derive explicit formulas for the fundamental
solution.

2 Hyperbolic Spaces

In this section, we will introduce a model for the m-dimensional hyperbolic space.
For that purpose, consider the real orthogonal space RY™ of signature (1,m), with
an orthonormal basis (¢, e, -+ ,e,). We will denote space-time vectors as X =
T+ X , where we prefer to make a clear distinction between the spatial co-ordinates
(X1, , X,,) and the time co-ordinate 7. The quadratic form associated with the
real orthogonal space RY™ looks as follows :

QX) = T>—|X)*, VX eR'™.

The null cone NC is then defined as the set of all space-time vectors X satisfy-
ing Q(X) = 0, and this NC separates the time-like region (space-time vectors X
for which Q(X) > 0) from the space-like region (space-time vectors X for which
Q(X) < 0). The time-like region is the union of the future cone FC' = {X :
Q(X) > 0,7 > 0} and the past cone PC = {X : Q(X) > 0,7 < 0}.

One obtains a model for the m-dimensional hyperbolic space by identifying the
rays inside this F'C' € RY™ with points on the hyperbolic unit ball. Notice that this
approach is usually followed in literature when introducing models for spaces with
constant (positive or negative) curvature (see e.g. [11]), and it provides us with a
projective model. Other models for the m-dimensional hyperbolic space are then
readily obtained by intersecting the manifold of rays inside the future cone F'C' with
an arbitrary surface X inside the F'C, such that each ray intersects X in a unique
point. Two choices for ¥ are of particular interest : one can choose ¥ as the upper
branch H* of the hyperboloid H defined by Q(X) = 1. The interesting fact about
this surface H* is its invariance under the group SO(1,m). One can also choose 3
as the hyperplane Il by putting 7' = 1. We will consider the latter surface in this

paper.
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3 The Clifford Setting

Let us introduce the Clifford algebra R; ,,,. It is defined as the real linear associative
but non-commutative algebra generated by the orthonormal basis (¢, ey, -« -, €,,) for
RY™ and the following relations :

62‘6]'—'—6]'6@':—252‘]‘, ’l,jzl, ,m
ee; +ee=0,1=1---,m
=1

Elements of R, ,, are called Clifford numbers and have the form

a= Z asea, ag €R
ACM

with A = {iy,--- i} C M ={0,---,m}, where iy < --- < i and eq4 = ¢;, - - - €;,
(here e is to be replaced by €). For A = () we put ey = 1. If A has k elements, e,
is a k-vector which will be denoted as ey € RY‘% If we denote the projection of a

Clifford number a onto its k-vector part as [a]y, we have

1+m

a= Z[a]k,

k=0

with [a]p the scalar part of the Clifford number a. Notice also that space-time vec-
tors X in RY may be identified with 1-vectors in R ,,, where we choose to keep
the notation X.

For two space-time vectors X and Y in RS,)%, we have :
XY = X - Y+XAY

where the inner product is defined as

Y.y — XY +YX
2
and the outer product as
XY -YX
XNY = —

On Ry ,,, the following involutory (anti-)automorphisms are of importance (in the
following formulas, eq is again to be replaced by ¢):

1. the main involution a — a*

e, =—e , (a+Ab)"=a"+ X", (ab)*=a"b"

(3

2. the inversion a — a

Gi=e, (a+Xb)"=a+Ab, (ab) =bha



26 D. Eelbode — F. Sommen

3. the conjugation (also known as bar-map) a +— a
ei=—¢, (a+Xb)=a+ b, (ab)=0ba
a,beRy,,, XeR, 1=0---m

Also, the following subgroups of the real Clifford algebra R, ,, are of interest : the
Clifford group I'(1, m), the Pin group Pin(1, m) and the Spin group Spin(1, m). For
a definition of these groups, we refer the reader to [4] and [14].

For each element s € Pin(l,m) the map x(s) : RV — RV . X — sX5 in-
duces a map from RY™ onto itself. In this way, Pin(1,m) defines a double covering
of the orthogonal group O(1, m) whereas Spin(1, m) defines a double covering of the
orthogonal group SO(1,m).

Let Oy = edr — ¢ be the Dirac operator on R, In this paper, we would like to
find the fundamental solution for this operator. However, since we are working with
a projective model for hyperbolic space we need to look for a fundamental solution
that forms an invariant object on the manifold of rays inside the future cone F'C,
which is our true hyperbolic model. This can be done by considering functions sat-
isfying a fixed homogeneity condition of the form f(AX) = A*f(X). Such functions
are sections of homogeneous bundles over the manifold of rays issuing form the origin.

This means that the fundamental solution E, ,, (7, X ) for the hyperbolic Dirac oper-
ator on RY™ has to be an eigenfunction of the Euler-operator Ex = T07+3; X;0x,
with eigenvalue a € R satisfying the following equation :

(8 — Og)Eam(T, X) = T 'H(T)§(X), V(X,T) e FC . (1)

The Heaviside-function at the right-hand side indicates the fact that we will be
looking for a fundamental solution in the future cone, whereas the factor 7%*™~! is
due to the homogeneity condition. This can easily be seen as follows : each space-
time vector €'+ X may be written as A(e + #) with A = 7" and & = X /7. Imposing
the following homogeneity condition :

Eom(T,X) = XE,n(1,1),

and using the co-ordinate transform (T, X) — (X, Z), it is easy to verify that, after
projection on the hyperplane II, the hyperbolic Dirac operator dx becomes :

z 1
€Op — 8)? (QA) —X (85:’ + E(Ef - )\8})) )

where Ez stands for the Euler operator with respect to the co-ordinates . Denoting
Eom(1,%) as E, (%), we thus have the following equation for the projection of
Eam(T, X) on the hyperplane II (see also [6]) :

(0z + e(Ez — a))Ea,m(f) = —0(7) .

This equation, which is the projection on the hyperplane Il «» T" = 1 of the hyper-
bolic Dirac equation on R, ,, for an a-homogeneous fundamental solution, leads to
equation (1) in space-time co-ordinates.
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4 The Scalar Problem

Let us first introduce some definitions :
Definitions.

1. O, is the wave-operator in (m + 1)-dimensional Minkowski space-time :

82
U = 5 = Bm
62 m 62
o7 " 2 ax?

2. &En(T, X) is the fundamental solution for this operator [J,, :

—

Onén(T, X) = 6(X)6(T)

3. @am(T) =T ™ H(T) is defined as a distribution in the T-variable with sup-
port [0, 00|

4. @a,m(T,X) = (Em * Pam) (T, X) is the distribution in Minkowski space-time,
satisfying

O @ (T, X) = @am(T)6(X)

—

Notice that Eq,, (T, X) can be expressed in terms of @ (T, X) :
Eam(T,X) = (edp — 0g)®um(T, X) .

This means that the problem of finding the fundamental solution for the hyperbolic
Dirac equation on R, ,, has been reduced to a convolution in the time-variable T :

Bam(T,X) = (edr — 0y) /R En(T — 8, X)pam(S)dS .

Let us start with a few considerations concerning the fundamental solution &,,(7, X )
for the wave-operator in R™. Since we restrict ourselves to the case of an odd spatial
dimension m > 3, we start from the following formula, valid for all m € 2N+ 3 (see
[18]) -

m—3

EnlliX) = <27r)1m71 (%a%) o)
- ) ()

where R stands for |)? |. Since that part of the fundamental solution which contains
the delta-function §(7"+ R) singles out a negative value for T' - which obviously does
not belong to the future cone F'C' - we will only work with the other part, containing
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the delta-function 6(7" — R), in order to obtain a fundamental solution E, (7T, X)
with support in the future cone.

So, from now on we will always refer to the following distribution if we mean the
fundamental solution &,,(T, X) for the wave-operator in R :

B} 1 (10\T §T-R) ,
X)) = — (=2) A0 2 — X .
En(T, X) = <T8T> cp o YmeW+3, R=|X]

In the fifth section, we will use the following Lemma :

Lemma 4.1 :

a (a) (a—k) _

- c 4] (T — R)
Forallme2N+3 : E,(T,X) =Y —r—
or a + ( ) P (27T>m21 o Rath+1

—3 .
where a:mT, c,g)ENO

Proof : For m = 3, the statement becomes trivial, and the rest can be proved by
means of induction on the dimension m. [ ]

Notice that we are not interested in the exact value of c,(:).

5 The Hypergeometric Function F(a, b;c; z)

Since we will frequently use hypergeometric functions, we devote a small section to
them, in which we would like to list a few elementary properties.

The hypergeometric function, denoted as F'(a,b;c; z), is usually defined in terms
of its series expansion around the origin :

F(a,b;c;z) = ]§<Z)'I(cg)zk

where the Pochammer symbol (a) in terms of the I-function is given by

zk,|z\<1,

['(a+k)
= ————, keN eC.
(@) Tl , a
The hypergeometric function is a solution of the hypergeometric differential equation
z1=2)y" +[c—(1+a+b)zly —aby=0,

which can be extended to a holomorphic function in the region |arg(l — 2)| < 7.
Since we will only use hypergeometric functions with a real argument x € [0, 1], we
can take the series expansion as a definition.

The following properties will be crucial (see e.g. [10]) :
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Lemma 5.1 :

da" b
1. %F(a, b;c;x) = (azz)(n)"F(a—i—n,b—i—n;c—i—n; x)
2 Flabe—1:2) = (14 ——L) P(a b 2)
a,byjc—1;x T a,b;c;x
11, (I4a) 24 (1—g) 2
k F<a’a+2’2’x)_ 2
1-2a __ _ 1—2a
4 F(a,a—i—l,%’x?) (1+2) (1 —w=)
2°2 2(1 — 2a)z

6 The 3-dimensional case

In this section, we will perform all calculations for the - rather trivial - case where
m = 3. We will need this in the next section, where the formulas for an arbitrary
dimension m € 2Ny + 3 will be proved by means of an induction argument.

By definition we have
s T — LX|) .
4| X |
Hence,
. 4(T, X) = / (T — 8, X)H(S)S°2dS
R

Ta+2<1 _ ‘l—:|>oz+2

47| X|

where 7 = % Notice that Z € B(1), for all (T, X) € FC.

This function ®,3(T, X) can now be decomposed into a singular part Fy5(T, X)
and a regular part R, 3(T, X) as follows :

Do s(T, X) = Fos(T,X)+Ras(T,X),

where
. Ta+2 1— 1|7 a+2 1 2 \o+2
Aoy — Tl )
4| X| 2
To+2 2 11
= ) F<_Oé+ ’_Oé_'_ ’—’|f|2> )
4| X | 2 2 2
and
. Ta+1 (1 ‘l—:|>oz+2 _ (1 + |f )a+2
RCM T7X = —
3(T5 X) A 2| 7|




30 D. Eelbode — F. Sommen

7 Thecasem € 2Ny + 3

In this section, we will derive an addition formula for the fundamental solution
@, (T, X) by means of an induction argument.

We start from the following observation :

ngrQ(T,X) = ﬂfﬁ—T&dT’X)) , Vm€2N0+3

which is a trivial consequence of the definition for &,,(T, X).

Hence,

(I)a,m—I—Q(Ta X) = (gm+2 * Qpa,m+2) (Tv X)

L @E)T =5
27 / T-S8 S ds .

With the aid of Lemma 4.1 it is easy to verify that (97E,)(T =5, X) = —(95Ey) (T —
S, X ) and that the support of 0r&,, (T — S, X ), if considered as a distribution in
the S-variable, is {T' — |X|}. Since we are looking for a fundamental solution
Eavm(T,)Z) in the future cone FC, we know that T > |X|. Hence there exists
an infinitesimal 7 € R™ such that 7' — |)Z' | € I,, where I, is defined as the interval
T —|X| =0, T —|X|+7].

Consequently,

. 1
Do ia(T, X) = 5 (T — SX){

2 Lﬂmsﬁm + #Soﬁmﬂ} ds .
s

T-5 (T — S)2

Because S < T in I, both (T'— S)~! and (T — S)~? can be expanded as a series in
S/T, whence

at+m+1 1

Boy2(T, X) = / (T — 8, X)§otmthtiqg

1+ k =
T - S X Sa+m+k+2ds )

27 /1,] kzo T2+k %)

Bringing the integral inside the summation, we obtain :
P (T,X) = 15 M(g ¥ ) (T, X)
a,m—+2 5 — o Pt T1+k m QoaJrkJrl,m )

1 & 1+k
+ 2 ZTQ-‘:-k (5 *(pa+k+2m><T X) (2)
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Theorem 7.1 : For all m € 2N + 3 we have :

1. B (T, X) = Fooun(T, X) + Ream(T, X) (3)
. To+m-1 l—a-m 2—a—
2. Foml . X) = (S T = ) @
(m — 2) A, | X |2 2 2 2
> —1)"z  T(a+m) 1 —a —1l—a m
3. Ram(T,X) = T+O‘F(—,7;—; 52) 5
mlT, %) ompE -1 (g) [(a+2) 2 2 2 g (5)
Proof :

The case m = 3 has been proved in the previous section. The rest of the proof
will be based on the induction principle. This means that we will prove the theo-
rem for an arbitrary dimension (m + 2) € 2Ny + 3, under the assumption that the
theorem is true for m € 2N + 3.

If the theorem holds for m € 2N + 3, we have from (2) :

1 & a+m+1

(I)a,m+2 (T7 X) = % = W {faJrkJrl,m + RaJrkJrl,m} <T7 X)

1 & 1+k X
+ o Z T2+k {Fasrizm + Rasrsamt (T, X) .
iz T

Let us first calculate

5, - 1 Oo{a+m+1 14k }

o i Fotksim + Tork Fotkt2,m
k=0

Using the induction hypothesis (7), we find for Fyipi1.m :

Forkilm Totmtl| )2 F(—a—k—m l—a—k—m 5 M |ﬁ|2>
oA — = : P
2Ttk (m — 2)mAm+2‘X|m 2 2

and for Foypiom :

Fotkrom Totmtl| 72 7 —1l-a—-k-m —a—k—-m m e
2T (= 2)mAys| X | 2 ’ 2 ’ 2’

In order to perform the summation, we would like to rewrite the hypergeometric
function appearing in the previous lines. For this purpose, we introduce a differential
operator in the real variable u (representing the argument of the hypergeometric
function on which this operator is supposed to act, i.e. u = |Z|?) :

O, = 1—2—ui , VaeN.

a du
With the aid of Lemma 5.1.(2), we have :

1
F(a,a+§,2—%,u) = Om,20m74"'0301F (a,a+

)

N —

1-
27
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Since & € B(1) for all (X, T) in the future cone FC, the following expansions are
valid :

1 1 > _»k__oo 2\
ﬁ_—l—(1—|f|)_,§<l_‘x|> = kgo(lﬂ )
and
1 1 s _)k_oo 2k
|5|2: (1_(1_|f|))2:kgo(1+k)(1_|x|) —];0(1+k3)(1+| ).

Using Lemma 5.1.(3), we thus find :

iF —a—k—m 1—a—k—m‘£|a_§‘2 _ (1—|Z])ot™ — (1 4 |Z])otm
k=0 2 ’ 2 A 27| ’
and
s —1l—-a—-k—-—m —a—k—m 1
1+ k)F = |7 ) =
P e e
(L= |Z)trotm 4 (14 |@) et

2|z

Multiplying the first summation by (« + m + 1) and adding it to the second sum-
mation, we find the following result for ¥, with the aid of Lemma 5.1 :

Ta+m+1 |f‘ 2

(m — 2)m Ao X|™

—1l—-a—m —a—m. 1 |f‘2)

F ) y T 9
Om—20m—4 -+ O30, (== 2 2

|z

1 =

Using the definition of the hypergeometric function, one can easily verify that

nk (a,b;—2;u Flab -2 —1;u
On( 2):(n+2)( : ),
u U
whence
F(a,b;—1: 12 Fla,b;1—2: |72
Opm—20m_4-+-030; ( _,2 | |) = (m—2) ( = : | |)
|Z[? |Z[?
This means that
S Ta+m+i (—1—a—m’—a—m;1_@;|f|2)
M Ao X|™ 2 2 2
= Famea(T, X) .
Hence, we have the following result:
= 1l & [a+m+1 1+k =
Foam2(T, X) = or 2 {W Fotk+1m + Tk fa+k+2,m} (T, X) . (6)
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Next, let us calculate X

1 Oo{a+m+1 14k }
Sy = S

or Tik Rotksim + Tork Reatk+2,m
k=0

Before we use the induction hypothesis (7), we put the regular part R, (7, X ) into
a more useful form. For this purpose, we use Lemma 5.1.(1) :

F<—_0Qﬂ;ﬂ;u>
22 2

3

(E)n(%)n F<3—Oz—m’2—a—m;§;u)’
(=), (=57, 2 22

where n = ™3 and u = |Z|%. Using the definition for the Pochammer symbol (a),,
one easily finds :

e ()

(=5, (55", = Sy

Since I'(x)T (:c + %) = 2172277121 (2z) and I'(2)['(1 —2) = 7sin(rx) !, we obtain :

M (2257 (55} - ey

= 2" 3(a+m—1),

where we have used the fact that m € 2N + 3 is odd. This means that R, (7, X )
can also be written as follows :

, )P T " —m—a 2—m—
Rom(T, X) = L(%) (a+m—1)F<3 m-a m a‘é‘u>,

47TmT_1 2 ) 2 727

where u stands for |Z]? and n = 253
Now using the induction hypothesis together with previous expressions, we find

for Rotkti,m :

RaJrk:Jrl,m o
onTi+k
()" T [ d\" 2-m—a—k 1l-m—-a—k 3
A EVF 2.
87TmT+1 du (Q—i_m—i_ ) 2 ) 2 727U‘ )

and for Roqrtom :

RaJrk:Jrl,m o
onTl+k

R A

2 ’ 2 727

l-m—-—-a—kEk —m—a—ké'u
= du

Sm 2



34 D. Eelbode — F. Sommen

1

Using Lemma 5.1.(4) and the expansions for 7= ﬁ and ﬁ =L we thus have :

iF<2—m—a—k l—m—a—k:‘;u) (1 —Vu)*™™ + (14 /u)*™™

2 ’ 2 "2’ 2u ’
and
e l-m—a—-k - m—a—Fk 3
Z(1+k)F< me - -ra ;—;u>=
prrd 2 2 2
(1 + \/a)1+a+m _ (1 _ \/a)1+a+m

2u3/2

Consequently, we find for X (in terms of u = |7]?) :

£, — ﬂ(d)"{<a+m+1)<1—ﬁ)“+m+(1+\/a)a+m}

47TT+1 @ 4u
LT (A" (1= ) — (1
AT du 4u3/? '

—

Comparing this with the expression for R m12(7, X), we see that
Yo = Ra,m—l—Z(Ta X)
provided the following equation holds :

dp<—m—a 1—m—a.3.u> (= (4 V)t

du 2 2 "9 4u
(1 — u)*th — (14 Ju)*tmtt

4(a+m+ 1)ud/?

_|_

One can easily verify this statement, using Lemma 5.1 and the definition for the
hypergeometric function.

Hence, we also have the following result :

> l & fa+m+1 1+ Ek >
Ra,m+2 <T7 X) = % {W RaJrkJrl,m + m Ra+k+2,m} <X7 T) (7)
k=0
Together with (2) and (6), this completes the proof. n

Summarizing, we have for all odd m > 3 :
Eam(T,X) = (dr —0g)Pam(X,T) .

Let us now introduce the following definitions (see also [6]) :
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Definitions. For all ¥ € R™ such that |Z] <1 :
1+4k—a k-« m
0= r (P S e )
1+k—« k—a m
2. Et)=F|————— 14+ ——;1+k+—;t
2(t) < 5oLt 2,++2,>
3 Mod(a, k, 7) = F(|7]2) + ——2 Fe Fy(|72)
. 5 vy 1 2k+m 2
One can then easily verify that with
= Tetm=1 l—a—m 2—a—
FanlT.X) = - (S T = )
(m — 2) A X[ 2 2 2
the singular part of the fundamental solution reduces to
(8 — D) Fam(T, X) = T*Mod(a,1 —m, f)ﬁ :
m|T|™

This means that the singular part of the fundamental solution Eam()? ,T) can be
written as a modulated version of the Euclidian fundamental solution for the Dirac
operator 0z on Ry ,,. This was already proved in [8].

On the other hand, one can verify that with

m—1

(;1)7 I« +m)T1+O‘F <—_a’ —1l—a m |f|2)
2mas —IT (%) I'(a+2)

—

Rom(T, X) =

2 9 9’

the regular part of the fundamental solution E, (7T, X ) reduces to

m—1

(DT T(a+m)
omp 31T (%) M(a+1)

(edr — D) Ram(T, X) = T*Mod(e, 0, ©)e .

This proves that the regular part of the fundamental solution E, (T, X ) is, up to a
constant, a modulated version of a spherical monogenic Py(Z). For more information
concerning modulated versions of Euclidian monogenics, we refer to [6].
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