The “statistical experiment”-equivalence for prior
distributions

Claudio Macci

Abstract

Two prior distributions are said to be (P?® : a € A)-equivalent when they
have in common all the families of posterior distributions (with respect to a
fixed statistical experiment (P* : a € A)).

It is shown that two (P® : a € A)-equivalent prior distributions are necessarily
mutually absolutely continuous and two cases of statistical experiment in some
sense opposite are presented.

Furthermore a partial order for statistical experiments can be defined in a
natural way by comparing the quotient sets of prior distributions w.r.t. the
(P?®: a € A)-equivalences.

Finally a result about the e-contaminations is presented.

1 Introduction and preliminaries

In this paper we shall refer to the frame of Bayesian experiments (see e.g. [5]).
Throughout this paper we shall denote the parameter space by (A, A) and the sample
space by (S,S) and we shall assume they are two Polish spaces. Then, given a
Markov kernel (P*: a € A) from (A, A) to (S,S) and a probability measure p on
A, we can consider the probability measure 11, (pa.qc4) on A ® S such that

I, (poacy (B % X) = /E P*(X)du(a), VE € A and VX € S. (1)
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Then, for the Bayesian experiment £ = (Ax S, A®S, 1L, (pa.aca)), we can say that p
is the prior distribution and (P® : a € A) are the sampling distributions; (P* : a € A)
is also called statistical experiment. Furthermore we can also say that & is reqular
(see e.g. Remark (i) in [5], page 31), i.e. we have a Markov kernel (p° : s € S) from
(S,S) to (A, A) such that

0, (pesac) (B x X) = /X 1#(E)dP.(s) (YE € A and VX € S), 2)

where P, is the predictive distribution, i.e. the probability measure on S such that
X eS— PyX) =11, (paaeay(A x X). (3)

A Markov kernel (p° : s € S) satisfying (2) is called family of posterior distributions
and, when we need, we shall denote condition (2) as follows:

I, (peacay(da, ds) = p*(da)Py(ds).

The aim of this paper is to define and to study the (P* : a € A)-equivalence
between prior distributions (where (P* : a € A) is a fixed statistical experiment);
as we shall see in Definition 1, two prior distributions are said to be (P* : a € A)-
equivalent when they have in common all the families of posterior distributions with
respect to the statistical experiment (P : a € A).

In Section 2 we shall define the (P* : a € A)-equivalence and we shall show
that, for any statistical experiment (P®: a € A), two (P®: a € A)-equivalent prior
distributions are necessarily mutually absolutely continuous.

In Section 3 we shall consider two different cases concerning the statistical ex-
periment (P* : a € A) which are in some sense opposite. Indeed, for the first one,
two prior distributions are (P : a € A)-equivalent if and only if they coincide while,
for the second one, the mutual absolute continuity between two prior distributions
is sufficient for their (P* : a € A)-equivalence. Furthermore in Section 4 we shall
present an example which represents an intermediate case.

In Section 5, we shall study some properties of a partial order for the family
of the statistical experiments; this partial order can be defined in a natural way
by comparing the quotient sets of prior distributions w.r.t. the (P* : a € A)-
equivalences.

Finally we shall present a result about the e-contaminations (Section 6) and some
concluding remarks.

At the end of this Section it is useful to introduce some notation.

The family of Markov kernels from (A,.A) to (S,S) (i.e. the family of statistical
experiments) will be denoted by (A, S);

the family of Markov kernels from (5, S) to (A, .A) will be denoted by x(S,.A);

the family of probability measures on 4 will be denoted by ®(.A4) (in this paper it
will be seen as the family of prior distributions);

the symbol = will denote the mutual absolute continuity between two positive mea-
sures;

given a set C' € A® S, we shall consider the notation

C(a,.)={s€S:(a,s) €C}, Yac A
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and
C(,s)={a€A:(a,s)eC}, VseS.

Finally let us recall two propedeutic results: the first one follows from Lemma
7.4 in [6] (page 287), for the second one see [4] (Theorem, page 57).

Proposition 1. Let (P*:a € A) € k(A,S) and u € ®(A) be such that
p{ae A: P < A\}) =1

for a suitable o-finite measure \.
Then we have a jointly measurable function fy such that

placA: X €8 PUX) = /X frla, $)dA(s)}) = 1 (4)

and
I Falas)du(a)
Ja fx(a, s)dp(a)

Proposition 2. Let (P*:a€ A),(Q%:a € A) € k(A,S) be such that
0" < P*, Va € A. (6)

B{seS:Eec A’ (E) H=1 (5)

Then there exists a jointly measurable function h such that

X eS8 QUX) = /X h(a, s)dP*(s), Va € A.

2 The (P*:a € A)-equivalence for prior distributions

Let us start with the definition of (P* : a € A)-equivalence on ®(A) (where (P* :
a € A) is a fixed statistical experiment).

Definition 1. py and py are said to be (P* : a € A)-equivalent if and only if
the two following conditions hold:

A 5 € 8) € RS, A): Ty (pracn(da,ds) = o (da) Py (ds), (k=1,2); (7)

By = Bua. (8)

In this case we shall write pypus(mod(P* : a € A)).
In other words we have pjpus(mod(P®* : a € A)) if and only if the Bayesian
experiments

(c:k = (A X 57A®87Huk,(Pa:aeA)> (l{ = 1,2)

have in common all the families of posterior distributions; indeed, almost surely
w.r.t. the predictive distribution, any Bayesian experiment has a unique family of
posterior distributions.

The next proposition allows to express the (P* : a € A)-equivalence between two
prior distributions by a more easily-handled equivalent condition.

Proposition 3. We have py ppus(mod(P® : a € A)) if and only if (7) and
1 = U2. (9)

contemporary hold.
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Proof. Assume that ppps(mod(P® : a € A)). Then we have (7) while (9) follows
from (8); indeed, by taking into account (1), (2) and (7), we obtain

/ W (E)dP,, (s) =0 pa(E / W (E)dP,,(s) =0.

Assume that (7) and (9) contemporary hold. Then we obtain pppus(mod(P® : a €
A)) deriving (8); indeed, by taking into account (3) and (1), we have

PulX) = [ PP(X)dui(a) = 0 Pu(X) = [ P*(X)duz(a) = 0.

In what follows we shall use the symbol [1](pe.qca) to denote the (P* : a € A)-
equivalence class of 1 while the symbol [u]= will be used to denote the class of all
the prior distributions mutually absolutely continuous w.r.t. p. In other words we
set

[H](praca) = {v € D(A) : vop(mod(P" : a € A))}
and

[n=={v e ®(A) :v=pn};
thus, by Proposition 3, we can say that

{1} C [1(poaca) C )= (10)
Both the inclusions in (10) are equality if and only if p is a degenerating proba-
bility measure (i.e. a probability measure concentrated on a singleton).
Proposition 4. Let (P*:a € A),(Q%:a € A) € k(A,S) and n € ®(A) be
such that
p{ae A P*=Q}) =1
Then we have
[M](PG:QEA) = [N](Q“:aeA)-
Proof. We have to show that v € [j](pa.qeca) if and only if v € [11](ga:aca)-
Given v € [](pa.aca), for a suitable (p° : s € S) € (S, A) we have

I1,, (pa:aca)(da, ds) = pi° (da) P, (ds)
and
I, (pa:aca)(da, ds) = p’(da)P,(ds);

furthermore, by Proposition 3, we also have v = u and, consequently, we can say
that

v({a€ AP =Q1) =1

Thus HM,(QG:QEA) = HM,(PGIQEA) and HV,(Q“:(LEA) = HV,(Pa:aEA)-
In conclusion v € [j](ga.aca) follows from Proposition 3; indeed v = p and there
exists (u° : s € §) € K(S,.A) such that

I1,, (Qe:aca)(da, ds) = pi*(da) P,(ds)

and
I, (Qa:aca)(da, ds) = p’(da)P,(ds).

Similarly, given v € [u](ga.qca), We obtain v € [u](pe.gea)- ]
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3 Two opposite cases of statistical experiments

First of all let us recall the following definition (see e.g. [1]).

Definition 2. The statistical experiment (P® : a € A) is said to be dominated
if there exists a o-finite measure A such that

P*< A\, Vae A

Example 1. Consider (A, A) = (S,S) = (]0, 00[, B) where B is the usual Borel
o-algebra and let (P* : a € A) be such that

X €S+ PYX)=a"'m(XnN]0,a]), Yac A,

where m is the usual Lebesgue measure on B. Then (P* : a € A) is a dominated
statistical experiment with A = m.

The assumption of dominated statistical experiment is common in mathematical
statistics. Several examples are presented in [3] (see Section 9) for illustrating the
construction of conjugate families of prior distributions; these examples shall refer
the two following cases: (S,S) is a discrete measurable space (i.e. S is at most
countable and § is the power set of S); (5, S) is an interval of the real line equipped
with the usual Borel g-algebra and A is the usual Lebesgue measure.

Now we present two other definitions which allow to introduce the two opposite
cases of statistical experiments cited in the Introduction; the first one is a slight
modification of Definition 2, for the second one see Definition 1.1 in [9]. Each
definition will be followed from an example.

Definition 3. The statistical experiment (P* : a € A) is said to be strongly
dominated if there exists a o-finite measure \ such that

P*= )\, Vae A (11)
Example 2. Consider (A, A) = (S,S8) = (] — 0o, 00[, B) where B is the usual
Borel o-algebra and let (P® : a € A) be such that

B (s—a)?
XESHP“(X):/ Lﬂj)ds, Va € A.
X T

Then (P : a € A) is strongly dominated with X\ as the usual Lebesgue measure.

Definition 4. The statistical experiment (P* : a € A) is said to be completely
orthogonal if there exists a set K € A® S such that

PY(K(a,.))=1, Ya€ A (12)
and

a#b= K(a, )NK(,.)=0. (13)

Example 3. Let (G,G) be an arbitrary Polish space and consider (A, A) =
(S,8) = (G,G). Moreover let (P®: a € A) be such that

XeS— PY(X)=1x(a), Ya € A.
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Then (P*:a € A) is a completely orthogonal statistical experiment with
K ={(a,s) e G xG:a=s}.
For a completely orthogonal statistical experiment (P*: a € A) we have
a#b= P"1P"
then (P*:a € A) is totally informative (see definition in [7], page 235).

Remark. Obviously a strongly dominated statistical experiment is dominated
but we can have dominated statistical experiments which are not strongly dominated
(see Example 1). We also remark that a statistical experiment cannot be completely
orthogonal and strongly dominated contemporary but we can easily build completely
orthogonal statistical experiments which are dominated; for instance consider Ex-
ample 3 with (G, G) discrete.

Now we shall prove the first result which can be seen as a generalization of
Proposition 2.1 in [8].

Proposition 5. Let (P*: a € A) be a strongly dominated statistical experi-
ment. Then

pippe(mod(P? = a € A)) & 1 = o.

Proof. Obviously we have to show that
papp2(mod(P* 1 a € A)) = pu = po;

indeed the inverse implication holds because -p-(mod(P® : a € A)) is an equivalence.
By the hypothesis, (11) holds for a suitable o-finite measure A and we have P,,, P, =
A for any pair p, e € ®(A). Moreover (P : a € A) is dominated and there exists
a function fy satisfying (4) by Proposition 1; more precisely we can choose a version
of such f\ which is positive and finite.

Now let us assume that p;pps(mod(P® : a € A)). Then, by (5), A a.e. we have

/E F(a, 8)dp (a, s) = k(s) /E fla, $)dps(a), VE € A (14)
with
_ i h(as)dm (@)
Ja fala, s)dpa(a)’

Moreover, by Proposition 3, we have p; = po. Thus, pus ® A a.e., we obtain

fila, s>j—f;<a> = k(s) fa(a, 9)

k(s)

that is equivalent to

d,u1

—(a) = k(s

(@) = k()

because f) is positive and finite.

Then, by taking the integral over A w.r.t. ug, A a.e. we have

Ks) = 1. (15)
thus, by putting (15) in (14) and by taking in (14) the integral over S w.r.t. A, we

obtain
m(E) = pe(E), VE€ A

as a consequence of Fubini theorem and (4). In conclusion we have u; = po. [
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Before presenting the opposite case, let us consider a propedeutic result.

Proposition 6. Let (P®:a € A) be a completely orthogonal statistical experi-
ment and put

R={seS:K(.,s)#0}. (16)
Then
#(K(.,s))=1, Vs € R, (17)

where #(K (., s)) denotes the cardinality of K(.,s).
Moreover, for any u € ®(A), we have

I, (pa:aca)(K) = 1 (18)
and consequently
Pu{s €5 : p (K (.s)) = 1}) = Pu(R) = L. (19)

Proof. To obtain (17) we reason by contradiction. Let us suppose there exists s € R
such that we have a,b € K(.,s) with a # b. Then we obtain s € K(a,.) N K(b,.)
that is impossible because (13) holds.

Moreover, by (12), we obtain (18). Indeed

My peacn(K) = [ P2 (@, ))dp(a) = p(4) = 1

Finally we also have

[ () dPu(5) = T o) () = 1.
Thus we obtain (19); indeed
Pufs €S pb(K(,5) = 1}) = 1
and consequently P,(R°) = 0. ]

Then we can prove the following

Proposition 7. Let (P®:a € A) be a completely orthogonal statistical experi-
ment. Then
1 = o & pippe(mod(P : a € A)).

Proof. The proof consists to show that
1 = p2 = puppia(mod(P* 1 a € A));

indeed, by Proposition 3, the inverse implication holds in general.
By Proposition 6 we know that K(.,s) has only one element when it is not empty.
Then it is useful to put

K(.,s) ={a"(s)}, Vs € R,
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where R is the set defined by (16).
Now let u € ®(A) be arbitrarily fixed. By (18) we have

T, (peacay(E X X) =T, (paaeny((E x X) N K) =

:/ W(ENK(,$)dP.(s), YE€ A and ¥X €S
X

and, by (19), we obtain

My (praca (B X X) = [ @ (BEOK(,5)dPu(s) =

XNR

= w(ENn{a*(s)})dP,.(s), YE € A and VX € S.

XNR
Thus a Markov kernel (1° : s € S) € k(S,.A) such that

Eec A p’(F)=1g(a*(s)), Vs€R

represents a family of posterior distributions for £ = (A x 5,4 ® 8,11, (paaca))
which does not depend on p. Then, given uy, us € ®(A) satisfying (9), we can say
that (7) holds. Thus the proof is complete by Proposition 3. ]

In conclusion, by Proposition 5 and Proposition 7 respectively, for any u € ®(.A)
we have the following situations:
when (P :a € A) is strongly dominated

1] (posac 2y = {11} (20)

when (P :a € A) is completely orthogonal

1] (posac 2y = [11]=. (21)

The author thinks that, even if (P* : a € A) in Example 1 is not strongly dominated,
(20) holds for any u € ®(A). Finally, by taking into account Proposition 4, as
immediate consequences of Proposition 5 and Proposition 7 respectively, we have
the ensuing results.

Proposition 8. Let (P*:a € A) € k(A,S) and p € ®(A) be such that
p{ae A: P*=2}) =1
for a suitable o-finite measure .
Then (20) holds.

Proposition 9. Let (P*:a € A),(Q":a € A) € k(A,S) and p € ®(A) as in
Proposition 4. Moreover assume that (Q° : a € A) is completely orthogonal.
Then (21) holds.
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4 An intermediate case

In this Section we shall consider an example which can be considered as an interme-
diate case. Indeed, as we shall see, we can find a prior distribution p € ®(.A) such
that both the inclusions in (10) are strict or, equivalently, conditions (20) and (21)
are both false.

Before presenting this example, it is useful to consider some further notation. In
this Section the Lebesgue measure on the real line will be denoted by m and, for

x €] — 00, 00[, we shall set
L =lo— 3,0+ 5]
s =l — g+l
Example 4. Consider (A, A) = (S,S) = (] — 0o, 00[, B) where B is the usual
Borel o-algebra and let (P® : a € A) be such that

XeSm PY(X)=m(XNI,), Yac A

Then in particular, according to Definitions 2 and 3, (P® : a € A) is dominated with
A = m but it is not strongly dominated.
As an immediate consequence we can say that, for any u € ®(.A), the set

S, ={s€S: ul,) =0}

has measure zero w.r.t. P,. Moreover, by considering (5) with A = m, 1 and g
are (P : a € A)-equivalent if and only if they are mutually absolutely continuous
and the ensuing condition holds:

:ul([s>71u2([s> >0= ,ul(|[s> = ,u2(|[s>

Then, under the assumption of p; () and us(1s) positive (note that they are both
positive or both zero because of the mutual absolute continuity between p; and )
we shall consider the condition p(+|1s) = p2(-|Is) whence we obtain

1]‘(0,) 1]‘(0,) d,ug
ni(qa € A: 2 = =2 a =1
(A AT AT
and
w1 (Eg|I) =1,
where 4 ()
2 M2 \Ls
E;,={ac A: —(a) = ;
t dﬂl( ) Ml([s)}
thus, if py (1) and po(Is) are positive, we can say that, almost surely w.r.t. py(+|/s),
the density i‘j—f(a) is equal to a constant (depending on s).

Now let s,t € S be arbitrarily fixed and assume that
ui(IsN1y) > 0;

in this case |s — | < 1 and we also have ps(I; N I;) > 0 because uy and uy are
mutually absolutely continuous. Then we obtain

,ul(Es N Et|[8 N [t> = 1.
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Indeed we have

,ul(EsﬂEtﬂ[Sﬂ[t) . /Ll(EsmEtm[8|[t)/L1([t) _

,ul(Es N Et|[8 N [t> =

,ul([sm[t> - ,ul([sm[t>
— :ul(Esm[s|[t>,u1([t> _ ,ul(Esm[sm[t) _ ,ul(Esm[t|[s>,u1([s> _
:ul([sm[t> ,ul([sm[t> ,ul([sm[t>

_ Nl([tHS)Nl(IS) _ Nl([t A [8>
,ul([sm[t> ,ul([sm[t>

pa(ls) _ pa(li)
p(Ls) (L)

Thus, if I is an interval of the real line having positive measure w.r.t. u; (and
i2), there exists a positive constant ¢; such that

=1

and then
,ul(fs N [t) >0=

m(facA: j—jﬁ(a) — e}l =1

when one of the two next conditions holds:

m(I) < 1;

m(I) > 1 but we cannot find open subintervals J of I such that m(J) = 1 and
p(J) = 0.

In conclusion, given two mutually absolutely continuous prior distributions
and (9, we can say that they are (P* : a € A)-equivalent if and only if one can
find disjoint and closed intervals (eventually reduced to a single point) such that the
distance between two different intervals is not less than 1 and, almost surely w.r.t.
i1, in each one of those intervals the density i‘j—f(a) is constant.

Before concluding this Section we shall present two not trivial examples of
[1t] (Pe:aca) (i-e. two examples in which the inclusions in (10) are strict).

The first one is quite simple. Let p be such that

B e A u(E) = 3{m(EN[0,1) +m(EN [23);
then (20) and (21) fail because

[l (paacay = {am(- N[0, 1]) + (1 = a)m(- N [2,3]) : @ €]0, 1]}

The following slight modification of the previous example is more illustrative. For
B €]0, 1] set

E €A pus(E) = Dm(EN[0,1)) + 15(2)] + (1 — B)m(E N [2,3));

N[

thus we have
E e A~ pug(E|0,1]) = m(EN|0,1])
and
_ 91e(2) + (1 - B)m(EN[2,3))

B € A py(E|[23) —
2
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with 115([0,1]) = £ and pg([2,3]) = 1 — £. Then

s = D s (110, 1)) + (1 = D)o (1[2.3):
thus (20) and (21) are false because

1) (po:ac ay = {aps (1[0, 1)) + (1 = a)pp(-][2,3]) - o €]0, 11}

5 A partial order for the statistical experiments

In this Section we shall consider a partial order between statistical experiments.
This partial order will be denoted by > and in some sense its definition follows in a
natural way from the (P*: a € A)-equivalence defined in Section 2. Indeed we shall
set

(P':acA) = (Q":a€ A (22)
if and only if we have

pipp2(mod(P :a € A)) = pppz(mod(Q® : a € A)).

Thus (22) holds if and only if any (P* : a € A)-equivalence class is a subset of a
(Q": a € A)-equivalence class.

First of all, by Proposition 5 and Proposition 7 respectively, we can say that the
strongly dominated statistical experiments are maximal and the completely orthog-
onal statistical experiments are minimal.

Furthermore we can consider another partial order between statistical experi-
ments. It will be denoted by > and it is defined as follows; we have

(P':a€cA)>(Q":ac A (23)

if and only if condition (6) holds.

Before presenting the next result, it is useful to consider the following notation.
When we consider (Q* : a € A) as statistical experiment and p as prior distribution,
the predictive distribution will be denoted by @),; in other words we set

X (- S — QM(X> = Hu,(Qa:aeA)(A X X) (24)

The first result of this Section shows that (23) is stronger than (22).

Proposition 10. Let (P*:a € A),(Q* : a € A) € k(A,S) be such that (23)
holds.
Then we have (22).

Proof. Let uy, ps € ®(A) be such that puypps(mod(P® : a € A)). Then, by Proposi-
tion 3, (9) holds and we shall complete the proof by showing that

Huka(QaideA)(da7 dS) = I/S(da’>QMk (dS) (k = 17 2)7 (25>
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for a suitable (v° : s € S) € k(S, A).
It is useful to remark that, for h as in Proposition 2, we have

My uacn(E X X) = [ Q“(X)due(a) = [ ][ ha,s)dP*()ldyus(a) =

= h(a,s)dIl,, (pa:acay(a,s), VE € A and VX €S (k=1,2)

ExX

and, by (24), we obtain

XeS—Qu,(X)= /AXX h(a, s)dIL,, (po.acay(a,s) =
[ 1 ha.s)d (@ldB, () (k= 1.2), (26)

with (1 : s € S) € k(S, A) satisfying (7). Now let us consider (v* : s € S) € k(S,.A)
such that

_ JzMa, 5)dp*(a)

Pul{s €SB e Amvi(B) = o e

D=1, (k=1,2).

Then, by (26), we have

Jp h(a, s)dp*(a) 3 _
X fA h(a7 S>d:u8(a> /A h(a’ S)d’u (a>dPMk(S) -

/X Vv (E)dQ,, (a,s) =

— / [ / h(a, s)du®(a)]dP,, (s) = / h(a, $)dIL,, (posacn)(a 5) =
xJE ExX
=T, guact)(E X X), VE€ A and ¥X €S (k=1,2).
Thus (25) holds and the proof is complete. ]

Remark. Condition (23) is not necessary to have (22). Indeed let us consider
the following example: (A, A) = (5,S) = (] — 00, 00|, B) with B as the usual Borel
o-algebra, (P*:a € A) is as in Example 2 and set

XeS—QRQYX)=1x(a) Va € A.
In this case (23) is false; indeed we have
O°LP", Ya € A.

But (P*: a € A) is strongly dominated and (Q® : a € A) is completely orthogonal;
then, by Proposition 5 and Proposition 7, we have (22).

In conclusion we can state the following immediate consequences of Proposition
10 and Proposition 4.

Proposition 11. Let (P?:a € A),(Q*:a € A) € k(A,S) be such that

Q"= P°, Vac A.
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Then, for any y1 € ®(A), we have
[M](P“:QEA) = [N](Q“:aeA)~ (27>

Proposition 12. Let (P* :a € A),(Q*:a € A) € k(A,S) and u € ®(A) be
such that
pu{ae A: Q%= P*}) =1.
Then (27) holds.

Proposition 13. Let (P*:a € A), (P :a € A),(Py:a € A) € k(A,S) be
such that
P*=qa, P+ (1—a,)Py, Yac A

where
a€ A a,€]0,1]

is a measurable mapping w.r.t. A.
Then we have

pppe(mod(P® = a € A)) = pipua(mod(Py :a € A)) (k=1,2).

6 A result aboutthe” e-contaminations”

Given a prior distribution px and € €]0, 1[, we can consider the e-contamination class
of prior distributions (see e.g. [2])

M'"={1-epu+ev:ved}

where ® determines the allowed contaminations which are mixed with p.

Throughout this paper we shall consider ® = [u]=. Hence, by taking into account
(10) and the properties of mutual absolute contuinuity between positive measures,
given a statistical experiment (P : a € A) we have

{u} C T, [p(peacay C [p]=-

It is easy to check that, when we have one of the two extreme cases in (10) (i.e.
[M](PG:QEA) = {,u} or [/’L](PGZQEA) = [M]E)a we have

Té N [p]peiacay = {1 = u+ev : v € [p)(peaca }- (28)
Indeed, when [f](pa:aca) = {jt}, we have
TE N [ppeacay = {1 = u+ev: v € [ (peaca } = {1}
while, when [41](pa.aca) = [1t]=, we have
Té N [p]peacay = {(1 = )u+ev: v € [ (peacn } = T¥.

However, as we shall see, (28) holds in general, i.e. it also holds when both the
inclusions in (10) are strict. Before proving this fact, we need a propedeutic result.
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Proposition 14. Let us consider pu, fi2 € [{t](pe:aca) and € €]0, 1[.
Then

v=repr + (1 =€)z € [p(Praca).
Proof. By the hypothesis we have p pps(mod(P® : a € A)) and then
[l (Pa:ac) = (] (Paaca) = [Ha](Paaca)- (29)
Thus (7) holds and, for (¢°: s € 5) € k(S,.A) as in (7), we have
I, (pe.acay(da, ds) = €Il (pa.aca)(da, ds) + (1 — €)1, (pa:ac a)(da, ds) =
= e (da) Py (ds) + (1 — )s*(da) Pyy (ds) = i (da)[ePp (d) + (1 — ) Pyo(ds)] =
= 1*(da)P,(ds).

Moreover, by Proposition 3, we have 1, pio = p; then v = g, pio.
In conclusion, by Proposition 3, we can say that v € [p1](pa.aca) (or equivalently
v € [pt2] (Pe-aca)) and, by (29), v € [u](paaca)- m

Now we can prove the final result.
Proposition 15. Condition (28) holds for any prior distribution pu.
Proof. By (10) we can say that

{L=ep+ev:vepipoaecat CTE

and, by Proposition 14,

{1 —eu+ev:ve|ppuaeat C [1](peaen).

Thus we have

{1 —ep+ev:veupewcat CTEN [ peaca)

and we complete the proof by showing that

PO [p](pocacay C {(1 =€)+ ev: v € [p](pegeay}- (30)
To this aim, let us consider p € I'* N [](pa.qca) arbitrarily fixed.
Then there exists v, € [u]= such that
p=(1—e)p+ev,

and we have

P{s€S:u=p}) =1 (31)

for a suitable (p® : s € ) € K(S,.A) such that I, peea)(da, ds) = p*(da)P,(ds).
For deriving (30) we have to show that v, € [1](pa:eea)-
It is easy to check that (31) can be rewritten as follows

dP,

PilseStu=(1- 05+ ‘ff; ()W)} = 1
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for ((v,)° : s € S) € (S, A) such that II, pa.aeay(da, ds) = (v,)*(da)P,,(ds); then

Plls €8 (1= (1= T = e ) D) = 1.

Thus we obtain

dp,,

Fulls €8 Cqpe(a)nt = () ]) =1

whence it follows

Pu{s €S p' = ()} = 1 (32)
indeed we have

P({seS:1=(1- e)%(s) + e‘fi];;: (s)}) = L.

In conclusion, by (32), v, € [pt](pe:aca) because v, = pu. ]

7 Concluding remarks

The results presented in this paper show that the (P : a € A)-equivalence classes are
mostly reduced to a single prior distribution. As already stated, the author thinks
that, for (P*: a € A) as in the Example 1, (20) holds for any prior distributions; in
other words it should not be necessary to consider a strongly dominated statistical
experiment to have all the corresponding (P : a € A)-equivalence classes reduced to
a single prior distribution. In general, by taking into account the example presented
in Section 4, the idea is that we can have (P® : a € A)-equivalence classes with
more than one prior distribution only when we can find pairs of mutually singular
sampling distributions.

In some sense it could have been more interesting to come up with an analogous
equivalence weaker than the previous one so that it would be easier to have equiva-
lence classes not reduced to a single prior distribution, even for strongly dominated
statistical experiments. A way to do that it would be to consider a similar theory
for a given observation; in other words, for a given s € S, the equivalence p(s) on
P(A) defined as follows

pip(s)pe & 1y = ps
seems to be more interesting.
The trouble is that this equivalence is not well-defined because, in general, the family
of posterior distributions (p® : s € S) is almost surely unique w.r.t. the predictive
distribution P,; thus, for a given s € S such that P,({s}) = 0, we can set p® in an
arbitrary way. The author does not know how to solve this problem.
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