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ABSTRACT. In the paper, the authors establish some Hermite-Hadamard
type inequalities for the product of two («, m)-convex functions.

1. INTRODUCTION
The following definitions are well-known in the literature.

Definition 1.1. A function f : I CR = (—o0,00) — R is said to be convex
if

fOz+ (1 =Ny) <Af(2)+ (1 =N f(y) (1.1)
holds for all x,y € I and X € [0,1].
Definition 1.2 ([7]). For f :[0,b] = R and m € (0,1], if

fltz +m(1 —t)y) < tf(x) +m(l—1t)f(y) (1.2)
is valid for all x,y € [0,b] and t € [0, 1], then we say that f(x) is m-convex
on [0,0].
Definition 1.3 ([4]). For f:[0,b] = R and (a,m) € (0,1] x (0,1], if

fltz+m(l—t)y) <t*f(z) +m1 —t*)f(y) (1.3)

is valid for all z,y € [0,b] and t € [0,1], then we say that f(zx) is (o, m)-
convex on [0, b).

In recent decades, many inequalities of Hermite-Hadamard type for var-
ious kinds of convex functions have been established. Some of them may
be recited as follows.

Theorem 1.4 ([3]). Let f : [a,b] TRy = [0,00) = R be m-convex for fixed
m € (0,1]. Then

Lo - f f(a) + mf(b/m) mf(a/m)+ [(b)
b—a/a f(x)dxgmln{ ) , ) } (1.4)
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Theorem 1.5 ([5]). Let f,g:[a,b] CR — Ry be convez functions. Then

b_a/ F(@)g(x) dz < M(a b) + éN(a b), (1.5)

where M (a,b) = f(a)g(a) + f(b)g(b) and N(a,b) = f(a)g(b) + f(b)g(a).

Theorem 1.6 ([2]). Let f,g : Ry — Rq satisfy fg € L([a,b]), where 0 <
a<b<oo. If fis my-conver and g is mo-convex on [a,b] for some fized
my,mg € (0,1], then

- a/ F(2)g(x) dz < min{M;, My}, (1.6)
where
My = [f<a>g<a> + mmf(%)g(mi)]
+ % [mgf(a)g<mi2> + mlf(%)g(a)]
and

Mo :% {f(b)g(lﬂ + mlme(mi)g(miz)]

+ % {m1f<mil>g(b) + m2f(b)g<miz)] '

Theorem 1.7 ([2]). Let f,g : Rg — Ry satisfy fg € L([a,b]) with 0 <
a<b<oo. If fis (ar,mq)-convex and g is (ag, ma)-convex on [a,b] for

(a1,m1), (aa,ma) € (0,1] x (0,1], then

—a/ f(x)g(z) dz < min{Ny, N2}, (1.7)
where
__fla)g(a) 1 1 b
Ny _a1+a2+1+m2{o¢1+1 041+062+1:|f(a)g<m2>

1 1 b
_m1<a1 +as+1 B a2+1)g(a)f<m_1>

e -2 - e )G
mim - - — —
12 ap +1 as+1 a1 +as+1 mq g meo
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and

_ [(b)g(b) 1 1 a
Nz Captag+1 +m2|:041 +1 - Q1 +a2+1:|f(b)g(m_2>

1 1 a
_ml(a1+a2+1 - a2+1)9(b)f<m—1>

n 1 1 1 n 1 f a a
mim — — — — .
12 Oél—l—l 042+1 O[1+O[2—|—1 mia g mao

In recent years, some inequalities of Hermite-Hadamard type for other
kinds of convex functions were created in, [1, 6, 8, 9, 10, 11, 12] and closely
related references therein.

The aim of this paper is to present some new inequalities of Hermite-
Hadamard type for the product of two («, m)-convex functions, which gen-
eralizes those results mentioned above.

2. MAIN RESULTS
We are now in a position to establish some new integral inequalities of

Hermite-Hadamard type for the product of two (a, m)-convex functions.

Theorem 2.1. Let f,g: Ry — Ry satisfy f, fg? € L([a,b]), where 0 < a <
b<ooandq>1. If f is (a1, my)-convex on [O —} and g7 is (a2, ma)-
conver on [O,miz] for (a1,m1), (a2, ma) € (0,1] x (0,1], then

b
o [ Tt ds

_ I¥(a,b: £, 00, ma)]' "9 min{ [M (a, b; £, g7)]M/4, [M(b,a; £, g")]'/ 7}
a (a1 + D)[(az2 + 1) (a1 + ag + 1)]1/4 :

where
N(a,b: f,0,m) = f(a) —l—amf(%) (2.1)

and
Masbi£.9) = (1 + 1)(a + D (@lg(e) + aama(a-+ ) (lg ()
+anma(as + 1)g(a)f(mi1> +aras(ar +as + 2)m1m2f<mil>g(i>.
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Proof. Letting x = ta + (1 — ¢)b for t € [0, 1] and making use of Holder’s
integral inequality yields

1 b 1
g /a f(@)g(z)dr = /0 flta+ (1 —t)b)g(ta+ (1 —t)b) dt

1/q

< [/01 Ftat(1—1)b) dt} o [/01 Fta+(1—0)b)g" (ta+(1—1)b) dt}

Further employing the conditions that f is (a1, mq)-convex on [O, mLJ and

g7 is (a2, ma)-convex on [0, miJ leads to
1 1 b
/ flta+ (1 —8)b)dt < / [to‘lf(a) +mi(l— to‘l)f(—>} dt
0 0 my
1
- ol + 1N(a7b7f7a17m1)

and
/1 flta+ (1 —)b)g?(ta + (1 —t)b) dt
0

< [ 1 @m0 ()] gt + malt - g () | a

1 a2M2o

0 af b

OO (0l <m2)
Q1M b q

et (e +a2+1)f(m_1)g (a)

sl ot Bmme (D)0 L)

my m2
1
= M(a,b; f, g9).
@+ Do+ Do g w1y @b .99
The proof of Theorem 2.1 is complete. O

Remark 2.2. Theorem 2.1 applied to ¢ =1 becomes the inequality (1.7).
Corollary 2.3. Under conditions of Theorem 2.1,
(1) if a1 = ag = a, we have

b
i [ S ds

_ [N(a,b; £ 0 m) = min{[M(a, b; £, g")]M9, [M (b, a; £, 9)]" )
= (a+ )12+ 1)1/4 ’
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(2) if m1 = ma =m, we have

b
i [ f@@)d

< [N(a,b; f, a1, m)]* /2 min{ [M(a,b; f, g O|V/a, [M (b, a; f, g)] 1/q}
a (o1 + D[(a2 + 1) (01 + ag + 1)]1/4

(3) if a1 = ag = m1 =ma = 1, we have

_a/ fl@)g(x)de < = (;)1/q[f(a)+f(b)]1—1/q

x [2f(a)g(a) + f(a)g?(b) + f(b)g?(a) + 2f(b)

Theorem 2.4. Let f,g : Ry — Rq be such that f2,¢%@=1) ¢ L([a,b]),
where 0 < a <b< oo and g > 1. ]f [ is (o1, mq)-convez on [0, m—l] and
g7 (a=1) s (o, my)-convex on [O, s ]for (a1,m1), (ag, ma) € (0,1]x(0,1],
then

1/q

b . 1/q

min{ N (a, b; f%, a1,m1), N(b,a; f%,a1,m1)}

<

b—a /a fe)glw) dw < ar +1

X [min{N(a, b; g™V, 0, ma), N(b, a; g4/ 4"V, Oézamz)}] o (2.3)
ag + 1 ’ :

where N(a,b; f,a,m) is defined by (2.1).

Proof. Taking © = ta + (1 — t)b for ¢ € [0,1] and using Holder’s integral
inequality generates

1 b 1
g /a f(@)g(z)dr = /0 flta+ (1 —t)b)g(ta+ (1 —t)b) dt

< [/01 fi(ta+ (1 —t)b) dt] v [/01 g7 @V (ta + (1 - t)b) dt} 171/(1.

Utilizing properties that fq is (a1, mq)-convex on [0, mil] and that ¢¢/(a—1)

is (a2, m2)-convex on [0, 2] discovers

? ma

/01 flta+ (1 —t)b)dt < /01 [talfQ(a) +m(1— tal)fq<_)] dt
1
ap +1

N(aab; fqaaluml)'
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Considering the symmetry of the estimated definite integral with respect
to a and b results in

/1f‘1(m+ (1 — o)) dt < mAN(@ 0 7 0, m), N(b, ai e )}
0

O[l—l—l

Similarly, we have

1
/ gV (ta + (1 — t)b) dt
0

< min{N(au b7 gq/(q_l)u a2, m2)7 N(b7 a; gq/(q_1)7 a2, m?}
- as+1 '
Theorem 2.4 is thus proved. O

Corollary 2.5. Under conditions of Theorem 2.4, if a1 = as = my1 =
mo =1, then

1
b—a

[f9(a) + fq(b)]l/q [gq/(qfl)(a) +gq/(q,1)(b)]1f1/q.

b
| ragta) i < :

(2.4)

Theorem 2.6. Let f,g: Ry — Rg be such that fPgi—ta=1) fla=p)/la=1) gt ¢

L([a,b]), where 0 <a<b<oo,q>1,q¢>p>0, and#>€>0. If fP
and fa=P)/@=1) gre (ay,my)-convex on [ mil] and if ¢¢ and g9—¢/(a=1)

are (a2, ma)-convez on [0, 2] for (a1, m1), (a2, m2) € (0,1] x (0, 1], then

) Mo

1 b 1
= | )t € e

x [min{ M (a, b5 f7, g"~"97), M (b,as f7, 9"~ V) }]
x [min{ M (a, b; f(qu)/(q%),ge%M(b,a;f(qu/(qfl)’gl)H1—1/q,
where M (a,b; f,g) is defined by (2.2).

Proof. Letting = ta + (1 — t)b for ¢t € [0,1] and using Holder’s integral
inequality, we obtain

1 b 1
g /a f(@)g(z)dr = /0 flta+ (1 —t)b)g(ta+ (1 —t)b) dt

1 1/q
P(ta _ a—4(a=1) (¢4 —
< UO FPlta+ (1 - B)b)g (ta+ (1 t)b)dt}
1-1/q
X [/01 P/ @D (g 4 (1 — )b)g*(ta + (1 — t)b) dt} .
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Further by virtue of properties that the function f? is (aq,m1)-convex on
[0, mil] and that the function g?=*/(4=1 is (az, ms)-convex on [0, miz}, we

have

/1fp(ta + (1 = t)b)g? "=V (ta + (1 — t)b) dt
0

<[ 1 )+ ma— e ()]

b
« |:ta2gql(q1)(a) + mao(1 — toe)gqff(q*l) <_)] dt

ma
1

- - P q—¢(q—1)
/@)

Q212 P q—£(q—1) (i)
+ (041 —+ 1)(0&1 —+ [6%) + 1)f (a)g mao

Q1my b —£(q—1)
+ p( 2\ ,9—¢q
(g + 1) (e +O<2+1)f (ml)g (a)
araz(ar + ag + 2)mime p (i)qu(ql) <i>
(a1 + 1)(ag + 1)(o1 + a2+ 1) my ma
1
_ M b: fP q—{(q—1) .
(al +1)(a2+1)(a1 +a2+1) (a7 af 9 )

Changing the order of a and b in the above arguments reveals

/1 fP(ta+ (1 —t)b)g?= =Y (ta 4 (1 — t)b) dt
0

_ min{ M (a, by 7,96, M (b, 7, g6 D)
- (011 —|— 1)(0[2 —|— 1)(0[1 —|— a9 + 1)

and

/1 f(qu)/(qfl)(m + (1 = t)b)g (ta+ (1 —t)b) dt
0

min{M(aj b, f(q_p)/(q_1)7 gg) , M(b, a; f(q—p)/(q_1)7 gé)}
< .
- (041 + 1)(0&2 + 1)(0&1 + [6%) —|— 1)

The proof of Theorem 2.6 is complete. 0
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Corollary 2.7. Under conditions of Theorem 2.6, if p = ¢ < min{q, (Fil},
then we have

b
! / f(@)g(x) de
1

b—a
o PTE [ Coey Prey

x [min{M (a, b; fp,gq—p(q—l))7M(b,a;fng_p(q_l))}}uq

X [min{M(a,b;f(qu)/(lI*l)th)’M(b,a;f(qu)/(qfl)hgp)}}lfl/q'

Corollary 2.8. Under conditions of Theorem 2.6, when a1 = ag = my =
mo = 1, we have

b
bia/a f(@)g(z)dz < é[2fp(a)gqfe(q71)(a) + fP(a)gt @D (p)

+ fp(b)gq—é(q—l) (a) + 2fp(b)gq—€(q—1) (b)] /g [2f(q—p)/(q—1)(a)gl’(a)
7P (@)g () £ b)g () +2f P D ) 1)
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