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ABSTRACT. This paper studies the existence of nonoscillatory solu-
tions of a higher-order nonlinear neutral delay difference equation

A(‘Uen e ‘A(GZnA(alnA(xn + b’,LSCn,d))))
+f(n7xn77‘1n7xn77‘2n7"'71‘77,77‘5") =0, n2>nog,
where ng > 0,n > 0,d > 0,k > 0,5 > 0 are integers, {ain n>ny (i =
1,2,...,k) and {bn }n>n, are real sequences, f: {n:n >no}xR* —
R is a mapping and U;:1{T’jn}n2no C Z. By applying Krasnosel-
skii’s Fixed Point Theorem, some sufficient conditions for the exis-
tence of nonoscillatory solutions of this equation are established and

indicated through five theorems according to the range of value of
the sequence by, .

1. INTRODUCTION AND PRELIMINARIES

In recent years, more and more people are interested in the study of
the solvability of difference equations; see [1-17] and the references cited
therein. Many authors have paid attention to various difference equations.
For example,

A(anAxn) = dnTn+1, A(anAxn) = an(anrl)v n Z 07 (12) [11]
A2(xn + pxnfm) + PnTn—k — GnTn—1 = 07 n = no, (13) [6]
A*(zy + pTrp) + f(n,2,) =0, n>1, (1.4) [10]
A2(xn - pxn—‘r) = Zqifi(xn—ai)a n 2 no, (15) [9]
i=1

A(anA(xn + bxnfT)) + f(n; In,dln,xn,d}n, et 7'rn7dkn) = Cn; n Z nO)
(1.6) 8]
Am(xn + anfk) + DnTp—r = O; n = no, (17) [15]

A™(xp, + enn—k) + Pnf(Tn_r) =0, n>nog, (1.8) [3,4,12,13]
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A™ (2 + cTp—g) + przfs(xn—rs) =(n, N =N, (1.9) ([16])

s=1

A"™(xp + cTpk) + PnTn—r — @nn—; =0, n > ng. (1.10) ([17))

Motivated and inspired by the papers mentioned above, in this paper
we consider the following higher-order nonlinear neutral delay difference
equation

A(akn - A(aznAlarn Az, + bnxnfd))))

+ f(na Tn—rins Tn—rops -« - 7In77"sn) =0, n 2>no,

(1.11)

where ng > 0, n > 0,d > 0, k > 0, s > 0 are integers, {ain fn>n,(i =
1,2,...,k) and {b,}n>n, are real sequences, f: {n:n >ng} x R® — R is
a mapping and Uizl{rjn}nZno C Z. However, to the authors’ knowledge,
few papers in the literature can be found dealing with the existence of
nonoscillatory solutions for (1.11), which is mainly due to the technical
difficulties arising in its analysis, especially when there are more than two
factors a;, before each forward difference A. Clearly, difference equations
(1.1)—(1.10) are special cases of (1.11). By using Krasnoselskii’s Fixed Point
Theorem, the existence of nonoscillatory solutions of (1.11) is established.

Lemma 1.1 (Krasnoselskii’s Fixed Point Theorem). Let Q be a
bounded closed convex subset of a Banach space X and Ty1,T5: Q — X
satisfy Tvx +Toy € Q for each x,y € Q. If T} is a contraction mapping and
Ty is a completely continuous mapping, then the equation Thx + Tex = x
has at least one solution in €.

The forward difference A is defined as usual, i.e., Az, = Tp11 — Tp.
The higher-order difference for a positive integer m is defined as A™x,, =
A(A™ 1z,), A%z, = x,,. Throughout this paper, assume R = (—o0, +c0),
N and Z stand for the sets of all positive integers and integers, respectively,
a=inf{n—rj, :1<j<sn>n}, f=min{n—d,a}, im, ,o(n—
rjn) = +400,1 < j < s, lgo denotes the set of real sequences defined on
the set of positive integers larger than 8 where any individual sequence is
bounded with respect to the usual supremum norm ||z[| = sup,,> 4 [2,| for
= {Tp}n>p € IF. It is well-known that [3° is a Banach space under the
supremum norm. A subset 2 of a Banach space X is relatively compact if
every sequence in €2 has a subsequence converging to an element of X.
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Definition 1.1 ([5]). A set Q of sequences in 13> is uniformly Cauchy (or
equi-Cauchy) if for every e > 0, there exists an integer Ny such that

|x; — ;] <e,
foralli,j > No,x =z € Q.

Lemma 1.2 (Discrete Arzela-Ascoli’s Theorem [5]). A bounded, uni-
formly Cauchy subset €2 of I is relatively compact.

Let
A(M,N) = {x:{xn}nzﬁ €l :M<x, SN,nzﬁ} for N> M >0.
Obviously, A(M, N) is a bounded closed and convex subset of I3°. Put

b=limsupb, and b= Iliminfb,.
n—oo n—00

By a solution of (1.11), we mean a sequence {zn}n,>g with a positive
integer No > ng + d + || such that (1.11) is satisfied for all n > Ny. As is
customary, a solution of (1.11) is said to be oscillatory about zero, or simply
oscillatory if the terms x,, of the sequence {x,},>3 are neither eventually
all positive nor eventually all negative. Otherwise, the solution is called
nonoscillatory.

2. EXISTENCE OF NONOSCILLATORY SOLUTIONS

In this section, five existence results of nonoscillatory solutions of (1.11)
are offered.

Theorem 2.1. Assume that there exist constants b, M and N with N >
M > 0 and sequences {@in fn>no(1 <@ < k), {bn}n>nos {Fntn>nes {dn tn>ne
such that for n > ng

-M

N

bn| <b , 2.1
bul << X (2.1)
‘f(n,’l,tl,’l,tg,...,us)—f(n,’Ul,’UQ,...,’US)‘ (22)
§hnmax{|ui—vi|:ui,viE[M,N],lgigs}, '
‘f(n,ul,UQ,...,us)| < Gn, u; € [M,N],1<i<s, (2.3)
Zmax{m,ht,qtzlgzgk}<+oo. (2.4)

Pl it

Then (1.11) has a nonoscillatory solution in A(M, N).
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Proof. Choose L € (M + bN,N — bN). By (2.1) and (2.4), an integer
Ny > ng + d + « can be chosen such that

N-M
b, < b < SN for all n > Ny, (2.5)

and

Z Z Z Z < min{L — bN — M,N — bN — L}.

—Np to=t1  tp=tp_1 t=ty, ’Hz 1 Qit;

(2.6)
Define two mappings 13, 7»: A(M,N) — X by
L —bp2p—a, > No;
(Tha)y = n—d = (2.7)
(Tlx)NO, B <n< NQ.

(T2$)n =

Z Z Z th Ti— mi_f[Et Tz""’xt”t),nZNo,
i=1 %t

tl_ntg tl tk_tk 1t tk
(TQx)Nov ﬂ <n< NOa

(2.8)
for all z € A(M, N).
(i) We claim that Thz + Toy € A(M,N), forall xz,y € A(M,N).
In fact, for every z,y € A(M, N) and n > Ny, it follows from (2.3), (2.5)
and (2.6) that

(T'l«r + T2y)n

s O & F (Yo Yt Y
S-S Y e Y Z} (t, 1’512_12% Yeor)|

tl =n t2:t1 tk:tk 1 t:tk

S 3 S 3 S

=No t2=t1 tp=tr—1 t=tg ‘H

> M

and
(Thz + Toy)n

<L+bN+Z Z Z Z

=N ta=t1 tp=tK_1t= tk|Hz 1
That is, (Tyz + Tgy)(A(M, N)) C A(M,N).
(ii) We claim that T3 is a contraction mapping on A(M, N).
In reality, for any z,y € A(M, N) and n > Ny, it is easy to derive that

’(Tlx)n - (le)n‘ < |bn||xn—d - yn—d| < b”l’ - y||7
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which implies that
||T133 - Tyl < bllir —yll-

(111) We claim that T5 is completely continuous.

We first show that T} is continuous. Let z(*) = {x%“)} € A(M,N) be
a sequence such that xslu) — x, as u — oo. Since A(M,N) is closed,
x={xp} € A(M,N). For n > Ny, (2.2) guarantees that

|T2$51u) — Tgxn‘
o) oo 00 00
IO IRED DD
t1:’ﬂ t2_t1 tk_tkfl t:tk
‘f(t ‘T§U)r1t ) ‘T§U)r2t7 . ‘T§U)r t) f(t7 Tt—ryys Tt—ropy - -+ 7xt—7‘st)‘
‘ Hz 1 @it

ht max{|:vt Tt xt—rjt| 1 S] S S}

SIDNTD VDY

ti=nta=t1 tr=tr_1 t=tg ‘H—

YD S S T

=No t2=t1 tp=tkp—1 t=tg

This inequality and (2.4) imply that T5 is continuous.
Next we show To A(M, N) is relatively compact. By (2.4), for any € > 0,
take N1 > Ny large enough so that

<Z 2.9
PO SR S o et T

=N ta=t te=tr_1 t=tg

Then, for any z = {z,} € A(M,N) and ni,n2 > N1, (2.9) ensures that

’TQInl - TQ'ITLQ‘

R S S R R
B ’Hf:laiti

ti=ni1 ta=t1 tp=tK—1 t=tg

o0 o0 o0 o0 t
n Z Z Z Z |f( 5It*’r‘1t5xt*’r‘2t5'"7‘rt*Tst)‘

k .
t1=no to=t1 tr=tr_1 t=ti ’H: i
=N to=ty te=tg_1 t= tk|H
€
+ Z )DRIID i Ee <3t3=¢
=N; ta=t; te=tr—1 t=tg ’H’L 1 Qit;
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which means ToA(M, N) is uniformly Cauchy. Therefore, by Lemma 1.2,
Ty A(M, N) is relatively compact. By Lemma 1.1, there exists © = {z,,} €
A(M,N) such that Tyx + Thx = =z, which is a bounded nonoscillatory
solution of (1.11). This completes the proof. O

Theorem 2.2. Assume that there exist constants M and N with N >

2-b .
1—jM > 0 and sequences {@intn>ne(l < @ < k), {bn}n>nes {Pntn>nes

{@n}n>ne, satisfying (2.2)—(2.4) and
by, >0, and0<b<b<1. (2.10)
Then (1.11) has a nonoscillatory solution in A(M, N).

Proof. Choose L € (M + 1TJFEN,N + %M) By (2.10) and (2.4), an integer
Ny > ng + d + a can be chosen such that
oy, < 16D

5 for all n > Ny, (2.11)

and
o0 o0 o0 o0
)ND DRI DD D=
k
t1=Np ta=t1 tp=tr_1 t=ty ’ Hi:l Qit;

gmin{L—M—#N,N—L—i—%M}.

(2.12)

Define two mappings 71,7 : A(M,N) — X as (2.7) and (2.8). The rest of
the proof is analogous to that in Theorem 2.1. This completes the proof. [

Similar to the proof of Theorem 2.2, we have the following theorem.

Theorem 2.3. Assume that there exist constants M and N with N >
f—T_ZM > 0 and sequences {ain}tn>ne(1 < @ < k), {bn}tn>nes {Pntn>nos

{@n}n>ne, satisfying (2.2)-(2.4) and
b, <0, and —1<b<b<0. (2.13)
Then (1.11) has a nonoscillatory solution in A(M, N).

Theorem 2.4. Assume that there exist constants M and N with N >

-2
%EII;:%;M > 0 and sequences {@intn>ne(1 < i < k), {bn}tn>nes {Antn>ne

{@n}n>ne, satisfying (2.2)-(2.4) and
bp>1, 1<bandb<b® < +oo. (2.14)

Then (1.11) has a nonoscillatory solution in A(M, N).
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Proof. Take € € (0,b— 1) sufficiently small satisfying
l<b—e<bte<(b—e)? (2.15)
and
(b+e)b—e)—(b+e)*)N > ((b+e)*(b—c)— (b—e)*)M. (2.16)

Choose L € ((b+e)M + =N, (b— )N + E=M). By (2.15) and (2.4), an
integer Ng > ng +d + « can be chosen such that

b—e<b,<b+e, forallb> Ny, (2.17)

and

VD BRI B

t1=Np t2=t1 tp=tp_1 t=tlg (2.18)
b— b—
Smin{: EL—(Q—E)M—N,: EM+(l_7—5)N—L}.
b+e b+e
Define two mappings T3, 7»: A(M,N) — X by
L _ Tntd > N .
(Tiz), = { Pntd  Bnva’ = (2.19)
(Tl'r)Nov ﬂ <n< NO-
(T2$)n =
e = ST Ty T,
o) DI DRI B n > No
ti=nto=t1  tp=tp_1 t=tg Hi:l Qit;
(Tez) Ny, B<n<No
(2.20)
for all z € A(M, N). The rest of the proof is analogous to that in Theorem
2.1. This completes the proof. O

Similar to the proof of Theorem 2.4, we have the following theorem.
Theorem 2.5. Assume that there exist constants M and N with N >

14b .
1_::?M > 0 and sequences {aintn>ne(1 < @ < k), {bn}n>nes {Pntn>nes

{@n}n>ne, satisfying (2.2)—(2.4) and

by, < =1, —co<bandb< —1. (2.21)
Then (1.11) has a nonoscillatory solution in A(M, N).
Remark 2.1. Theorems 2.1-2.5 extend and improve Theorem 1 of Cheng
[6] and Theorems 2.3-2.7 of Liu, Xu and Kang [8].
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3. AN EXAMPLE

In this section, an example is given to illustrate the advantage of the
above result.

Example 3.1. Consider the following third-order nonlinear neutral delay
difference equation:

A((Qn —n)A((n? = n+ 1Az, + 31—;2%,4)))

3.1
n cos(2x2n,2) B sin(33;n,3) _0, n>s (3.1)
n n
where 4 o
ain=n*-n+1, ag,=2"—n, b,= 4; ,
cos(2u1)  sin(3uz) 2
f(n7u17u2): TL2 - TL3 9 hRZQH:ﬁ

Choose M = 1 and N = 5. It can be verified that the assumptions of
Theorem 2.2 are fulfilled. 1t follows from Theorem 2.2 that (3.1) has a
nonoscillatory solution in A(1,5).
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