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Abstract. In this paper, we prove an arithmetic identity derived by
Farkas [3]. We use generalized eta products and their logarithmic deriva-
tives to determine the arithmetic identity.

1. Introduction. In this paper, we determine an arithmetic identity
modulo 4. The group associated to the arithmetic identity is Γ0(4). Notice
that the group in question has a fundamental region whose closure has
genus 0, so there exists no nontrivial cusp forms of weight 2 and trivial
multiplier system, i.e., S2(Γ0(4)) = {0}. Notice also that M2(Γ0(4)) has
three cusps and hence, dim M2(Γ0(4)) = 2 (2 Eisenstein series).

2. Arithmetic Identities Modulo 4. Let us define our character
here.

χ4(n) =

(

−4

n

)

=











1 n ≡ 1 mod 4

−1 n ≡ −1 mod 4

0 otherwise.

Eisenstein series of weight 1 is defined by

G1,χ =

∞
∑

m=−∞

χ(m)G1,m,

where χ is a nontrivial Dirichlet character on (Z/NZ)
∗

and G1,m is given
by

G1,m =
m

N
−

1

2
−

qm

1 − qm
+

∞
∑

ν=1

[

qνN−m

1 − qνN−m
−

qνN+m

1 − qνN+m

]

. (1)

Now we will consider the Eisenstein series of weight 1 on Γ0(4). When we
square it we will get weight 2 Eisenstein series on Γ0(4). But M2(Γ0(4)) is
two dimensional. In [6], Vestal determined the basis of M2(Γ0(4)) explicitly.
We define now an arithmetic function which will appear in the Fourier
expansion of the logarithmic derivative of the generalized Dedekind eta
function. Define σ(δ,g) by

σ(δ,g)(N) =
∑

d|N

d≡g (mod δ)

d +
∑

d|N

d≡−g (mod δ)

d

1



and define δ4,2 by

δ4,2(n) =
∑

d|n
d≡1 (mod 4)

1 −
∑

d|n
d≡−1 (mod 4)

1.

In this paper, we prove the following identity using the logarithmic deriva-
tive of generalized eta products. The identity is given by

2δ4,2(n) + 4
n−1
∑

j=1

δ4,2(j)δ4,2(n − j) = 2σ(4,1)(n) + σ(4,2)(n).

To present the basis, we use generalized Dedekind η-function ηδ,g(τ). Recall
that

ηδ,g(τ) = eπiP2( g

δ
)δτ

∏

m>0
m≡g (mod δ)

(1 − xm)
∏

m>0
m≡−g (mod δ)

(1 − xm),

where x = e2πiτ , τ ∈ H , H is the upper half plane, P2(t) = {t}2 − {t} + 1
6

is the second Bernoulli function, and {t} = t − [t] is the fractional part of
t. Vestal calculated the logarithmic derivative of ηδ,g(τ):

η′
δ,g(τ)

ηδ,g(τ)
= πiδP2(g/δ) − 2πi

∞
∑

N=1

σ(δ,g)(N)qN ,

where q = e2πiτ . For simplicity, let H
(δ,g)
2 denote the normalization of the

above series.

H
(δ,g)
2 = 1 −

2

δP2(g/δ)

∞
∑

N=1

σ(δ,g)(N)qN .

Then H
(δ,g)
2 (τ) ∈ M2(Γ0(δ)). Note that M2(Γ0(4)) is two dimensional, so

the basis of Γ0(4) [6] consists of

H
(4,1)
2 = 1 + 24

∞
∑

N=1

σ(4,1)(N)qN

and

H
(4,2)
2 = 1 + 6

∞
∑

N=1

σ(4,2)(N)qN .

Vestal proceeds to find that

θ4(τ) =
1

3
H

(4,1)
2 (τ) +

2

3
H

(4,2)
2 (τ),

2



where
θ(τ) =

∑

n∈Z

e2πin2τ .

Notice that θ(τ) ∈ M1/2(Γ0(4)). We relate now the above basis to our
Eisenstein series of weight 1. With the odd character defined above, the
author in [5] derives the following form of G1,χ explicitly from (1) and thus,
we get

G1,χ = −
1

2
− 2

∞
∑

n=1

∑

d|n

χ(d)qn.

As a result, we get

G1,χ = −
1

2
− 2

∞
∑

n=1

δ4,2(n)qn,

where
δ4,2 =

∑

d|n

χ(d).

Notice that δ4,2 is the difference between the number of divisors of n con-
gruent to 1 mod 4 and the number of divisors of n congruent to -1 modulo
4. By a classical result that goes back to Jacobi

θ2(z) = 1 + 4

∞
∑

n=1

δ4,2z
n.

Hence,
θ2(τ) = −2G1,χ(τ).

Therefore,

4G2
1,χ(τ) =

1

3
H

(4,1)
2 (τ) +

2

3
H

(4,2)
2 (τ).

As a result, we get

4

(

−
1

2
− 2

∞
∑

n=1

δ4,2(n)qn

)2

=
1

3
H

(4,1)
2 (τ) +

2

3
H

(4,2)
2 (τ).

This leads to the following identity

8δ4,2(n) + 16

n−1
∑

j=1

δ4,2(j)δ4,2(n − j) = 8σ(4,1)(n) + 4σ(4,2)(n).

3



Consequently,

2δ4,2(n) + 4

n−1
∑

j=1

δ4,2(j)δ4,2(n − j) = 2σ(4,1)(n) + σ(4,2)(n).

This is a new proof of another identity due to Farkas [3].
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