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ON WEAK FORMS OF SEMI-OPEN AND
SEMI-CLOSED FUNCTIONS

Miguel Caldas and Govindappa Navalagi

Abstract. Weakly semi-open functions between topological spaces
are defined as dual to the weak semi-continuous. Connections between this
function and other existing topological notions are established and separate
examples are given. It is shown that weakly semi-open functions on regular
spaces are semi-open. We also introduce and study the concept of weakly
semi-closed functions.

1. Introduction and Preliminaries. N. Levine [20] and N. Biswas
[6], introduced and investigated the notions of semi-open sets and semi-
closed sets in topological spaces, respectively. Since then, a lot of work
has been done using these notions and many interesting results have been
obtained [2, 6, 10, 13, 15, 26, 27]. D. A. Rose [28] and D. A. Rose with
D. S. Janckovic [29] have defined the notions of weakly open and weakly
closed functions and investigated some of the fundamental properties of
these types of functions. In this paper, we introduce the notions of weakly
semi-open and weakly semi-closed functions as a new generalization of
weakly open and weakly closed functions, respectively. We investigate some
properties of these functions comparing with the other related functions.
In this connection, we obtain a new decomposition of semi-openness and
closedness. It is also shown that a weakly semi-open inverse image of a
semi-connected space is connected.

Throughout this paper, (X, 7) and (Y, o) (or simply, X and Y) denote
topological spaces on which no separation axioms are assumed unless ex-
plicitly stated. If S is any subset of a space X, then CI(S) and Int(S)
denote the closure and the interior of S, respectively. Recall that a set S
is called regular open (respectively regular closed) if S = Int(CI(S)) (re-
spectively S = Cl(Int(S)). A point z € X is called a 6-cluster [32] point
of S if SNCI(U) # ¢ for each open set U containing x. The set of all
O-cluster points of S is called the #-closure of S and is denoted by Cly(S).
Hence, a subset S is called #-closed [32] if Cly(S) = S. The complement
of a f-closed set is called a f-open set. The 6-interior of a subset S of
X is the union of all open subsets of X whose closures are contained in
S, and is denoted by Inte(S). A subset S C X is called semi-open [20]
(respectively preopen [22], a-open [24], and S-open [1] (or semi-preopen
[2])), if S C Cl(Int(S)) (respectively S C Int(CI(S)), S C Int(Cl(Int(S))
and S C Cl(Int(Cl(S))). The complement of a semi-open set is called a
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semi-closed [6] set. The family of all semi-open (respectively semi-closed)

sets of a space X is denoted by SO(X, ) (respectively SC(X,7)). The

intersection of all semi-closed sets containing S is called the semi-closure of

S [6,13] and is denoted by sCI(S). The semi-interior [13] of S is defined by

the union of all semi-open sets contained in S and is denoted by sInt(S).
A space X is called extremally disconnected (E.D.) [33] if the closure

of each open set in X is open. The space X is called semi-connected [27]

if X cannot be expressed as the union of two nonempty disjoint semi-open

sets.
A function f: (X,7) — (Y, 0) is called:

(i) semi-continuous [20] if for each open subset V of Y, f~1(V) €
SO(X,T).

(ii) weakly semi-continuous [12, 17] if for each # € X and each open subset
V of Y containing f(x), there exists a semi-open subset U of X such
that z € U and f(U) C Cl(V).

(ili) semi-open [7] (respectively semi-closed [25]) if f(U) € SO(Y,0) (re-
spectively f(U) € SC(Y, o)) for each open (respectively closed) subset

U of X.

(iv) weakly open [28] if f(U) C Int(f(CI(U))) for each open subset U of
X.

(v) weakly closed [29] if CI(f(Int(F))) C f(F) for each closed subset F of
X.

(vi) almost open in the sense of Singal and Singal, written as (a.o.S) [31] if
the image of each regular open subset U of X is an open set in Y.
(vii) preopen [22] (respectively preclosed [14] , S-open [1], a-open [23]) if for
each open subset U (respectively closed subset F', open subset U, open
subset U) of X, f(U) is a preopen (respectively f(F) is a preclosed,
f(U) is a B-open, f(U) is an a-open) set in Y.
(viii) pre-semi-closed [16] if for each semi-closed subset B of X, f(B) is a
semi-closed in Y.
(ix) contra-open [4] (respectively contra-closed [4]) if f(U) is closed (re-
spectively open) in Y for each open (respectively closed) subset U of
X.
(x) completely continuous [3] if for each open subset V of Y, f~1(V) is a
regular open set in X.
(xi) complementary semi-weakly continuous [17] if for each open subset
Voof Y, f~1(Fr(V)) is semi-closed in X, where Fr(V) denotes the
frontier on V.
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2. Weakly Semi-open Functions. Since semi-continuity [20] is dual
to semi-openness [7], we define in this section the concept of weak semi-
openness as a natural dual to the weak semi-continuity due to G. Costovici
[12] and A. Kar et. al. [19].

Definition 2.1. A function f: (X, 7) — (Y, 0) is said to be weakly semi-
open if f(U) C sInt(f(CI(U))) for each open subset U of X.

Clearly, every semi-open function is weakly semi-open, but the converse
is not generally true.

Example 2.2. A weakly semi-open function need not be semi-open. Let
X ={a,b,c}, 7 ={0,{a},{c}, {a,c}, X} and o = {0, {b}, {a, b}, {bc}, X }.
Then the identity function f: (X,7) — (X, 0) is weakly semi-open which is
not semi-open, since for U = {a}, f(U) is not a semi-open set in (X, o).

Theorem 2.3. For a function f:(X,7) — (Y,0), the following condi-
tions are equivalent:
(i) f is weakly semi-open.
(ii) f(Inte(A)) C sInt(f(A)) for every subset A of X.
(iii) Intg( Y(B)) c f~Y(sInt(B)) for every subset B of Y.
) f1(sCI(B)) C Clg(f~*(B)) for every subset B of Y.

(iv

Proof.

(i) — (i1): Let A be any subset of X and = € Intg(A). Then, there
exists an open set U such that z € U C CI(U) C A. Then, f(x) € f(U) C
F(ClU)) C f(A). Since f is weakly semi-open, f(U) C sInt(f(CI(U))) C
sInt( (A)). This implies that f(x) € sInt(f(A)). This shows that = €

Y(sInt(f(A))). Thus, Intg(A) C f~1(sInt(f(A))), and so, f(Inte(A)) C
sInt(f(A)).

(1) — (i): Let U be an open set in X. As U C Intg(CI(U)) implies,
FU) C fInte(CUT))) C sInt(f(CILU))). Hence, f is weakly semi-open.

) — (i4i): Let B be any subset of Y. Then by (ii), f(Inte(f~(B)) C
sInt(B). Therefore, Inty(f~1(B)) C f~1(sInt(B)).

(#4¢) — (i1): This is obvious.

(iit1) — (iv): Let B be any subset of Y. Using (iii), we have
X—Clo(fN(B)) = Intg(X—fN(B)) = Inte(f~ (Y —B)) C f~(sInt(Y —
B)) = f~YY — sCl(B)) = X — (f~*(sCl(B)). Therefore, we obtain
fH(sCUB)) C Clo(f~1(B)).

(iv) — (iii): Similarly we obtain, X — f~! (sInt(B)) c X -
Inty(f~1(B)), for every subset B of Y, i.e., Intg(f~(B)) C f~1(sInt(B)).

Furthermore, we can prove the following theorem.
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Theorem 2.4. For a function f: (X,7) — (Y, o), the following state-
ments are equivalent.
(i) f is weakly semi-open
(ii) For each z € X and each open subset U of X containing x, there exists
a semi-open set V containing f(x) such that V' C f(CI(U)).

Proof.

(1) — (i1): Let x € X and U be an open set in X with z € U.
Since f is weakly semi-open, f(x) € f(U) C sInt(f(Cl(U))). Let V =
sInt(f(CI(U))). Hence, V C f(CI(U)), with V containing f(x).

(#4) — (7): Let U be an open set in X and let y € f(U). It follows from
(ii) that V' C f(Cl(U)) for some V semi-open in Y containing y. Hence, we
have y € V C sInt(f(CI(U))). This shows that f(U) C sInt(f(CL{U))),
i.e., f is a weakly semi-open function.

Theorem 2.5. Let f: (X,7) — (Y, 0) be a bijective function. Then the
following statements are equivalent.
(i) f is weakly semi-open,
(ii) sCI(f(U)) C f(CLU)) for each U open in X,
(ili) sCl(f(Int(F)) C f(F) for each F closed in X.

Proof.

(1) — (iti): Let F be a closed set in X. Then we have f(X — F) =
Y — f(F) CsInt(f(Cl(X — F))) andso Y — f(F) CY — sCI(f(Int(F))).
Hence, sCI(f(Int(F))) C f(F).

(791) — (44): Let U be an open set in X. Since CI(U) is a closed set
and U C Int(Cl(U)) by (iii) we have sCI(f(U)) C sCI(f(Int(ClL(U))) C
fenw)).

(ii) — (4id): Similar to (#4i) — ().

(7i1) — (@): Clear.

The proof of the following theorem is straightforward and thus is omit-
ted.

Theorem 2.6. For a function f: (X, 7) — (Y, o) the following conditions
are equivalent.
(i) f is weakly semi-open.
(ii) f(Int(F)) C sInt(f(F)) for each closed subset F of X,
(iii) f(Int(CUU))) C sInt(f(CI(U))) for each open subset U of X,
(iv) f(U) C sInt(f(CI(U))) for each preopen subset U of X,
(v) f(U) C sInt(f(CI(U))) for each a-open subset U of X.
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Now, we recall a definition of strong continuity. This definition when
combined with weak semi-openness implies semi-openness.

A function f:(X,7) — (Y, 0) is said to be strongly continuous [22], if
for every subset A of X, f(CI(A)) C f(A).

Theorem 2.7. If f:(X,7) — (Y,0) is weakly semi-open and strongly
continuous, then f is semi-open.

Proof. Let U be an open subset of X. Since f is weakly semi-
open f(U) C sInt(f(CI(U))). However, because f is strongly continuous,
fU) C sInt(f(U)) and therefore, f(U) is semi-open.

Example 2.8. A semi-open function need not be strongly continuous.
Let X =Y = {a,b,¢}, 7 = {0,{a}, X} and 0 = {0, {a},{a,b},Y}. Then
the identity function f:(X,7) — (Y,0) is semi-open but is not strongly
continuous since, if U = {a}, f(CI(U)) = f(X) =X ¢ f(U).

Recall that f:(X,7) — (Y, o) is said to be relatively weakly open [5]
provided that f(U) is open in f(CI(U)) for every open subset U of X.

Theorem 2.9. A function f: (X, 7) — (Y, 0) is semi-open if f is weakly
semi-open and relatively weakly open.

Proof. Assume f is weakly semi-open and relatively weakly open. Let
U be an open subset of X and let y € f(U). Since f is relatively weakly
open there is an open subset V of Y for which f(U) = f(Cl({U))NV.
Because f is weakly semi-open, it follows that f(U) C sInt(f(Cl(U))).
Then y € sInt(f(CI(U)))NV C f(C(U))NV = f(U) and therefore, f(U)
is semi-open.
Theorem 2.10.
(i) If f:(X,7) = (Y,0) is contra-closed, then f is a weakly semi-open
function.
(ii) If f:(X,7) — (Y,0) is preopen and contra-open, then f is weakly

semi-open.

Proof.

(i) Let U be an open subset of X. Then, we have f(U) C f(CI(U))) =

sInt(f(CUU))).

(ii) Let U be an open subset of X. Since f is preopen f(U) C
Int(CIl(f(U))) and since f is contra-open f(U) is closed. There-
fore, f(U) c Int(CU(f(U))) = Int(f(U)) C Int(f(CLU))) C

sInt(f(CLU))).

The converse of Theorem 2.10 does not hold.
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Example 2.11. A weakly semi-open function need not be contra-closed
is given from Example 2.8.

Theorem 2.12. Let X be a regular space. Then f: (X,7) = (Y,0) is
weakly semi-open if and only if f is semi-open.

Proof. The sufficiency is clear. For the necessity, let W be a nonempty
open subset of X. For each z in W, let U, be an open set such that x € U, C
Cl(U,) C W. Hence, we obtain that W = U{U, : € W} =U{CIl(U,) :
x € W}and, f(W) = U{f(U,) : v € W} C UW{sInt(f(CL(U,))) : x €
W} C sInt(f(U{ClL(U,) : ¢ € W}) = sInt(f(W)). Thus, f is semi-open.

Next, we define the dual form of a complementary semi-weakly contin-
uous function called a complementary weakly semi-open function.

Definition 2.13. A function f: (X,7) — (Y, 0) is called complementary
weakly semi-open (written as c.w.s.0.) if for each open set U of X, f(Fr(U))
is semi-closed in Y, where F'r(U) denotes the frontier of U.

The following two examples show that weakly semi-open and c.w.s.o.
are independent of each other.

Example 2.14. A weakly semi-open function need not be c.w.s.o. Let
X = {a,b}, 7 = {0, {0}, X}, Y = {x,y} and ¢ = {0,{z},Y}. Let
f:(X,7) = (Y,0) be given by f(a) = z and f(b) = y. Then f is clearly
weakly semi-open, but is not c.w.s.o., since F,.({b}) = Ci({b}) — {b} = {a}
and f(F,({b})) = {«} is not a semi-closed set in Y.

Example 2.15. c.w.s.0. does not imply weakly semi-open. Let X =
{a,b}, 7 = {0,{a},{b},X}, Y = {z,y} and 0 = {0,{y},Y}. Let
f:(X,7) = (Y,0) be given by f(a) = x and f(b) = y. Then f is not
weakly semi-open, but f is c.w.s.o., since the frontier of every open set is
the empty set and f(0)) = () is semi-closed.

Theorem 2.16. Let Y be an extremally disconnected space. If
f:(X,7) — (Y,0) is bijective weakly semi-open and c.w.s.o., then f is
semi-open.

Proof. Let U be an open subset in X with « € U, since f is weakly
semi-open, by Theorem 2.4 there exists a semi-open set V' containing f(x) =
y such that V. C f(Cl(U)). Now Fr(U) = Cl(U) — U and thus = ¢
Fr(U). Hence, y ¢ f(Fr(U)) and therefore, y € V — f(Fr(U)). Put
Vy =V — f(Fr(U)), a semi-open set since f is c.w.s.0 and Y is extremally
disconnected. Since y € V,, y € f(CU(U)). But y ¢ f(Fr(U)) and thus,
y ¢ f(Fr(U)) = f(Cl(U)) — f(U) which implies that y € f(U). Therefore,
fU)=W{V,:V, € SOY,0),y € f(U)}. Hence, f is semi-open.



VOLUME 18, NUMBER 3, 2006 171

The following theorem is a variation of a result of C. Baker [4] in
which contra-openness is replaced with weakly semi-open and closed by
contra-pre-semi-closed, where, f:(X,7) — (Y,0) is said to be contra-pre-
semi-closed [9] provided that f(F) is semi-open for each semi-closed subset
F of X.

Theorem 2.17. If f:(X,7) — (Y,0) is weakly semi-open, SC(Y,0) is
closed under arbitrary unions and if for each semi-closed subset F' of X and
each fiber f~1(y) C X — F there exists an open subset U of X for which
FcUand f~1(y)NCI(U) = ¢, then f is contra-pre-semi-closed.

Proof. Assume F is a semi-closed subset of X and let y € Y — f(F).
Thus, f~*(y) C X — F and hence, there exists an open subset U of X for
which F C U and f~(y) N Cl(U) = ¢. Therefore, y € Y — f(CL(U)) C
Y — f(F). Since f is weakly semi-open f(U) C sInt(f(Cl(U))). By
complement, we obtain y € sCl(Y — f(Cl(U))) € Y — f(F). Let
B, = sCl(Y — f(Cl(U))). Then B, is a semi-closed subset of ¥ con-
taining y. Hence, Y — f(F) = U{B, : y € Y — f(F)} is semi-closed and
therefore, f(F) is semi-open.

Theorem 2.18. If f:(X,7) — (Y,0) is an a.0.S function, then it is a
weakly semi-open function.

Proof. Let U be an open set in X. Since f is a.0.S and
Int(Cl(U)) is regular open, f(Int(Cl(U))) is open in Y and hence, f(U) C
fInt(CLU)) C Int(f(CUU))) C sInt(f(CIL(U))). This shows that f is
weakly semi-open.

The converse of Theorem 2.18 is not true in general.

Example 2.19. A weakly semi-open function need not be a.o.S.
Let X =Y = {abec}, 7 = {0,{a},{c},{a,c},X}, and o =
{0,{b},{a,b},{b,c}, X}. Let f:(X,7) = (Y,0) be the identity. Then f
is not a.0.S since Int(f(Int(Cl({a})))) = 0. But f is weakly semi-open.

Lemma 2.20. If f:(X,7) — (Y,0) is a continuous function, then for
any subset U of X, f(Cl(U)) C CI(f(U)) [28].

Theorem 2.21. If f : (X,7) — (Y,0) is a weakly semi-open and con-
tinuous function, then f is a B-open function.

Proof. Let U be an open set in X. Then by weak semi-openness of
f, f(U) C sInt(f(CILU))). Since f is continuous f(CL(U)) C CI(f(U)).
Hence, we obtain that f(U) C sInt(f(CIL(U))) C sInt(CI(f(U))) C
Cl(Int(Cl(f(U)))). Therefore, f(U) C Cli(Int(Cl(f(U)))) which shows
that f(U) is a S-open set in Y. Thus, f is a S-open function.
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Since every strongly continuous function is continuous we have the
following corollary.

Corollary 2.22. If f: (X, 7) — (Y, 0) is a weakly semi-open and strongly
continuous function, then f is a B-open function.

Theorem 2.23. If f:(X,7) — (Y,0) is an injective weakly semi-open
function of a space X onto a semi-connected space Y, then X is connected.

Proof. Let us assume that X is not connected. Then there exist non-
empty open sets U; and Us such that Uy NUs; = ¢ and U; U U, = X.
Hence, we have f(U1) N f(Uz) = ¢ and f(U;) U f(Uz) = Y. Since f is
weakly semi-open, we have f(U;) C sInt(f(Cl(U;))) for i = 1,2, and since
U, is open and also closed, we have f(Cl(U;)) = f(U;) for i = 1,2. Hence,
f(U;) is semi-open in Y for ¢ = 1,2. Thus, Y has been decomposed into
two nonempty disjoint semi-open sets. This is contrary to the hypothesis
that Y is a semi-connected space. Thus, X is connected.

Definition 2.24. A space X is said to be hyperconnected [26] if every
nonempty open subset of X is dense in X.

Theorem 2.25. If X is a hyperconnected space, then a function
f:(X,7) = (Y,0) is weakly semi-open if and only if f(X) is semi-open
inY.

Proof. The sufficiency is clear. For the necessity observe that for any
open subset U of X, f(U) C f(X) = sInt(f(X)) = sInt(f(ClLU))).

3. Weakly semi-closed Functions. Now, we define a generalized
form of semi-closed functions.

Definition 3.1. A function f: (X, 7) — (Y, 0) is said to be weakly semi-
closed if sCI(f(Int(F))) C f(F) for each closed set F in X.

Clearly,

(i) Every closed function is a-closed and every a-closed function is semi-
closed, but the reverse implications are not true in general [23].

(ii) every semi-closed function is a weakly semi-closed function, but the
converse is not generally true, as the next example shows.

Example 3.2.

(i) Let X = {z,y,2} and 7 = {0,{z},{x,y},X}. Then a function
f:(X,7) = (X, 7) which is defined by f(z) =z, f(y) = zand f(z) =y
is a-open and a-closed but neither open nor closed [23].

(ii) Let f:(X,7) — (Y,0) be the function from Example 2.2. Then f is
weakly semi-closed but not semi-closed.
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From the observation above and Example 3.2, we have the following
diagram.

closed (open) func. —  a-closed (a-open) func.

l l

weakly semi-closed (semi-open) func. «—— semi-closed (semi-open) func.

Theorem 3.3. For a function f:(X,7) — (Y,0), the following condi-
tions are equivalent.

(i) f is weakly semi-closed.
(if) sCI(f(U)) C f(CUU)) for every open subset U of X.

Proof.

(i) — (#4). Let U be any open subset of X. Then sCI(f(U)) =
sCI(f(Int(U))) C sCI(f(Int(CLU)))) C f(CUU)).

(ii) — (7). Let F be any closed subset of X. Then, sCI(f(Int(F))) C
f(Cl(Int(F))) C f(CUF)) = f(F).

The proof of the following theorem is straightforward and is therefore
omitted.

Theorem 3.4. For a function f: (X, 7) — (Y, o) the following conditions
are equivalent:

(i) f is weakly semi-closed,

(11 sCU(f(U)) C f(CUU)) for each open subset U of X,
sCU(f(Int(F))) C f(Cl(Int(F))) for each closed subset F of X,
sCI(f(Int(F))) C f(Cl(Int(F))) for each regular closed subset F' of
X,

(v) sCIl(f(Int(F))) C f(F) for each pre-closed subset F of X,

(vi) sCI(f(Int(F))) C f(F) for every a-closed subset F' of X.

Remark 3.5. By Theorem 2.5, if f: (X, 7) — (Y, 0) is a bijective func-
tion, then f is weakly semi-open if and only if f is weakly semi-closed.
Theorem 3.6.
(i) If f:(X,7) — (Y, 0) is contra-open, then f is weakly semi-closed.
(i) If f:(X,7) — (Y,0) is preclosed and contra-closed, then f is weakly
semi-closed.
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Proof.

(i) Let F be a closed subset of X. Then sCI(f(Int(F))) C f(Int(F)) C
f(F).

(ii) Let F be a closed subset of X. Since f is preclosed Cl(Int(f(F))) C
f(F) and since f is contra-closed f(F) is open.  Therefore,
sCU(f(Int(F))) C sCIU(f(F)) C Cl(Int(f(F))) C f(F).

G. L. Garg and D. Sivaraj in [16] showed that if f is a pre-semi-closed
function then sCI(f(A)) C f(sCl(A)) for every subset A of X. Therefore,
every pre- semi-closed function is weakly semi-closed.

Theorem 3.7. If f:(X,7) — (Y,0) is one-to-one and weakly semi-
closed, then for every subset F' of Y and every open set U in X with
f7Y(F) C U, there exists a semi-closed set B in Y such that ' C B and
f~1(B) Cc Cl(U).

Proof. Let F' be a subset of Y and let U be an open subset of X
with f~YF) c U. Put B = sCI(f(Int(Cl(U)))), then B is a semi-
closed subset of Y such that F' C B since F C f(U) C f(Int(Cl(U))) C
sCU(f(Int(ClL(U)))) = B. And since f is weakly semi-closed, f~(B) C
clU).

Taking the set F' in Theorem 3.7 to be y for y € Y we obtain the
following result.

Corollary 3.8. If f:(X,7) — (Y,0) is one-to-one and weakly semi-
closed, then for every point y in Y and every open set U in X with f~1(y) C
U, there exists a semi-closed set B in Y containing y such that f~1(B) C
Cl(U).

Recall, that two nonempty sets A and B of X are strongly separated
[29], if there exist open sets U and V in X with A C U and B C V and
Cl(U)NCUV) = ¢. If A and B are singleton sets we may speak of points
being strongly separated. We will use the fact that in a normal space,
disjoint closed sets are strongly separated.

A space X is said to be Ultra semi-Hausdorff or in short Ultra semi-T5
if for every pair of distinct points z and y, there exist two semi-closed sets
Uand Vsuchthat reUandyeVandUNV = ¢.

Theorem 3.9. If f:(X,7) — (Y,0) is a weakly semi-closed surjection
and all pairs of disjoint fibers are strongly separated, then Y is Ultra semi-
Ts.

Proof. Let y and z be two points in Y. Let G and H be open sets in
X such that f~(y) € G and f~1(2) € H with CI(G)NCI(H) = ¢. By
weak semi-closedness (Theorem 3.7) there are semi-closed sets U and V' in



VOLUME 18, NUMBER 3, 2006 175

Y such that y € U and 2z € V, f~}(U) C CIU(G) and f~Y(V) C CIl(H).
Therefore, U NV = ¢ because CI(G) N CI(H) = ¢ and f surjective. Then
Y is Ultra semi-T5.

Corollary 3.10. If f: (X, 7) — (Y, 0) is a weakly semi-closed surjection
with all fibers closed and X is normal, then Y is Ultra semi-T5.

Corollary 3.11. If f: (X,7) — (Y, o) is a continuous weakly semi-closed
surjection with X a compact T space and Y a T} space, then Y is a compact
Ultra semi-T5 space.

Proof. Since f is a continuous surjection and Y is a 77 space, Y is
compact and all fibers are closed. Since X is normal Y is also Ultra semi-
T5 space.

Definition 3.12. A topological space X is said to be quasi H-closed
[11] (respectively SC-closed [8]), if every open (respectively semi-closed)
cover of X has a finite subfamily whose closures cover X. A subset A of a
topological space X is quasi H-closed relative to X (respectively SC-closed
relative to X)) if every cover of A by open (respectively semi-closed) subsets
of X has a finite subfamily whose closures cover A.

Remark 3.13. D. S. Jankovic in [18] showed that a space X is ex-
tremally disconnected if and only if the intersection of two semi-open sets
is semi-open, consequently the union of two semi-closed sets is semi-closed.

Lemma 3.14. A function f:(X,7) — (Y,0) is open if and only if for
each BCY, f~Y(CI(B)) c Ci(f~*(B)) [30].

Theorem 3.15. Let X be an extremally disconnected space. Let
f:(X,7) = (Y,0) be an open, weakly semi-closed function which is one-to-
one and such that f~!(y) is quasi H-closed relative to X for each y in Y.
If G is SC-closed relative to Y then f~1(G) is quasi H-closed.

Proof. Let {Vg : 8 € I}, I being the index set, be an open cover of
f7YH@G). Then for each y € GN f(X), f~1(y) CU{CI(V3): B I(y)} = H,
for some finite subfamily I(y) of I. Since X is extremally disconnected
each Cl(V3) is open, hence, H, is open in X. So by Corollary 3.8, there
exists a semi-closed set U, containing y such that f~(U,) c CI(H,). By
Remark 3.13 {U, : y € GN f(X)}U{Y — f(X)} is a semi-closed cover of
G, GcU{ClUy):ye K}U{CUY — f(X))} for some finite subset K
of g N f(X). Hence and by Lemma 3.14, f~1(G) c u{f~1(Cl(U, )) Ty €
KYU{FH(CUY — FX))} € U{CU1T,) 5 y € KU {CI(f (Y —

FX)} € {CUFN,) -y € K}, s0 f1(G) € U[CI(Vs) = B € I(y),
y € K}. Therefore, f~1(G) is quasi H-closed.
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Corollary 3.16. Let f:(X,7) — (Y,0) be as in Theorem 3.15. If Y is
SC-closed, then X is quasi H-closed.
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