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A SIMPLE REDUCTION OF THE POINCARÉ DIFFERENTIAL

EQUATION TO CAUCHY MATRIX FORM

Ice B. Risteski

1. Introduction. G. D. Birkhoff was the first who tried to reduce each
ordinary homogeneous linear differential equation with analytical coefficients to a
certain canonical form [1, 2]. But F. R. Gantmacher [3] and P. Masani [4] gave
counterexamples to Birkhoff’s theorem [2]. Later, G. D. Birkhoff gave a true result
[5] and noticed that his proof [6] is a special case of an important theorem given
by D. Hilbert [7] and J. Plemelj [8]. But, H. L. Turrittin [9, 10] considered the
reduction of more general systems of homogeneous linear differential equations up
to Birkhoff’s canonical form.

In the present paper, we prove the reduction of the Poincaré homogeneous
differential equation of nth degree [11] with different regular singularities, up to the
Cauchy matrix form [3].

2. A Simple Reduction. We will prove the following theorem.

Theorem. The Poincaré differential equation

Pn(x)y
(n) =

n−1
∑

i=0

Pi(x)y
(i), (1)

where Pn(x) =

n
∏

i=1

(x− di) = ϕn(x), (di 6= dj ; i 6= j) reduces to the Cauchy matrix

form

(xI −D)
dY

dx
= QY, (2)

where
D = diag (d1, d2, . . . , dn), (3)

Q =











q1,1 1 0 · · · 0 0
q2,1 q2,2 1 · · · 0 0
· · · · · · · ·

qn−1,1 qn−1,2 qn−1,3 · · · qn−1,n−1 1
qn,1 qn,2 qn,3 · · · qn,n−1 qn,n











, (4)
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and
Y = (y1, y2, · · · , yn)

T . (5)

Proof. Using the substitution ϕi =
i
∏

j=1

(x− dj), (1 ≤ i ≤ n) and the transfor-

mation of H. L. Turrittin [9]
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y2
y3
·

·

·

yi
·

·

·

yn



































=



































1 0 0 · · · 0 0
c2,0(x) ϕ1 0 · · · 0 0
c3,0(x) c3,1(x) ϕ2 · · · 0 0

· · · · · · · ·

· · · · · · · ·

· · · · · · · ·

ci,0(x) ci,1(x) ci,2(x) · · · ϕi−1 0
· · · · · · · ·

· · · · · · · ·

· · · · · · · ·

cn,0(x) cn,1(x) cn,2(x) · · · cn,n−2(x) ϕn−1
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y
y′

y′′

·

·

·

y(i−1)

·

·

·

y(n−1)



































, (6)

where deg ci,j(x) ≤ j, for the ith row of the system (2) it follows that,

(x− di)y
′

i = ϕiy
(i) + (x− di)[ϕ

′

i−1 + ci,i−2(x)]y
(i−1) (7)

+ (x− di)[c
′

i,i−2(x) + ci,i−3(x)]y
(i−2)

...

+ (x− di)[c
′

i,1(x) + ci,0(x)]y
′.

Substituting

ϕiy
(i) = yi+1 − ci+1,i−1(x)y

(i−1) − · · · − ci+1,0(x)y,
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in the right side of the equation (7), we obtain

(x− di)y
′

i = yi+1 +

(

(x− di)[ϕ
′

i−1 + ci,i−2(x)]− ci+1,i−1(x)

)

y(i−1) (8)

+

(

(x− di)[c
′

i,i−2(x) + ci,i−3(x)]− ci+1,i−2(x)

)

y(i−2)

...

+

(

(x− di)[c
′

i,1(x) + ci,0(x)]− ci+1,i(x)

)

y′ − ci+1,0(x)y,

and hence, after the substitution

(x− di)[ϕ
′

i−1 + ci,i−2(x)]− ci+1,i−1(x) = qi,iϕi−1, (9)

the coefficients qi,i and the polynomials ci,i−2(x) from ci+1,i−1(x) can be deter-
mined, i.e.

qi,i = −ci+1,i−1(di)/ϕi−1(di),

ci,i−2(x) = −ϕ′

i−1 + [qi,iϕi−1(x) + ci+1,i−1(x)]/(x − di).

Further, by using

ϕi−1y
(i−1) = yi − ci,i−2(x)y

(i−2) − · · · − ci,0(x)y,

the right side of equation (8) becomes

(x − di)y
′

i = yi+1 + qi,iyi

+

(

(x− di)[c
′

i,i−2(x) + ci,i−3(x)] − ci+1,i−2(x)− qi,ici,i−2(x)

)

y(i−2)

...

+

(

(x− di)[c
′

i,1(x) + ci,0(x)]− ci+1,i(x) − qi,ici,1(x)

)

y′

− [ci+1,0(x) + qi,ici,0(x)]y,
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and hence, using

(x− di)[c
′

i,i−2(x) + ci,i−3(x)] − ci+1,i−2(x)− qi,ici,i−2(x) = qi,i−1ϕi−2, (10)

the constants qi,i−1 and the polynomials ci,i−3(x) of ci+1,i−2(x), ci,i−2(x) and qi,i
can be determined, i.e.

qi,i−1 = −[ci+1,i−2(di) + qi,ici,i−2(di)]/ϕi−2(di),

ci,i−3(x) = −c′i,i−2(x) + [qi,i−1ϕi−2 + qi,ici,i−2(x) + ci+1,i−2(x)]/(x − di).

Continuing this procedure, it follows that

(x− di)[c
′

i,i−j(x) + ci,i−j+1(x)] = ci+1,i−j(x) +

j−2
∑

r=0

qi,i−rci−r,i−j(x) + qi,i−j+1ϕi−j ,

(11)
can successively determine the constants qi,i−j+1 and the polynomials ci,i−j+1(x)
for j = 2, 3, . . . , i− 1, where finally,

−[ci+1,0(x) +
i−2
∑

r=0

qi,i−rci−r,0(x)] = qi,1. (12)

In particular, for the nth element yn, using equation (1) in the first part of
these calculations, we obtain

(x − di)y
′

n = ϕny
(n) + (x− di)[ϕ

′

n−1 + cn,n−2(x)]y
(n−1) + · · ·

=

(

(x− dn)[ϕ
′

n−1 + cn,n−2(x)] + Pn−1(x)

)

y(n−1)

+

(

(x − dn)[c
′

n,n−2(x) + cn,n−3(x)] + Pn−2(x)

)

y(n−2)

...

+

(

(x − dn)[c
′

n,1 + cn,0(x)] + P1(x)

)

y′ + P0(x)y.
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Hence, we obtain the required formulas for i = n by replacing cn+1,n−j(x) by
−Pn−j(x), (1 ≤ j ≤ n) in (9), (11), and (12), completing the proof of the theorem.

Example 1. Let us consider the following Poincaré differential equation of third
degree

ϕ3(x)y
′′′ = P2(x)y

′′ + P1(x)y
′ + P0(x)y,

where

d1 = 0, d2 = 1, d3 = 2,

P2(x) = (x− 3)(x− 4), ϕ1(x) = x,

P1(x) = x− 5, ϕ2(x) = x(x− 1),

P0(x) = 6, ϕ3(x) = x(x− 1)(x− 2).

From the Cauchy matrix system, the coefficients of the matrix Q, given by (4),
have values

q1,1 = 8, q2,1 = −36, q2,2 = −5, q3,1 = −14, q3,2 = −3, q3,3 = 1,

and the coefficients of the matrix of the transformation (6) are

c3,1(x) = −2x+ 7, c3,0(x) = −4, c2,0(x) = −8.

Example 2. Now we consider the reduction of Gauss’ hypergeometric equation

x(x − 1)y′′ + [(a+ b+ 1)x− c]y′ + aby = 0,

where

ϕ1(x) = x, ϕ2(x) = x(x− 1), d1 = 0, d2 = 1,

P1(x) = c− (a+ b + 1)x, P0(x) = −ab.

The coefficients of the matrix Q, given by (4), have values

q1,1 = 1− c, q2,1 = −ab− [c− (a+ b+ 1)](c− 1), q2,2 = c− (a+ b+ 1),

and the coefficient of the matrix of the transformation (6) is c2,0(x) = c− 1.
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