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A NOTE ON LINEAR DIFFERENTIAL EQUATIONS
WITH CONSTANT COEFFICIENTS

Richard E. Bayne, James E. Joseph, Myung H. Kwack, and Thomas H. Lawson

As is well-known, when a # b,
(1) Y = 1% + cpe
is a general solution of the differential equation
(2) y" —(a+b)y' +aby=0.
In [1], Euler points out the fact that
(3) y = 1" + core®®
is a general solution of the differential equation
(4) y" —2ay’ +a’y =0,
although easily checked, is not so easily motivated. He provided a technique to
show how this fact arises. In this paper, we offer a technique which shows how
solutions (1) and (3) arise as general solutions of (2) and (4), respectively. We then
use this technique, along with induction, to give the form of a general solution of

the nth order linear differential equation with complex coefficients.

Motivation for Technique. If a and b are complex constants, a general
solution of the differential equation

(5) y" = (a+b)y' + aby = q(x)

is

(6) y = e / elb—a)z < / ebzq(:zr)da:> dz.

Proof. Writing the equivalent form

(7) (y' —ay) —b(y' — ay) = q(z)
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for the differential equation in (5) and multiplying through by the integrating factor
e~ we find that

(8) v —ay=c [t

is a general solution of (7). Multiplying through by the integrating factor e=** in
(8), we obtain

(9) y = e / elb-a)z < / e_bmq(x)dx) dx

as a general solution of (5).
Utilization of the same technique and induction yields the following theorem.

Theorem. If n is a positive integer, a1,... ,a, are complex constants, sgp = 1,
and for k = 1,... ,n, s = Z¢ [Tag), where ¢ is a strictly increasing function
from {1,... ,k} to {1,... ,n}, then a general solution to

(10) D (=1)Fsry™ P = q(x)
is

y = eanw/(/ eldn—1=an)e (/ (/ e(‘“_‘“)w/e_“”q(x)dx) d:c---d:c>dx) da.

Proof. (By Induction). For n = 1, the hypothesis of the statement to be
proved is that

(11) y' —ay = q().

The equation in (11) has

(12) y = e /efazq(x)dx
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as a general solution. Suppose the statement holds for the integer n and that

n+1
(13) (=) sy = ga),
k=0
where ai for k=1,... ,n+ 1 and s are as described above. Then by the linearity

of differentiation,

(14) (i(—l)ksm-“)/ — (i(—l)ksm-@) — qla),

k=0 k=0

where so = 1 and foreach k =1,... ,n, s = Z¢ [T as(s), where each ¢ is a strictly
increasing function from {1,... ,;k} to {2,... ,n+1}. From the case for 1, a general
solution of the equation in (14) is

S syt e [ eyl

k=0

and from the induction hypothesis, we obtain

y = etnti¥ / [/ elan=ant1)z [/ e {/ elar—az)e /ealzq(x)dx} dz - - da:] dx} dx

as a general solution of (13) and the proof is complete.

The following corollaries arise naturally from the Theorem. The proofs are
omitted.

Corollary. If n is a positive integer and a is a complex constant, a general
solution to
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y=er [([oo([ermatas) oao) s

~—_——

n integrals

is

Corollary. If n is a positive integer and a is a complex constant, then

> () vy —o

k=0
has
n—1
y = Pt E Ckxnflfk
k=0

as a general solution.

When viewed in the terminology of differential operators, the proof of the
theorem is perhaps a bit more transparent. In this terminology, (10) may be written
as

(f[(D—aw)y:q(x)

k=1

and

(oo} =o([ o) o Ffio-+)

k=1 k=2 k=2

from which the inductive step follows.
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