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The Dirichlet problem for a prescribed mean curvature equation
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Abstract. We study a prescribed mean curvature problem where we seek a surface

whose mean curvature vector coincides with the normal component of a given vector

field. We prove that the problem has a solution near a graphical minimal surface

if the prescribed vector field is su‰ciently small in a dimensionally sharp Sobolev

norm.

1. Introduction

In this paper, we consider the following prescribed mean curvature prob-

lem with the Dirichlet condition,

div ‘uffiffiffiffiffiffiffiffiffiffiffiffi
1þj‘uj2

p
� �

¼ Hðx; uðxÞ;‘uðxÞÞ in W;

u ¼ f on qW;

8<
: ð1Þ

where W is a bounded domain in Rn. The function Hðx; t; zÞ : W�R�Rn !
R is given and we seek a solution u satisfying (1). Since the left hand side of

(1) is the mean curvature of the graph of u, (1) is a prescribed mean curvature

equation whose prescription depends on the location of the graph as well as the

slope of the tangent space.

Prescribed mean curvature problems in a wide variety of formulation have

been studied by numerous researchers. In the most classical case of H ¼ HðxÞ,
(1) has a solution if H and f have suitable regularity and the mean curvature

of qW satisfies a certain geometric condition (see [3, 4, 6, 7, 8, 11], for example).

Giusti [5] determined a necessary and su‰cient condition that a prescribed

mean curvature problem without boundary conditions has solutions. In the

case of H ¼ Hðx; tÞ, Gethardt [2] constructed H 1;1 solutions, and Miranda [10]

constructed BV solutions. In those papers, assumptions of the boundedness

jHj < y and the monotonicity qH
qt

b 0 play an important role. If jHj < G

where G is determined by W, there exist solutions of (1), and the uniqueness

of solutions is guaranteed by the monotonicity, that is, qH
qt

b 0. Under the
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assumptions of boundedness, monotonicity and the convexity of W, Bergner [1]

solved the Dirichlet problem in the case of H ¼ Hðx; u; nð‘uÞÞ using the Leray-

Schauder fixed point theorem. Here, n is the unit normal vector of u, that is,

nðzÞ ¼ 1ffiffiffiffiffiffiffiffiffiffi
1þjzj2

p ðz;�1Þ. For the same problem as [1], Marquardt [9] gave a

condition on qW depending on H which guarantees the existence of solutions

even for a non-convex domain W.

The motivation of the present paper comes from a singular perturbation

problem studied in [12], where one considers the following problem on a

domain ~WW � Rnþ1,

�eDfe þ
W 0ðfeÞ

e
¼ e‘fe � fe: ð2Þ

Here, W is a double-well potential, for example WðfÞ ¼ ð1� f2Þ2 and f fege>0

are given vector fields uniformly bounded in the Sobolev norm of W 1;pð ~WWÞ,
p > nþ1

2 . In [12], we proved under a natural assumption

ð
~WW

ej‘fej
2

2
þWðfeÞ

e

 !
dxþ k fekW 1; pð ~WWÞ aC ð3Þ

that the interface ffe ¼ 0g converges locally in the Hausdor¤ distance to a

surface whose mean curvature H is given by f � n as e ! 0. Here, f is the

weak W 1;p limit of fe. If the surface is represented locally as a graph of

a function u over a domain W � Rn, the corresponding relation between the

mean curvature and the vector field is expressed as

div
‘uffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ j‘uj2
q

0
B@

1
CA¼ nð‘uðxÞÞ � f ðx; uðxÞÞ in W; ð4Þ

where f A W 1;pðW�R;Rnþ1Þ with p > nþ1
2 . Note that f is not bounded in

Ly in general, unlike the cases studied in [1, 9]. In this paper, we establish

the well-posedness of the perturbative problem including (4) which has a W 1;p

norm control on the right-hand side of the equation. The following theorem

is the main result of this paper.

Theorem 1. Let W be a C1;1 bounded domain in Rn and fix constants

e > 0, nþ1
2 < p < nþ 1 and q ¼ np

nþ1�p
. Suppose h A W 2;yðWÞ satisfies the mini-

mal surface equation, that is,

div
‘hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ j‘hj2
q

0
B@

1
CA¼ 0: ð5Þ
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Then there exists a constant d1 > 0 which depends only on n, p, W, khkW 2;yðWÞ,

and e with the following property. Suppose G A W 1;pðW�RÞ and f A W 2;qðWÞ
satisfy

kGkW 1; pðW�RÞ þ kfkW 2; qðWÞ a d1; ð6Þ

and a measurable function Hðx; t; zÞ : W�R�Rn ! R is such that Hðx; �; �Þ is

a continuous function for a:e: x A W, and for all ðt; zÞ A R�Rn,

jHðx; t; zÞja jGðx; tÞj for a:e: x A W: ð7Þ

Then, there exists a function u A W 2;qðWÞ such that u� h� f A W
1;q
0 ðWÞ and

div
‘uffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ j‘uj2
q

0
B@

1
CA¼ Hðx; uðxÞ;‘uðxÞÞ in W; ð8Þ

ku� hkW 2; qðWÞ < e: ð9Þ

The claim proves that there exists a solution of (1) in a neighbourhood

of any minimal surface if H and f are su‰ciently small in these norms. In

particular, if we take Hðx; t; zÞ ¼ nðzÞ � f ðx; tÞ and Gðx; tÞ ¼ j f ðx; tÞj, where

k f kW 1; pðW�RÞ is su‰ciently small, above conditions on G and H in Theorem 1

are satisfied and we can guarantee the existence of a solution for (1) nearby the

given minimal surface (see Corollary 1). The method of proof is as follows.

We prove that the linearized problem of (1) has a unique solution in W 2;qðWÞ
and the norm of this solution is controlled by G and f. When (6) is satisfied,

there exist a suitable function space A and a mapping T : A ! A, and a fixed

point of T is a solution of (8) with u� h� f A W
1;q
0 ðWÞ. We show that T

satisfies assumptions of the Schauder fixed point theorem, and Theorem 1

follows.

2. Proof of Theorem 1

Throughout the paper, W is a bounded domain in Rn with C 1;1 boundary

qW. We define functions Aij : Rn ! R ði; j ¼ 1; . . . ; nÞ as

AijðzÞ :¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jzj2
q dij �

zizj

1þ jzj2

 !

and the operator

L½z�ðuÞ :¼ AijðzÞDijuðxÞ for any u A W 2;1ðWÞ;
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where we omit the summation over i; j ¼ 1; . . . ; n. By the Cauchy–Schwarz

inequality, for any x A Rn,

AijðzÞxixj ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jzj2
q dij �

zizj

1þ jzj2

 !
xixj

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jzj2

q jxj2 � ziffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jzj2

q xi

0
B@

1
CA
2

2
664

3
775

b
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jzj2
q jxj2 � jzj2

1þ jzj2

 !
jxj2

" #

¼ 1

ð1þ jzj2Þ3=2
jxj2: ð10Þ

Hence, as is well-known, the operator L½z� is elliptic.

Theorem 2. Suppose v A C1;aðWÞ with 0 < a < 1, B ¼ ðB1; . . . ;BnÞ A
LyðW;RnÞ with kBikLyðWÞ aK for all i A f1; . . . ; ng, f A LqðWÞ and f A W 2;qðWÞ
with q > n. Then there exists a unique function u A W 2;qðWÞ such that

L½‘v�ðuÞ þ B � ‘u ¼ f in W;

u� f A W
1;q
0 ðWÞ:

�
ð11Þ

Moreover, there exists a constant c0 which depends only on n, q, W, K, and

kvk
C 1; aðWÞ such that

kukW 2; qðWÞ a c0ðk f kLqðWÞ þ kfkW 2; qðWÞÞ: ð12Þ

Proof. By (10), for any x A Rn,

Aijð‘vÞxixj b
1

ð1þ kvk2
C 1; aðWÞÞ

3=2
jxj2 ¼: ljxj2; ð13Þ

where the constant l depends only on kvk
C 1; aðWÞ. Since each Aij is a smooth

function of ‘v, there exists a constant L which depends only on kvk
C 1; aðWÞ such

that

kAijð‘vÞkC 0; aðWÞ aL for all i; j A f1; . . . ; ng: ð14Þ

By (13) and (14), there exists a unique solution u A W 2;qðWÞ satisfying (11)

(cf. [4, Theorem 9.15]). Using [4, Theorem 9.13], we can know that there
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exists a constant c1 which depends only on n, q, W, l, K , and L such that

kukW 2; qðWÞ a c1ðkukLqðWÞ þ k f kLqðWÞ þ kfkW 2; qðWÞÞ: ð15Þ

Using the Aleksandrov maximum principle [4, Theorem 9.1], we can know that

there exists a constant c2 which depends only on n, W, K , and l such that

kukLyðWÞ a sup
x A qW

juj þ c2k f kLnðWÞ

¼ sup
x A qW

jfj þ c2k f kLnðWÞ: ð16Þ

By the Hölder and Sobolev inequalities, f A CðWÞ and

kukLqðWÞ a ckukLyðWÞ

a c sup
x A qW

jfj þ k f kLnðWÞ

� �

a cðkfk
CðWÞ þ k f kLnðWÞÞ

a c3ðk f kLqðWÞ þ kfkW 2; qðWÞÞ; ð17Þ

where c3 depends only on n, q, and W. By (15) and (17), there exists a

constant c0 which depends only on n, q, W, l, K , and L such that

kukW 2; qðWÞ a c0ðk f kLqðWÞ þ kfkW 2; qðWÞÞ: ð18Þ

Thus this theorem follows. r

To proceed, we need the following theorem (cf. [13, Theorem 5.12.4]).

Theorem 3. Let m be a positive Radon measure on Rnþ1 satisfying

KðmÞ :¼ sup
BrðxÞ�Rnþ1

1

rn
mðBrðxÞÞ < y:

Then there exists a constant c4 which depends only on n such thatð
Rnþ1

f dm

����
����a c4KðmÞ

ð
Rnþ1

j‘fjdLnþ1

for all f A C1
c ðRnþ1Þ.

Lemma 1. Suppose v A W 1;yðWÞ with kvkW 1;yðWÞ aV and G A
W 1;pðW�RÞ with nþ1

2 < p < nþ 1. Let q ¼ np
nþ1�p

. Then there exists a con-

stant c5 which depends only on n, p, W, and V such that

kGð�; vð�ÞÞkLqðWÞ a c5kGkW 1; pðW�RÞ: ð19Þ
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Proof. Define

G :¼ fðx; vðxÞÞ A W�Rg:

A set Bn
r ðxÞ is the open ball with center x and radius r in Rn. In the fol-

lowing, Hn denotes the n-dimensional Hausdor¤ measure in Rnþ1 and Hn
G

is a Radon measure defined by

Hn
GðAÞ :¼ HnðA \ GÞ for all A � Rnþ1:

Then the support of Hn
G satisfies in particular spt Hn

G � W� ð�2V ; 2VÞ.
For any Bnþ1

r ððx0; x 0
0ÞÞ � Rnþ1 with ðx0; x 0

0Þ A Rn �R,

1

rn
Hn

GðBnþ1
r ððx0; x 0

0ÞÞÞa
1

rn

ð
Bn
r ðx0Þ\W

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ j‘vj2

q
dLn

a ð1þ VÞon; ð20Þ

where on is the volume of n-dimensional unit open ball. Using the standard

Extension Theorem, we can know that there exists a function ~GG A W 1;pðRnþ1Þ
such that ~GG ¼ G in W� ð�2V ; 2VÞ and

k ~GGkW 1; pðRnþ1Þ a c6kGkW 1; pðW�ð�2V ;2VÞÞ; ð21Þ

where c6 depends only on n, p, W, and V . By Theorem 3 and smoothly

approximating ~GG,ð
W

jGðx; vðxÞÞjqdxa
ð
W

j ~GGðx; vðxÞÞjq
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ j‘vj2

q
dx

¼
ð
G

j ~GGðx; xnþ1ÞjqdHn

a cðn;VÞ
ð
Rnþ1

j‘ ~GGj j ~GGjq�1
dLnþ1

a cðn; p;VÞk‘ ~GGkL pðRnþ1Þk ~GGkq�1

W 1; pðRnþ1Þ

a cðn; p;VÞc6kGkq

W 1; pðW�ð�2V ;2VÞÞ

a cðn; p;VÞc6kGkq

W 1; pðW�RÞ: ð22Þ

This lemma follows. r

We write the Schauder fixed point theorem needed later ([4, Corollary

11.2]).

Theorem 4. Let G be a closed convex set in Banach space B and let T

be a continuous mapping of G into itself such that the image TðGÞ is precompact.

Then T has a fixed point.
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We first prove Theorem 1 in the case that h ¼ 0.

Theorem 5. Assume that G A W 1;pðW�RÞ with nþ1
2 < p < nþ 1 and

f A W 2;qðWÞ with q ¼ np

nþ1�p
. Then there exists a constant d2 > 0 which depends

only on n, p, and W such that, if

kGkW 1; pðW�RÞ þ kfkW 2; qðWÞ a d2; ð23Þ

then, for any measurable function Hðx; t; zÞ : W�R�Rn ! R such that

Hðx; �; �Þ is a continuous function for a:e: x A W and

jHðx; t; zÞja jGðx; tÞj for a:e: x A W; any ðt; zÞ A R�Rn; ð24Þ

there exists a function u A W 2;qðWÞ such that u� f A W
1;q
0 ðWÞ and

div
‘uffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ j‘uj2
q

0
B@

1
CA¼ Hðx; uðxÞ;‘uðxÞÞ in W: ð25Þ

Proof. Define

A :¼ fv A C1;1=2�n=2qðWÞ; kvk
C 1; 1=2�n=2qðWÞ a 1g: ð26Þ

The set A is a closed convex set in Banach space C1;1=2�n=2qðWÞ. By (24) and

Lemma 1, Hð�; vð�Þ;‘vð�ÞÞ A LqðWÞ for any v A A. Using Theorem 2, we can

know that there exist a unique function w A W 2;qðWÞ and a constant c7 > 0

which depends only on n, p, W, and not on v such that

L½‘v�ðwÞ ¼ Hðx; v;‘vÞ in W;

w� f A W
1;q
0 ðWÞ;

kwkW 2; qðWÞ a c7ðkGkW 1; pðW�RÞ þ kfkW 2; qðWÞÞ:

8><
>: ð27Þ

By the Sobolev inequality and (27), we obtain

kwk
C 1; 1=2�n=2qðWÞ a c8kwkC 1; 1�n=qðWÞ

a c9kwkW 2; qðWÞ

a c10ðkGkW 1; pðW�RÞ þ kfkW 2; qðWÞÞ; ð28Þ

where c8; c9; c10 > 0 depend only on n, p, and W. Suppose that

kGkW 1; pðW�RÞ þ kfkW 2; qðWÞ a c�1
10 ¼: d2ðn; p;WÞ: ð29Þ

Let us define an operator T : A ! A by TðvÞ ¼ w which satisfies (27). We

show that TðAÞ is precompact and T is a continuous mapping. For any
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sequence fvmgm AN � A, we have supm ANkTðvmÞkC 1; 1�n=qðWÞ a c�1
8 by (28) and

(29). There exists a subsequence fTðvmk
Þgk AN � fTðvmÞgm AN which converges

to a function wy A C1ðWÞ in the sense of C 1ðWÞ by the Ascoli-Arzelà theorem.

We see that wy A C1;1�n=qðWÞ because

j‘wyðxÞ � ‘wyðyÞj
jx� yj1�n=q

¼ lim
k!y

j‘Tðvmk
ÞðxÞ � ‘Tðvmk

ÞðyÞj
jx� yj1�n=q

a c�1
8 :

Let ~wwk :¼ Tðvmk
Þ � wy, and ~wwk converges to 0 in the sense of C 1ðWÞ. Then

we have

j‘~wwkðxÞ � ‘~wwkðyÞj
jx� yj1=2�n=2q

a
j‘~wwkðxÞ � ‘~wwkðyÞj

jx� yj1�n=q

 !1=2
j‘~wwkðxÞ � ‘~wwkðyÞj1=2

a 2c
�1=2
8 ð2k‘~wwkkLyðWÞÞ

1=2: ð30Þ

Hence, fTðvmk
Þgk AN converges to a function wy in the sense of C 1;1=2�n=2qðWÞ,

and the operator T is a compact mapping. In particular, the set TðAÞ is

precompact.

Suppose that fvmgm AN converges to v in the sense of C1;1=2�n=2qðWÞ. By

(28) and (29), supm ANkTðvmÞkW 2; qðWÞ is bounded. Hence, there exists a sub-

sequence fTðvmk
Þgk AN � fTðvmÞgm AN which weakly converges to a function

w A W 2;qðWÞ. We show TðvÞ ¼ w, that is,

Aijð‘vðxÞÞDijwðxÞ ¼ Hðx; v;‘vÞ:

For any c A Cy
0 ðWÞ, by the weak convergence and the Hölder in-

equality,

ð
W

cfAijð‘vÞDijw� Aijð‘vmk
ÞDijðTðvmk

ÞÞg
����

����
a

ð
W

cAijð‘vÞðDijw�DijðTðvmk
ÞÞÞ

����
����

þ
ð
W

cDijðTðvmk
ÞÞðAijð‘vÞ � Aijð‘vmk

ÞÞ
����

����
a

ð
W

cAijð‘vÞðDijw�DijðTðvmk
ÞÞÞ

����
����

þ kTðvmk
ÞkW 2; qðWÞkcðAijð‘vÞ � Aijð‘vmk

ÞÞkLq=ðq�1ÞðWÞ

! 0 ðk ! yÞ: ð31Þ
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By (24) and kvmk
kLyðWÞ, kvkLyðWÞ a 1, we compute

jHðx; vmk
ðxÞ;‘vmk

ðxÞÞj

a jGðx; vmk
ðxÞÞ � Gðx; vðxÞÞj þ jGðx; vðxÞÞj

a

ð1
�1

jDtGðx; tÞjdtþ jGðx; vðxÞÞj: ð32Þ

Ð 1
�1 jDtGð�; tÞjdtþ jGð�; vð�ÞÞj is an integrable function by Lemma 1, kvk

C 1ðWÞ a

1, and Fubini’s theorem. Since H is a continuous function with respect to t

and z, using the dominated convergence theorem, we have

ð
W

cfHðx; vðxÞ;‘vðxÞÞ �Hðx; vmk
ðxÞ;‘vmk

ðxÞÞg ! 0 ðk ! yÞ: ð33Þ

By (31) and (33),ð
W

cfAijð‘vÞDijw�Hðx; vðxÞ;‘vðxÞÞg

¼ lim
k!y

ð
W

cfAijð‘vmk
ÞDijðTðvmk

ÞÞ �Hðx; vmk
ðxÞ;‘vmk

ðxÞÞg

¼ 0: ð34Þ

Using the fundamental lemma of the calculus of variations, we have

Aijðx;‘vÞDijw�Hðx; vðxÞ;‘vðxÞÞ ¼ 0 for a:e: x A W;

and TðvÞ ¼ w. Hence, fTðvmÞgm AN weakly converges to TðvÞ in W 2;qðWÞ.
By the compactness of T and the uniqueness of limit, we can show

fTðvmÞgm AN converges to TðvÞ in C1;1=2�n=2qðWÞ, and T is a continuous map-

ping. Using Theorem 4, we obtain a function u A W 2;qðWÞ satisfying u� f A
W

1;q
0 ðWÞ and (25). r

Proof (Proof of Theorem 1). We should show that there exists a function

~uu A W 2;qðWÞ such that

Aijð‘~uuþ ‘hÞDijð~uuþ hÞ ¼ Hðx; ~uuþ h;‘~uuþ ‘hÞ; ð35Þ

~uu� f A W
1;q
0 ðWÞ; ð36Þ

k~uukW 2; qðWÞ < e: ð37Þ

Using the minimal surface equation (5) for h, we convert (35) as
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Aijð‘~uuþ ‘hÞDij~uuþ
Dijh

ð1þ j‘~uuþ ‘hj2Þ3=2
ððj‘~uuj2 þ 2‘~uu � ‘hÞdij

�Di~uuDj~uu�Di~uuDjh�Dj~uuDihÞ

¼ Hðx; ~uuþ h;‘~uuþ ‘hÞ: ð38Þ

Define

A :¼ fv A C1;1=2�n=2qðWÞ; kvk
C 1; 1=2�n=2qðWÞ a eg: ð39Þ

The set A is a closed convex set in Banach space C1;1=2�n=2qðWÞ. We consider

the following di¤erential equation,

Aijð‘vþ ‘hÞDijwþ Dijh

ð1þ j‘vþ ‘hj2Þ3=2
ðð‘v � ‘wþ 2‘w � ‘hÞdij

�DivDjw�DiwDjh�DjwDihÞ

¼ Hðx; vþ h;‘vþ ‘hÞ: ð40Þ

Define

Bð‘vÞ � ‘w :¼ Dijh

ð1þ j‘vþ ‘hj2Þ3=2
ðð‘v � ‘wþ 2‘w � ‘hÞdij

�DivDjw�DiwDjh�DjwDihÞ:

Here, there exists a constant c11 > 0 which depends only on n, p, W, e, and

khkW 2;yðWÞ such that

kBið‘vÞkLyðWÞ a c11 for all i A f1; . . . ; ng; ð41Þ

where Bð‘vÞ ¼ ðB1ð‘vÞ; . . . ;Bnð‘vÞÞ A LyðW;RnÞ.
Using Theorem 2, we obtain a unique function w A W 2;qðWÞ satisfying

w� f A W
1;q
0 ðWÞ and (40). By (41), Theorem 2, Lemma 1, and the Sobolev

inequality, there exists a constant c12 > 0 which depends only on n, p, W, e,

and khkW 2;yðWÞ such that

kwk
C 1; 1=2�n=2qðWÞ a c12ðkGkW 1; pðW�RÞ þ kfkW 2; qðWÞÞ: ð42Þ

Suppose that we have

kGkW 1; pðW�RÞ þ kfkW 2; qðWÞ a c�1
12 e :¼ d1: ð43Þ

Let a operator T : A ! A be defined by TðvÞ ¼ w which satisfies w� f A
W

1;q
0 ðWÞ and (40). The compactness of T can be proved by the argument of

Theorem 5. In particular, the set TðAÞ is precompact.
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Suppose that fvmgm AN � A converges to v in the sense of C 1;1=2�n=2qðWÞ.
Then there exists a subsequence fTðvmk

Þgk AN � fTðvmÞgm AN which weakly con-

verges to a function w A W 2;qðWÞ. For any c A Cy
0 ðWÞ,

ð
W

cfBð‘vÞ � ‘w� Bð‘vmk
Þ � ‘Tðvmk

Þg

¼
ð
W

cBð‘vÞ � ð‘w� ‘ðTðvmk
ÞÞÞ

þ
ð
W

c‘ðTðvmk
ÞÞ � ðBð‘vÞ � Bð‘vmk

ÞÞ

! 0 ðk ! yÞ; ð44Þ

since B is a continuous function and Tðvmk
Þ converges weakly to w. By (44)

and the argument of Theorem 5, we can show that T is a continuous mapping.

Using Theorem 4, we obtain a function ~uu A W 2;qðWÞ satisfying (35) and (36).

Moreover, ~uu satisfies (37) by (42) and (43). Define u :¼ ~uuþ h. Then u sat-

isfies u� h� f A W
1;q
0 ðWÞ, (8), and (9), and the proof is complete. r

Corollary 1. Suppose f ¼ ð f1; . . . ; fnþ1Þ A W 1;pðW�R;Rnþ1Þ with nþ1
2 <

p < nþ 1 and f A W 2;qðWÞ with q ¼ np
nþ1�p

. Let e > 0 be arbitrary. Suppose

h A W 2;yðWÞ satisfies the minimal surface equation, that is,

div
‘hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ j‘hj2
q

0
B@

1
CA¼ 0: ð45Þ

Let d1 > 0 be the constant as in Theorem 1. If

Xnþ1

i¼1

k fikW 1; pðW�RÞ þ kfkW 2; qðWÞ a d1; ð46Þ

then there exists a function u A W 2;qðWÞ such that u� h� f A W
1;q
0 ðWÞ and

div
‘uffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ j‘uj2
q

0
B@

1
CA¼ nð‘uðxÞÞ � f ðx; uðxÞÞ in W; ð47Þ

ku� hkW 2; qðWÞ < e: ð48Þ

Proof. Define

Hðx; t; zÞ :¼ nðzÞ � f ðx; tÞ:
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By f A W 1;pðW�R;Rnþ1Þ, for a.e. x A W, f ðx; �Þ is an absolutely continuous

function. Hence Hðx; �; �Þ is a continuous function for almost every x A W.

We have

jHðx; t; zÞja
Xnþ1

i¼1

j fiðx; tÞj for a:e: x A W; any ðt; zÞ A R�Rn;

and
Pnþ1

i¼1 j fiðx; tÞj A W 1;pðW�RÞ. By the Minkowski inequality,

Xnþ1

i¼1

j fiðx; tÞj
�����

�����
W 1; pðW�RÞ

a
Xnþ1

i¼1

k fikW 1; pðW�RÞ:

Define

Gðx; tÞ :¼
Xnþ1

i¼1

j fiðx; tÞj:

Then H and G satisfy the assumption of Theorem 1, and this corollary follows.

r

Remark 1. The uniqueness of solutions follows immediately using [4,

Theorem 10.2]. Under the assumptions of Theorem 1, if we additionally assume

that H is non-decreasing in t for each ðx; zÞ A W�Rn and continuously di¤er-

entiable with respect to the z variables in W�R�Rn, then the solution is unique

in W 2;qðWÞ.
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