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Abstract. In the stable homotopy groups of spheres, we have Greek letter elements

due to J. F. Adams [2], L. Smith [12] and H. Toda [13]. Here we study the non-

triviality of certain products of the first alpha element, the first and the second beta

elements and a gamma element in the homotopy groups.

1. Introduction

Let SðpÞ denote the stable homotopy category of spectra localized at a

prime number p > 5, and S0 A SðpÞ be the sphere spectrum localized at p.

Since S0 is a generator of Sð pÞ in a sense, the homotopy groups p�ðS0Þ play

an important role in understanding the category SðpÞ. The homotopy groups

p�ðS0Þ form a commutative graded algebra with multiplication given by com-

position. Unfortunately, the structure of p�ðS0Þ is little known. G. Nishida

showed that every element in ptðS0Þ for t > 0 is nilpotent. We have generators

of the groups called Greek letter elements. In this paper, we study whether

or not a product of the Greek letter elements a1 A pq�1ðS0Þ, b1 A ppq�2ðS0Þ,
b2 A pð2pþ1Þq�2ðS0Þ and gt A pðtp2þðt�1Þpþt�2Þq�3ðS0Þ for tb 1 is trivial. Here-

after, we put q ¼ 2p� 2 as usual.

In [1], M. Aubry determined the homotopy groups p�ðS0Þ through total

degree less than ð3p2 þ 4pÞq. In particular, we have the following:

Theorem 1.1 ([1]). a1b2g2 and b r
1b2g2 for r < p are non-trivial, and

a1b1b2g2 ¼ 0.

X. Liu showed the following theorems:

Theorem 1.2 ([5]). The products a1b2gs are non-trivial for 2 < s < p.

Theorem 1.3 ([14]). The products a1b1b2gs are non-trivial for 2 < s < p.
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These two theorems are shown by use of the classical Adams spectral

sequence. Thus, the subscript s of gs must be greater than two.

Consider the Adams-Novikov spectral sequence fE�;�
r ðX Þg converging to

the homotopy groups p�ðXÞ of a spectrum X , and let

a1 A E
1;q
2 ðS0Þ; b1 A E

2;pq
2 ðS0Þ; b2 A E

2; ð2pþ1Þq
2 ðS0Þ and

gt A E
3; ðtp2þðt�1Þpþt�2Þq
2 ðS0Þ ðtb 1Þ

be the elements detecting the Greek letter elements a1, b1, b2 and gt, respec-

tively. Observing products of these elements in the E2-term, we obtained the

following theorems:

Theorem 1.4 ([11, Th. 1.1]). The products a1b
r
1gupþt 0 0 if 1 < t <

tþ u < p and ra p� 2.

Theorem 1.5 ([3, Th. 1.4]). Let t be a positive integer with pF tðt2 � 1Þ.
Then, b2gt 0 0 A p�ðS0Þ.

C.-N. Lee showed that

Theorem 1.6 ([4, Th. 4.1, Th. 4.4]). Let pb 7. The products b r
1gt and

b r�1
1 b2gt are non-trivial if 0 < t < p and ra p� 1. The product a1b

r
1gt is

non-trivial if 2a t < p and ra p� 2.

By using the result b
p�2
1 b2g2 0 0 of Lee [4], we deduce the non-triviality

of the product b
p�2
1 b2gpþ2:

Theorem 1.7. Let t be an integer with 1 < t < p or t ¼ pþ 2. Then, the

products b r
1b2gt are non-trivial for 0a ra p� 2.

Consider the spectra Vð2Þk for kb 1 characterized by the Brown-

Peterson homology BP�ðVð2ÞkÞ ¼ BP�=ðp; v1; vk2 Þ (see (2.6)). The spectrum

Vð2Þ ¼ Vð2Þ1 is the second Smith-Toda spectrum. It is well known that

g1 ¼ a1bp�1, and so a1g1 ¼ 0 as well as a1g1 ¼ 0. If t ¼ p; pþ 1, then gt ¼
0 A E

3; ðtp2þðt�1Þpþt�2Þq
2 ðVð2ÞÞ (see (3.5), cf. [4, Lemma 4.3]).

For products a1b2gt in the Adams-Novikov E2-term for computing

p�ðVð2ÞÞ, we have

Theorem 1.8. a1b2gt ¼ 0 A E
6; ðtp2þðtþ1ÞpþtÞq
2 ðVð2ÞÞ for tb p.

By use of the May and the Novikov spectral sequences together with

Toda’s calculation [13] on the May E1-term, we show the non-triviality of an

element a1b2gpþ2 0 0 A E
6; ðp3þ3p2þ4pþ2Þq
2 ðVð2Þ3Þ in Lemma 2.20. From this, we

extend non-triviality of products of Theorems 1.1 and 1.2 to the following:
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Theorem 1.9. Let t be an integer with 1 < t < p or t ¼ pþ 2. Then,

a1b2gt 0 0 A p�ðS0Þ.

In the next section, we study the Adams-Novikov E2-term by use of the

May and the Novikov spectral sequences with Toda’s calculation [13] on the

May E1-term. We then show the non-triviality of a1b2gpþ2 in Theorem 1.9

and the triviality of the products in Theorem 1.8 in Section 3. The last section

is devoted to the proof of the non-triviality of the composite b
p�2
1 b2gpþ2 in

Theorem 1.7.

2. The Adams-Novikov E2-terms

We fix a prime number pb 7. Let BP denote the Brown-Peterson spec-

trum at the prime p, and we have a Hopf algebroid

ðBP�;BP�ðBPÞÞ ¼ ðZðpÞ½v1; v2; . . .�;BP�½t1; t2; . . .�Þ

with structure maps: the left and the right units hL; hR : BP� ! BP�ðBPÞ, the

coproduct D : BP�ðBPÞ ! BP�ðBPÞnBP� BP�ðBPÞ, the counit e : BP�ðBPÞ !
BP� and the conjugation c : BP�ðBPÞ ! BP�ðBPÞ. Here, vi and ti are gen-

erators of degree 2pi � 2 ¼ eðiÞq for eðiÞ ¼ p i�1
p�1 and q ¼ 2p� 2. We notice

here the following action of the structure maps on the generators:

hRðvnÞ1 vn þ vn�1t
pn�1

1 � v
p
n�1t1 mod In�1 ðnb 2Þ;

hRðv3Þ1 v3 þ v2t
p2

1 þ v1t
p
2 � t1hRðv

p
2 Þ þ v1w1ðv2Þ � v

p2

1 t2 mod ðpÞ;

hRðv4Þ1 v4 þ v3t
p3

1 þ v2t
p2

2 � hRðv
p
3 Þt1 � v

p2

2 t2 mod I2;

DðtnÞ1
Xn

i¼0
ti n t

p i

n�i þ vn�1b1;n�2 mod In�1 ðnb 1Þ;

Dðt4Þ1
X4

i¼0
ti n t

p i

4�i þ v3b1;2 þ v2b2;1 mod I2;

cðt1Þ ¼ �t1; cðt2Þ ¼ t
pþ1
1 � t2 and

DðcðxÞÞ ¼ ðcn cÞTDðxÞ for x A BP�ðBPÞ:

ð2:1Þ

(cf. [10, Ch. 4]). Here, T : BP�ðBPÞnBP�ðBPÞ ! BP�ðBPÞnBP�ðBPÞ de-

notes the switching map given by Tðxn yÞ ¼ yn x, In�1 denotes the invari-

ant ideal of BP� generated by n� 1 elements v0 ¼ p, v1; . . . ; vn�2 ðI0 ¼ 0Þ,
w1ðv2Þ ¼ ðv p

2 þ v
p
1 t

p2

1 � v
p2

1 t
p
1 � ðv2 þ v1t

p
1 � v

p
1 t1Þ

pÞ=p, and b1;k, b2;k and b3;k A
BP�ðBPÞnBP� BP�ðBPÞ for kb 0 are the elements fitting in the following

equalities

305A note on the products a1b2gt and b rþ1
1 b2gt



dðt p
kþ1

1 Þ ¼ pb1;k; dðt p
kþ1

2 Þ ¼ �t
pkþ1

1 n t
pkþ2

1 � v
pkþ1

1 b
pkþ1

1;0 þ pb2;k and

dðt p
kþ1

3 Þ ¼ �t
pkþ1

1 n t
pkþ2

2 � t
pkþ1

2 n t
pkþ3

1 � v
pkþ1

2 b
pkþ1

1;1 � v
pkþ1

1 b
pkþ1

2;0 þ pb3;k;

ð2:2Þ

in which dðxÞ ¼ 1n xþ xn 1� DðxÞ A BP�ðBPÞnBP� BP�ðBPÞ. By the defi-

nition (2.2) and the formulas on Dðt1Þ and Dðt2Þ in (2.1), we see that

dðb2; iÞ ¼ b1; i n t
p iþ2

1 � t
p iþ1

1 n b1; iþ1 for ib 0; and

dðb3;0Þ1 b1;0 n t
p2

2 � t
p
1 n b2;1 þ b2;0 n t

p3

1 � t
p
2 n b1;2 mod ðpÞ:

ð2:3Þ

We have the Adams-Novikov spectral sequence:

E
s; t
2 ðWÞ ¼ Ext s; t

BP�ðBPÞðBP�;BP�ðWÞÞ ) pt�sðWÞ

for a spectrum W . In this paper, we use the cobar complex W�;�BP�ðWÞ
for studying elements of the E2-term: E

s; t
2 ðWÞ ¼ Hs; tðBP�ðWÞÞ (cf. [7], [4]).

Here,

Hs; tðMÞ ¼ Ext s; t
BP�ðBPÞðBP�;MÞð2:4Þ

for a BP�ðBPÞ-comodule M. Furthermore, we consider the k-th Smith-Toda

spectrum VðkÞ for k ¼ 0; 1; 2 defined by the cofiber sequences

S0 !p S0 !i Vð0Þ !j S1; SqVð0Þ !a Vð0Þ !i1 Vð1Þ !j1 Sqþ1Vð0Þ

and Sðpþ1ÞqVð1Þ !b Vð1Þ !i2 Vð2Þ !j2 Sðpþ1Þqþ1Vð1Þ
ð2:5Þ

for the maps p, a and b, which induces a multiplication by p, v1 and v2 on

the BP�-homologies, respectively ([2], [12], cf. [10]). We also consider similar

spectra Vð2Þk for kb 2 defined by the cofiber sequences

Skðpþ1ÞqVð1Þ !b
k

Vð1Þ !
~iik

Vð2Þk !
~jjk

Skðpþ1Þqþ1Vð1Þ:ð2:6Þ

We notice that Vð2Þk is a ring spectrum if ka ðp� 2Þ=2 ([9, Lemma 4.1],

where it is denoted by Lk). Note that BP�ðVðkÞÞ ¼ BP�=Ikþ1, and BP�ðVð2ÞkÞ
¼ BP�=ðp; v1; vk2 Þ.

Consider a Hopf algebra T ¼ Z=p½t1; t2; . . .� ¼ BP�ðBPÞ=ðp; v1; v2; . . .Þ with
structure maps obtained from BP�ðBPÞ under the projection BP�ðBPÞ ! T.

May [6] constructed spectral sequences:

E1 ¼ H �ðVðLÞÞ ) H �ðTÞ and

E2 ¼ Pðbi; jÞnH �ðUðLÞÞ ) H �ðVðLÞÞ:
ð2:7Þ

Here, L denotes the restricted Lie algebra associated to the Hopf algebra T

and UðLÞ and VðLÞ ¼ UðLÞ=ðxðxÞ � x pÞ are the enveloping algebras of L
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(x is the ‘‘p operation’’). The bidegree of the generator bi; j is ð2; p jþ1eðiÞqÞ,
and bi; j’s correspond to those given above for i ¼ 1; 2; 3. The cohomology

H �ðUðLÞÞ is isomorphic to the cohomology of the exterior complex Eðti; j :
ib 1; jb 0Þ over generators ti; j with bidegree ð1; p jeðiÞqÞ along with the dif-

ferential given by

dðti; jÞ ¼
Xi�1

k¼1

ti�k; jþktk; j:ð2:8Þ

In [13], Toda determined Hs; tðUðLÞÞ for t� sa ðp3 þ 3p2 þ 2pþ 1Þq� 4,

which is additively generated by the unit element 1 and the elements in the

table:

h0 h1 g0 k0 k0h0 h2

1 p pþ 2 2pþ 1 2pþ 2 p2

h2h0 g1 l1 l2 l1h1 k1

p2 þ 1 p2 þ 2p p2 þ 2pþ 3 p2 þ 3pþ 1 p2 þ 3pþ 3 2p2 þ p

l3 k1h1 l1h2 m1 m1h0 l4

2p2 þ pþ 2 2p2 þ 2p 2p2 þ 2pþ 3 2p2 þ 4pþ 2 2p2 þ 4pþ 3 3p2 þ 2pþ 1

l4h0 l4h1 l4g0 l4k0 l4k0h0 h3

3p2 þ 2pþ 2 3p2 þ 3pþ 1 3p2 þ 3pþ 3 3p2 þ 4pþ 2 3p2 þ 4pþ 3 p3

h3h0 h3h1 h3g0 h3k0 h3k0h0 g2

p3 þ 1 p3 þ p p3 þ pþ 2 p3 þ 2pþ 1 p3 þ 2pþ 2 p3 þ 2p2

g2h0 l5 m2 m3 l6 m4

p3 þ 2p2 þ 1 p3 þ 2p2 þ 3p
p3 þ 2p2

þ 3pþ 4

p3 þ 2p2

þ 4pþ 1
p3 þ 3p2 þ p

p3 þ 3p2

þ pþ 2

Table 2.9

Here, the integer under each element is the degree of it divided by q,

and

hi ¼ ½t1; i�; gi ¼ ½t1; it2; i�; ki ¼ ½t1; iþ1t2; i�; ðib 0Þ;

l1 ¼ ½t3;0t2;0t1;0�; l2 ¼ ½t2;1t2;0t1;1�; l3 ¼ ½t3;0t1;2t1;0�;

l4 ¼ ½t3;0t2;1t1;2�; l5 ¼ ½t3;1t2;1t1;1�; l6 ¼ ½t2;2t2;1t1;2�;

ð2:10Þ
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m1 ¼ ½t3;0t2;1t2;0t1;1�; m2 ¼ ½t4;0t3;0t2;0t1;0�;

m3 ¼ ½t3;1t2;1t2;0t1;1�; and m4 ¼ ½t2;2t3;0t1;2t1;0�:

Lemma 2.11. The cohomology H 5; ðp3þ3p2þ3pþ1ÞqðTÞ is a subquotient of

Z=pfl4h3h1g, and H 5; ðp3þ3p2þ4pþ2ÞqðTÞ ¼ 0.

Proof. We consider the May spectral sequences (2.7). The module

ðEðti; jÞÞ5; tq for t ¼ ðp3 þ 3p2 þ apþ a� 2Þ with a ¼ 3 or a ¼ 4 is generated

by the monomials of the form

t
e1; 0
1;0 t

e1; 1
1;1 t

e1; 2
1;2 t

e1; 3
1;3 t

e2; 0
2;0 t

e2; 1
2;1 t

e2; 2
2;2 t

e3; 0
3;0 t

e3; 1
3;1 t

e4; 0
4;0

with ei; j A f0; 1g satisfying equations

5 ¼ e1;0 þ e1;1 þ e1;2 þ e1;3 þ e2;0 þ e2;1 þ e2;2 þ e3;0 þ e3;1 þ e4;0; ð1Þ

1 ¼ e1;3 þ e2;2 þ e3;1 þ e4;0; ð2Þ

3 ¼ e1;2 þ e2;1 þ e2;2 þ e3;0 þ e3;1 þ e4;0; ð3Þ

a ¼ e1;1 þ e2;0 þ e2;1 þ e3;0 þ e3;1 þ e4;0 and ð4Þ

a� 2 ¼ e1;0 þ e2;0 þ e3;0 þ e4;0: ð5Þ

These equations implies

4 ¼ e1;0 þ e1;1 þ e1;2 þ e2;0 þ e2;1 þ e3;0 by ð1Þ and ð2Þ; ð6Þ

2 ¼ e1;0 þ e1;1 þ e1;3 þ e2;0 by ð1Þ and ð3Þ; ð7Þ

2 ¼ e1;2 þ e2;1 þ e3;0 � e1;3 by ð2Þ and ð3Þ; and ð8Þ

2 ¼ e1;1 þ e2;1 þ e3;1 � e1;0 by ð4Þ and ð5Þ: ð9Þ

The case for e3;1 ¼ 0: In this case, we see that e1;1 ¼ e2;1 ¼ 1 and e1;0 ¼ 0

by (9). Then,

2 ¼ e1;2 þ e2;0 þ e3;0 by ð6Þ and e1;3 þ e2;0 ¼ 1 by ð7Þ:

� If e1;3 ¼ 1, then e2;0 ¼ 0, and so e1;2 ¼ e3;0 ¼ 1, and obtain a

monomial t1;1t2;1t1;2t3;0t1;3 at degree ðp3 þ 3p2 þ 3pþ 1Þq, which

yields the element l4h1h3.
� If e1;3 ¼ 0, then e2;0 ¼ 1, and so e1;2 þ e3;0 ¼ 1.

– If e1;2 ¼ 1, then the monomial has a factor t1;1t2;1t2;0t1;2 of

degree ð2p2 þ 3pþ 1Þq, and so we obtain
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t1;1t2;1t2;0t1;2t2;2 at a ¼ 3; and

t1;1t2;1t2;0t1;2t4;0 at a ¼ 4:

The first monomial gives us the element l2g2 ¼ l6k0 A
H 5; tqðUðLÞÞ. We name the second monomial x1.

– If e1;2 ¼ 0, then e3;0 ¼ 1, and the monomial has a factor

t1;1t2;1t2;0t3;0 of degree ð2p2 þ 4pþ 2Þq, and so the monomial

is t1;1t2;1t2;0t3;0t2;2 at degree ðp3 þ 3p2 þ 4pþ 2Þq. We name

it x2.

The case for e3;1 ¼ 1: In this case, e1;3 ¼ e2;2 ¼ e4;0 ¼ 0 by (2). By (9),

1 ¼ e1;1 þ e2;1 � e1;0.
� If e1;0 ¼ 1, then e1;1 ¼ e2;1 ¼ 1, and the monomial has a factor

t1;0t1;1t2;1t3;1 of degree ðp3 þ 2p2 þ 3pþ 1Þ. Therefore, we have

monomials t1;0t1;1t2;1t1;2t3;1 at a ¼ 3 and t1;0t1;1t2;1t3;0t3;1 at a ¼ 4.

The first monomial corresponds l5h2h0. By Table 2.9, we see that

l5h0 ¼ 0 and the monomial yields nothing. We name the second

one x3.
� If e1;0 ¼ 0, then 1 ¼ e1;1 þ e2;1. This together with (6) implies

3 ¼ e1;2 þ e2;0 þ e3;0, and we obtain e1;2 ¼ e2;0 ¼ e3;0 ¼ 1. By (8),

e2;1 ¼ 0, and so e1;1 ¼ 1. Therefore, we have t1;1t1;2t2;0t3;0t3;1 at

degree ðp3 þ 3p2 þ 4pþ 2Þq. We name it x4.

Now put

~xx1 ¼ t1;1t2;1t2;0t1;2t3;1t1;0 and ~xx2 ¼ t1;1t2;1t2;0t1;2t1;3t3;0:

Then,

dðx1Þ ¼ ~xx1 þ ~xx2; dðx2Þ ¼ �~xx2; dðx3Þ ¼ �~xx1

and dðx4Þ ¼ �~xx1 þ ~xx2;

and

dðt1;1t2;1t3;0t4;0Þ ¼ �x1 � x3 � x2 and dðt2;1t2;0t3;0t3;1Þ ¼ �x2 þ x3 � x4:

Thus, the elements xi for i ¼ 1; 2; 3; 4 yield no element of

H 5; ðp3þ3p2þ4pþ2ÞqðUðLÞÞ. We also have

dðt1;1t2;1t1;2t4;0 � t2;0t2;1t1;2t3;1Þ

¼ �t1;1t2;1t1;2ðt3;1t1;0 þ t2;2t2;0 þ t1;3t3;0Þ

� t1;1t1;0t2;1t1;2t3;1 þ t2;0t2;1t1;2t2;2t1;1

¼ �2l2g2 þ l4h3h1:
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H 5; tqðVðLÞÞ for t ¼ ðp3 þ 3p2 þ apþ a� 2Þ with a ¼ 3 or 4 also con-

tains elements obtained from the E1-term of the May spectral sequence

(2.7):

b1;0H
3; t 0qðUðLÞÞ for t 0 ¼ t� p ¼ ðp3 þ 3p2 þ ða� 1Þpþ a� 2Þ; and

b21;0H
1; t 00qðUðLÞÞ for t 00 ¼ t� 2p ¼ ðp3 þ 3p2 þ ða� 2Þpþ a� 2Þ:

The latter module is trivial. We have a monomial of the complex

ðEðti; jÞÞ3; t
0q:

t2;1t3;0t4;0 ðt 0 ¼ p3 þ 3p2 þ 3pþ 2Þ;

on which the di¤erential acts by dðt2;1t3;0t4;0Þ ¼ t2;1t2;0t1;2t4;0 þ � � �0 0, and

this monomial yields no element of H 3; t 0qðUðLÞÞ. Thus there is no element

in these modules.

From Table 2.9, we find no element of the form xbi; jbk; l or xbi; j for

x A H �ðUðLÞÞ in our degree. r

In order to study the Adams-Novikov E2-term, we consider the Novikov

spectral sequences

E1 ¼ ExtTðZ=p;QÞ ) E�;�
2 ðVð0ÞÞð2:12Þ

(cf. [1, Lemme in p. 61]) and

E1 ¼ Z=p½vn�n ExtTðZ=p;Qðnþ 1ÞÞ ) ExtTðZ=p;QðnÞÞð2:13Þ

(cf. [1, (1.4.3)]). Here,

Q ¼ Z=p½v1; v2; . . .� and QðnÞ ¼ Q=ðv1; . . . ; vn�1Þð2:14Þ

are comodules with coactions given by

hðvnÞ ¼
Xn

i¼0

vit
p i

n�i:ð2:15Þ

We note that

ExtTðZ=p;Qð5ÞÞ ¼ H �ðTÞ

in our range.

Among the generators (2.10) of H �ðUðLÞÞ, the elements gi and ki for

ib 0, l2, l4 and l6 survive to the Adams-Novikov E2-term, E �
2 ðVð2ÞpÞ by the
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Massey products

gi ¼ hhi; hi; hiþ1i; ki ¼ hhi; hiþ1; hiþ1i;

l2 ¼ hh0; h1; g1i; l4 ¼ �2hh2; h2; h2; k0i and l6 ¼ hh1; h2; g2i:
ð2:16Þ

These satisfy

gi ¼ hhiþ1; hi; hii; 2gi ¼ �hhi; hiþ1; hii

and 2ki ¼ �hhiþ1; hi; hiþ1i
ð2:17Þ

for ib 0. By a juggling theorem of the Massey products, we also see

that

higi ¼ 0; hiþ1gi ¼ hiki and gihiþ2 ¼ 0:

We moreover have elements of the E�;�
2 ðVð2ÞpÞ:

v3h2 ¼ hv2; h2; h2i and xb2;0 ¼ x; ðh1; h2Þ;
�b1

b0

� �� �
ð2:18Þ

for an element x A E�;�
2 ðVð2ÞpÞ with xh1 ¼ 0 ¼ xh2. Hereafter, we write bi

for the homology class of b1; i (see also (3.3)). For example, x ¼ h1; h2; g2 and

k1b2. Indeed, k1b2h1 ¼ g1h2b2 ¼ g1h3b1 ¼ 0.

Lemma 2.19. For the spectra Vð2Þk in (2.6), some of the Adams-Novikov

E2-terms are given as follows:

E
3; ð2p2þpÞq
2 ðVð2Þ3Þ ¼ Z=pfh2b2;0g and E

2p; ð3p2þpÞq
2 ðVð2Þp�1Þ ¼ 0:

Proof. For ta 2p2 þ 3pþ 2, E
�; tq
2 ðVð2Þ3Þ is a subquotient of

Z=p½v2; v3�nH �ðTÞ by the spectral sequences (2.12) and (2.13), and H �ðTÞ
is a subquotient of Pðbi; jÞnH �ðUðLÞÞ by the May spectral sequence.

We pick generators with given bidegrees out of the module Z=p½v2; v3�n
Pðbi; jÞnH �ðUðLÞÞ as in the following table, where a; b A f0; 1; 2g and x A
H �;�ðUðLÞÞ.

bidegree a, b dim x x generators

ð3; ð2p2 þ pÞqÞ va2 v
b
3x a ¼ b ¼ 0 3 — —

va2 v
b
3xbi; j a ¼ b ¼ 0 1 h2 h2b2; 0

By (2.18), the element h2b2;0 yields an element of the Adams-Novikov E2-

term. We easily find only one element k1 of bidegree ð2; ð2p2 þ pÞqÞ in
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Z=p½v2; v3�nPðbi; jÞnH �ðUðLÞÞ. This is an element of E
2; ð2p2þpÞq
2 ðVð2Þ3Þ,

and no di¤erential hit h2b2;0 in any above spectral sequences. Therefore,

h2b2;0 survives to the E2-term E
3; ð2p2þpÞq
2 ðVð2Þ3Þ.

Turn to the second. A monomial of bidegree ð2p; ð3p2 þ pÞqÞ of

Z=p½v2; v3�nPðbi; jÞnH �ðUðLÞÞ has one of the forms va2v
b
3xb

2
2;0b

p�2�ð1=2Þ dim x
1;0 ,

va2v
b
3xb2;0b1;1b

p�2�ð1=2Þ dim x
1;0 , va2v

b
3xb

2
1;1b

p�2�ð1=2Þ dim x
1;0 , va2v

b
3xb2;0b

p�1�ð1=2Þ dim x
1;0 ,

va2v
b
3xb1;1b

p�1�ð1=2Þ dim x
1;0 and va2v

b
3xb

p�ð1=2Þ dim x
1;0 . The degrees of these elements

are

monomials degrees

va2 v
b
3xb

2
2; 0b

p�2�ð1=2Þ dim x
1; 0 q ðpþ 1Þaþ ðp2 þ pþ 1Þbþ deg xþ 3p2 � p

2 dim x
� �

va2 v
b
3xb2; 0b1; 1b

p�2�ð1=2Þ dim x
1; 0 q ðpþ 1Þaþ ðp2 þ pþ 1Þbþ deg xþ 3p2 � p� p

2 dim x
� �

va2 v
b
3xb

2
1; 1b

p�2�ð1=2Þ dim x
1; 0 q ðpþ 1Þaþ ðp2 þ pþ 1Þbþ deg xþ 3p2 � 2p� p

2 dim x
� �

va2 v
b
3xb2; 0b

p�1�ð1=2Þ dim x
1; 0 q ðpþ 1Þaþ ðp2 þ pþ 1Þbþ deg xþ 2p2 � p

2 dim x
� �

va2 v
b
3xb1; 1b

p�1�ð1=2Þ dim x
1; 0 q ðpþ 1Þaþ ðp2 þ pþ 1Þbþ deg xþ 2p2 � p� p

2 dim x
� �

va2 v
b
3xb

p�ð1=2Þ dim x
1; 0 q ðpþ 1Þaþ ðp2 þ pþ 1Þbþ deg xþ p2 � p

2 dim x
� �

Since the degree is ð3p2 þ pÞq, we see that deg x=q1�a� b mod p, and

deduce that a ¼ b ¼ 0. Indeed, deg x=q1 d mod p with 0a da 3, 0a a <

p� 1 and 0a ba 2. Thus, x ¼ g1, k1, and we have a candidate g1b2;0b
p�2
1;0

for a generator. Note that d2p�1ðg1b2;0b p�2
1;0 Þ ¼ g1h2b

p�1
1;0 ¼ h1k1b

p�1
1;0 in the

second May spectral sequence in (2.7). Since h1k1 0 0 by Table 2.9, we

have no generator at the degree. r

Lemma 2.20. We have a non-zero element v22v
p
3 b0b

2
1 A

E
6; ðp3þ3p2þ4pþ2Þq
2 ðVð2Þ3Þ.

Proof. Put t0 ¼ p3 þ 3p2 þ 4pþ 2. We consider the element v22v
p
3 b0b

2
1 A

E
6; t0q
2 ðVð2Þ3Þ by the spectral sequences (2.7), (2.12) and (2.13). For this

sake, we compute the Ext group E ¼ Ext5; t0qT ðZ=p;Qð2ÞÞ for the comodule

Qð2Þ in (2.14). We study whether or not the element v22v
p
3 b0b

2
1 is in the image

of a di¤erential of the spectral sequences, and so it su‰ces to consider the

modules

Mða; b; cÞ ¼ ðva2vb3vc4H 5;�ðVðLÞÞÞ5; t0q � ðPðv2; v3; v4Þ=ðv32ÞnH 5;�ðVðLÞÞÞ5; t0q:

We read o¤ from Table 2.9 and Lemma 2.11, the module
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Mða; b; cÞ v

Z=pfv4l2b1g ða; b; cÞ ¼ ð0; 0; 1Þ
Z=pfv3v4h2b20 ; v3v4h1b0b1g ða; b; cÞ ¼ ð0; 1; 1Þ
Z=pfv2v4h2b0b2;0; v2v4h1b1b2;0g ða; b; cÞ ¼ ð1; 0; 1Þ
Z=pfv3l2b2;1g ða; b; cÞ ¼ ð0; 1; 0Þ
Z=pfv2v3h3b22;0; v2v3h1b2;0b2;1; v2v3k1h1b2;

v2v3h1b1b3;0; v2v3h2b0b3;0g ða; b; cÞ ¼ ð1; 1; 0Þ
Z=pfv23h3b0b2;0; v23h1b2b2;0; v23h1b0b2;1g ða; b; cÞ ¼ ð0; 2; 0Þ
Z=pfv2v p

3 h0b
2
2;0g ða; b; cÞ ¼ ð1; p; 0Þ

Z=pfv22v
p
3 h2b0b1; v

2
2v

p
3 h1b

2
1g ða; b; cÞ ¼ ð2; p; 0Þ

Z=pfv pþ1
3 h0b0b2;0g ða; b; cÞ ¼ ð0; pþ 1; 0Þ

Z=pfv2l4h3h1g ða; b; cÞ ¼ ð1; 0; 0Þ
Z=pfv22 l6b0; v22k1h1b2;1; v22h2b3;0b2;0g ða; b; cÞ ¼ ð2; 0; 0Þ
0 otherwise:

8>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>:

Here, we write A v B if A is a subquotient of B. Let Eða; b; cÞ denote a

submodule of E generated by the elements detected by some elements of

Mða; b; cÞ. We first verify which of the elements on the right hand side of the

above relation yields an element of Mða; b; cÞ, and then evaluate Eða; b; cÞ by

the spectral sequences (2.13).

We consider the second spectral sequence (2.7). Note that the May filtra-

tion of the elements hi; j and bi; j are 2i � 1 and pð2i � 1Þ, respectively. Then,

the May di¤erential d2p�1 : E
s; t;u
2p�1 ! E

sþ1; t;u�2pþ1
2p�1 of the spectral sequence acts

as

d2p�1ðb2; iÞ ¼ b1; ihiþ2 � hiþ1b1; iþ1 for ib 0; and

d2p�1ðb3;0Þ ¼ �h1b2;1 þ b2;0h3
ð2:21Þ

by (2.3).

We start from the modules Mð0; 1; 1Þ, Mð1; 0; 1Þ, Mð1; 1; 0Þ and Mð2; p; 0Þ.
By (2.21), h2b

2
0 ¼ h1b0b1, h2b0b2;0 ¼ h1b1b2;0 and h2b0b1 ¼ h1b

2
1 in H �ðVðLÞÞ,

and

d2p�1ðh3b22;0Þ ¼ �2h3ðb1;0h2 � h1b1;1Þb2;0 ¼ 2h3h1b1;1b2;0;

d2p�1ðh1b2;0b2;1Þ ¼ �h1ðb1;0h2 � h1b1;1Þb2;1 � h1b2;0ðb1;1h3 � h2b1;2Þ

¼ h3h1b1;1b2;0;

d2p�1ðh1b1;1b3;0Þ ¼ �h1b1;1ð�h1b2;1 þ b2;0h3Þ ¼ h3h1b1;1b2;0;

d2p�1ðh2b1;0b3;0Þ ¼ �h2b1;0ð�h1b2;1 þ b2;0h3Þ ¼ 0; and
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d2p�1ðb2;0b3;0Þ ¼ ðb1;0h2 � h1b1;1Þb3;0 þ b2;0ð�h1b2;1 þ b2;0h3Þ

¼ h2b1;0b3;0 � h1b1;1b3;0 � h1b2;0b2;1 þ h3b
2
2;0:

These di¤erentials imply that the rank of the module Mð1; 1; 0Þ is not

greater than three. Therefore, Mð0; 1; 1Þ v Z=pfv3v4h2b20g, Mð1; 0; 1Þ v
Z=pfv2v4h2b2;0b0g, Mð1; 1; 0Þ v v2v3Z=pfh2b0b3;0; h1b2;0b2;1 � h1b1b3;0; k1h1b2g
and Mð2; p; 0Þ v Z=pfv22v

p
3 h2b0b1g. Furthermore, we have d4p�3ðh2b1;0b3;0Þ ¼

�h2b1;0ðb1;0h2;2 � h2;1b1;2Þ ¼ �g2b
2
1;0 þ k1b1;0b1;2, and d4p�3ðh1b2;0b2;1 �

h1b1;1b3;0Þ ¼ h1b1;1ðb1;0h2;2 � h2;1b1;2Þ ¼ g2b
2
1;0 � g1b1;1b1;2. Therefore, we ob-

tain Mð1; 1; 0Þ v Z=pfv2v3k1h1b2g.
Consider the spectral sequence (2.13). The di¤erentials of the spectral

sequences are read o¤ from the structure map (2.15). For example, d1ðv4Þ ¼
v3h3 for n ¼ 3 and d1ðv3Þ ¼ v2h2 for n ¼ 2. For Mð0; 1; 1Þ, noticing that v4h2

is represented by a cocycle v4t
p2

1 þ v3cðt p
2

2 Þ þ v2t
p2

1 t
p2

2 in the cobar complex

Qð2ÞnT, we compute

dðv4t p
2

1 þ v3cðt p
2

2 Þ þ v2t
p2

1 t
p2

2 Þ

¼ v3t
p3

1 n t
p2

1 1
þ v2t

p2

2 n t
p2

1 2
þ v2t

p2

1 n cðt p
2

2 Þ � v3t
p3

1 n t
p2

1 1

� v2t
p2

1 n t
p2

2 � v2t
p2

2 n t
p2

1 2
� v2t

2p2

1 n t
p3

1 � v2t
p2

1 n t
p3þp2

1

¼ �2v2t
p2

1 n t
p2

2 � v2t
2p2

1 n t
p3

1 ;

in which the underlined terms with a subscript cancel each other out. The

cocycle 2t p
2

1 n t
p2

2 þ t
2p2

1 n t
p3

1 appearing in the right hand side of the above

computation represents 2g2 0 0 A ExtTðZ=p;Qð3ÞÞ (see (2.14) for Qð3Þ). It

follows that v4h2 does not survive to ExtTðZ=p;Qð2ÞÞ in (2.13). Thus,

Eð0; 1; 1Þ ¼ 0.

For Mð1; 0; 1Þ, we compute

h3h2b2;0 ¼ h3 h2; ðh1; h2Þ;
�b1

b0

� �� �
ð2:22Þ

¼ ðhh3; h2; h1i; hh3; h2; h2iÞ
�b1

b0

� �
¼ g2b0

by the juggling theorem in the E2p-term of the second spectral sequence in (2.7)

by (2.18) and (2.17). We also note that hh3; h2; h1i ¼ 0 by considering dðt p3 Þ.
Therefore, d1ðv4h2b2;0b0Þ ¼ v3g2b

2
0 in the spectral sequence (2.13) for n ¼ 3, and

Eð1; 0; 1Þ ¼ 0 follows.

314 Hiroki Okajima and Katsumi Shimomura



In the spectral sequence (2.13) for n ¼ 2, we compute

d1ðv23g1b2Þ ¼ 2v2v3h2g1b2 ¼ 2v2v3k1h1b2 and

d1ðv2v pþ1
3 b0b1Þ ¼ v22v

p
3 h2b0b1;

where we use the well known relation g1h2 ¼ h1k1. Therefore, the triviality

of Eð1; 1; 0Þ and Eð2; p; 0Þ follows.

Since h2l2 ¼ 0 ¼ h3l2 by Table 2.9, we see that

l2b2;1 ¼ l2; ðh2; h3Þ;
�b2

b1

� �� �

in H �ðVðLÞÞ in the same manner as (2.18). Note that hh2; l2; h2i ¼ 2l4h1 and

hh2; l2; h3i ¼ 0 in H �ðVðLÞÞ. Therefore, in the spectral sequence (2.13) for

n ¼ 2, we compute d1ðv3l2b2;1Þ ¼ �2v2l4h1b2 0 0 and so Eð0; 1; 0Þ ¼ 0.

Since d2p�1ðb3;0b1;0Þ ¼ ð�h1b2;1 þ b2;0h3Þb1;0 and

d2p�1ðh1b2;1b1;0Þ ¼ �h1ðb1;1h3 � h2b1;2Þb1;0 ¼ �h3h1b1;1b1;0;

we see that Mð0; 2; 0Þ v Z=pfv23h1b2;0b2g. In the spectral sequence (2.13) for

n ¼ 2,

d1ðv23h1b2;0Þ ¼ 2v2v3h2 h1; ðh1; h2Þ;
�b1

b0

� �� �

¼ 2v2v3hh2; h1; ðh1; h2Þi
�b1

b0

� �
¼ 2v2v3ðg1b1 � 2k1b0Þ

by (2.17) and (2.18). It follows that Eð0; 2; 0Þ ¼ 0.

In the spectral sequence in (2.7), d2p�1ðk1b3;0Þ ¼ k1ð�h1b2;1 þ b2;0h3Þ ¼
�k1h1b2;1 and k1h1b2;1 ¼ 0 A H �ðVðLÞÞ. By (2.3), we compute the di¤erential

dðt p
2

1 n b2;0 n b3;0Þ in the cobar complex for computing H �ðVðLÞÞ, and deduce

that

d4p�3ðh2b2;0b3;0Þ ¼ h2b2;0ðb1;0h2;2 � h2;1b1;2Þ ¼ g2b2;0b1;0 � k1b1;2b2;0

in the spectral sequence. Here, xb2;0 for x ¼ g2, k1b2 are given in (2.18).

Thus, Mð2; 0; 0Þ v Z=pfv22 l6b0g.
We have Mð1; p; 0Þ ¼ 0 and Mð0; pþ 1; 0Þ ¼ 0, since

d2p�1ðh0b2;0Þ ¼ �h0ðb1;0h2 � h1b1;1Þ ¼ h2h0b1;0:

Therefore, Eð1; p; 0Þ ¼ 0 and Eð0; pþ 1; 0Þ ¼ 0.

Hence, Ext5; t0qT ðZ=p;Qð2ÞÞ is a subquotient of the module

Z=pfv4l2b1; v2l4h3h1; v22 l6b0g:
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We consider the element v4l2. By (2.16), l2 A E�;�
2 ðVð2Þ2Þ. Let l2 denote a

cocycle representing l2 in the cobar complex for computing E
�;�
2 ðVð2Þ2Þ. By

Table 2.9 together with (2.16), we see that h0l2 ¼ 0 and h3l2 ¼ 0, and so we

have cochains yi such that dðyiÞ ¼ t
p i

1 n l2 for i ¼ 0; 3 in the cobar complex.

Then,

dðv4l2 � v3 y3 þ v
p
3 y0Þ1 v3t

p3

1 n l2 � v
p
3 t1 n l2 þ v2t

p2

2 n l2 � v2t
p2

1 n y3

� v3t
p3

1 n l2 þ v
p
3 t1 n l2

1 v2ðt p
2

2 n l2 � t
p2

1 n y3Þ mod ðp; v1; v32Þ:

Since t
p2

2 n l2 � t
p2

1 n y3 represents an element of the Massey product

hh2; h3; l2i, which belongs to H 4; ðp3þ2p2þ3pþ1ÞqðUðLÞÞ. Therefore, we deduce

that hh2; h3; l2i ¼ 0 by Table 2.9, and so we have a cochain z such that dðzÞ ¼
t
p2

2 n l2 � t
p2

1 n y3. Now the element v4l2b1 yields an element of E
�;�
2 ðVð2Þ3Þ

represented by ðv4l2 � v3 y3 þ v
p
3 y0 � v2zÞn b1;1.

The other generators of the module are represented by the Massey

products

�2v2hh2; h2; h2; k0ih3h1 and v22hh1; h2; g2ib0

in the Adams-Novikov E2-term E
�;�
2 ðVð2Þ3Þ (cf. (2.16)). Therefore, the di¤er-

entials of (2.12) on these generators act trivially, and v22v
p
3 b0b

2
1 is not in the

image of any di¤erentials of the spectral sequences. r

3. On the product a1b2gpþ2

We recall the definition of the Greek letter elements. The Greek letter

elements in the homotopy groups p�ðS0Þ are defined by composites

as ¼ ja si; bs ¼ jj1b
si1i and gs ¼ jj1 j2g

si2i1ið3:1Þ

for the maps in (2.5) and the map g : Sðp2þpþ1ÞqVð2Þ ! Vð2Þ inducing a mul-

tiplication by v3 on BP�-homologies given by Toda [13]. We notice that

ði5Vð0ÞÞa si ¼ vs1 A BP�=ðpÞ, b si1i ¼ ði5Vð1ÞÞvs2 A BP�=I2 and ði5Vð2ÞÞgsi2i1i
¼ vs3 A BP�=I3 for the unit map i : S0 ! BP of the ring spectrum BP. Then

by the Geometric Boundary Theorem (cf. [10, Th. 2.3.4]), the Greek letter

elements (3.1) are detected by those in the Adams-Novikov E2-term defined

by

as ¼ d0ðvs1Þ A E
1; sq
2 ðS0Þ; bs ¼ d0d1ðvs2Þ A E

2; ðspþs�1Þq
2 ðS0Þ and

gs ¼ d0d1d2ðvs3Þ A E
3; ðsp2þðs�1Þpþs�2Þq
2 ðS0Þ:

ð3:2Þ
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Here dk : E�;�
2 ðVðkÞÞ ! E�þ1;�

2 ðVðk � 1ÞÞ denotes the connecting homomor-

phism associated to the cofiber sequences in (2.5) ðVð�1Þ ¼ S0Þ. Traditionally

we put

hi ¼ ½t p
i

1 � A E
1;p iq
2 ðS0Þ and bi ¼ ½b1; i� A E

2;p iþ1q
2 ðS0Þ;ð3:3Þ

where ½c� denotes the cohomology class of a cocycle c A W�;�BP�. We note

that hi corresponds to hi in Table 2.9. Then, by definition, we have well

known relations (cf. [4], [10]):

a1 ¼ h0; b1 1 b0 and b2 1 2v2b0 þ k0 mod I2ð3:4Þ

in the E2-term. Furthermore, it is also showen in [4, Lemma 4.3] that

gt ¼ 2
t

2

� �
vt�2
3 h2b2;0 þ 3

t

3

� �
vt�3
3 l4 mod I3 ¼ ðp; v1; v2Þð3:5Þ

in E
3; ðtp2þðt�1Þpþt�2Þq
2 ðS0Þ ¼ H 3; ðtp2þðt�1Þpþt�2ÞqðBP�Þ, where h2b2;0 and l4 are

given in (2.18) and (2.16). By Lemma 2.19, we have

Lemma 3.6. g2 ¼ 2h2b2;0 0 0 A E
3; ð2p2þpÞq
2 ðVð2Þ3Þ.

Lemma 3.7. The element gpþ2 A E
3; ðp3þ3p2þ2pÞq
2 ðS0Þ satisfies that gpþ2 1

v
p
3 g2 modðp; v1; v32Þ.

Proof. The relation gpþ2 1 v
p
3 g2 follows from computation:

d2ðv pþ2
3 Þ1 v

p
3 d2ðv

2
3Þ modðv62Þ:

d1d2ðv pþ2
3 Þ ¼ d1ðv p

3 d2ðv23Þ þ v52xÞ1 v
p
3 d1d2ðv23Þ modðv21 ; v42Þ:

d0d1d2ðv pþ2
3 Þ ¼ d0ðv p

3 d1d2ðv23Þ þ v21 yþ v42zÞ1 v
p
3 d0d1d2ðv23Þ modðp; v1; v32Þ;

for elements x A E1;�
2 ðVð1ÞÞ, and y; z A E2;�

2 ðVð0ÞÞ. r

Lemma 3.8. For the spectrum Vð2Þ3 in (2.6), we have

h0k0g2 ¼ 0 A E
6; ð2p2þ3pþ2Þq
2 ðVð2Þ3Þ:

Proof. By the juggling Theorem of the Massey products, (2.18) and

Lemma 3.6, we compute

h0k0g2 ¼ g0h1g2 ¼ 2g0ðhh1; h2; h1i; hh1; h2; h2iÞ
�b1

b0

� �

¼ 4g0g1b1 þ 2g0k1b1 ¼ 0

in E
6; ð2p2þ3pþ2Þq
2 ðVð2Þ3Þ. Indeed, hh1; h2; h1i ¼ �2g1 by (2.17), and g0g1 ¼ 0 ¼

g0k1. Therefore, the lemma follows. r
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Lemma 3.9. In the Adams-Novikov E2-term,

a1b2g2 ¼ 4v22b0b
2
1 A E

6; ð2p2þ3pþ2Þq
2 ðVð2Þ3Þ:

Proof. By (3.4) and Lemma 3.8, we see that a1b2g2 ¼ 2v2a1b1g2, which

is congruent to 4v2h0b0h2b2;0 modulo ðp; v1; v32Þ by Lemma 3.6. We compute

1

4
v2a1b1g2 1 v2h0b0 h2; ðh1; h2Þ;

�b1

b0

� �� �

1 h0b0hv2; h2; ðh1; h2Þi
�b1

b0

� �

1 h0b0ðhv2; h2; h1i; hv2; h2; h2iÞ
�b1

b0

� �

1 h0b0ð�hv2; h2; h1ib1 þ hv2; h2; h2ib0Þ

1�v2hh2; h1; h0ib0b1 þ hv2; h2; h2ih0b0b0

1 v22b0b
2
1 þ v3h2h0b

2
0 :

Here, the di¤erential dðcðt3ÞÞ (see (2.1)) gives us a relation hh2; h1; h0i1
v2b1 mod I2 in the E2-term. We further see that h2h0b

2
0 ¼ 0 A H �ðVðLÞÞ, since

d2p�1ðh0b1;0b2;0Þ ¼ h0h2b
2
1;0 in the May spectral sequence. r

Theorem 3.10. a1b2gpþ2 0 0 A E
6; ðp3þ3p2þ4pþ2Þq
2 ðS0Þ.

Proof. By Lemma 3.7, we have gpþ2 ¼ v
p
3 g2 A E

3; ðp3þ3p2þ2pÞq
2 ðVð2Þ3Þ; and

so

a1b2gpþ2 ¼ v
p
3 a1b2g2 ¼ 4v22v

p
3 b0b

2
1 A E

6; ðp3þ3p2þ4pþ2Þq
2 ðVð2Þ3Þ

by Lemma 3.9. Now the theorem follows from Lemma 2.20. r

Proof of Theorem 1.8. For t ¼ p and ¼ pþ 1, gt ¼ 0 by (3.5), and so

the proposition holds in these cases. Suppose now tb pþ 2. Note that

b2 ¼ ½~kk0� ¼ k0 and gt ¼ 2 t
2

� �
vt�2
3 h2b2;0 þ 3 t

3

� �
vt�3
3 l4 for tb 2 in E �

2 ðVð2ÞÞ by

(3.4) and (3.5) (cf. [4, p. 234], [4, Lemma 4.3]). Here, BP�ðVð2ÞÞ ¼ BP�=I3 and

l4 denotes the generator given in [13, p. 55]. This implies that gt ¼ v
p
3 gt�p for

tb pþ 2 in E �
2 ðVð2ÞÞ, and we also see v

p
3 h0 ¼ v3h3 in E1

2 ðVð2ÞÞ by dðv4Þ,
where hi A E

1;p iq
2 ðVð2ÞÞ is an element represented by a cocycle t

p i

1 . There-

fore, a1b2gt is represented by v
t�p�2
3 h3k0

�
2 t

2

� �
v3h2b2;0 þ 3 t

3

� �
l4
�
. Here, we see

that h3k0h2b2;0 ¼ k0g2b1;0 by (2.22). We also see that h3k0l4 ¼ h3h2m1 for the

generators in Toda’s calculation [13, p. 55]. Since both of k0g2 and h3h2 are

zero by Toda’s calculation (see Table 2.9), these imply the triviality of a1b2gt
for tb pþ 2. r
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4. Non-triviality of b
p�2
1 b2gpþ2

We begin with a recollection of some results from [4]: W�;�BP�fag de-

notes a quotient complex of the cobar complex W�;�BP� by a subcomplex

generated by monomials mn tE1 n � � �n tEn with
Pn

i¼1 Ei > ða; 0; . . .Þ. Here,

tE for a sequence E ¼ ðe1; e2; . . .Þ denotes the monomial te11 te22 . . . A BP�ðBPÞ,
and the set of sequences admits the lexicographical ordering (cf. [4, p. 235]).

Then, the gamma elements gt for tb 2 in the Adams-Novikov E2-term are

represented by a cocycle

~ggt 1�tv
p�3
2 vt�1

3
~kk0 n t1 mod J3 ¼ ðp; v1; v p�1

2 Þð4:1Þ

in W3; ðtp2þðt�1Þpþt�2ÞqBP�fp2 � 1g (cf. [4, p. 239]). In this section, we consider

a spectrum Vð2Þp�1 in (2.6). Note that BP�ðVð2Þp�1Þ ¼ BP�=J3.

Theorem 4.2. b
p�2
1 b2gpþ2 0 0 A E

2pþ1; tq
2 ðS0Þ for t ¼ p3 þ 4p2 þ 2pþ 1.

Proof. Let G A C ¼ W2pþ1; tqBP� be a cocycle representing the element

b
p�2
1 b2gpþ2. Then, G1 v

p
3G2 mod J3 for a cochain

G2 ¼ �2v p�3
2 v3 ~kk0 n t1 n ð2v2b1;0 þ ~kk0Þn b

nðp�2Þ
1;0

in C ¼ W2pþ1; ð3p2þpþ1ÞqBP�fp2 þ 2g by (3.4) and (4.1). Note that G2 is the

cochain D of [4, p. 240] for t ¼ 2, which is shown not to be a coboundary in

C=J3. We claim that

G has no term with v4 as a factor modulo J3:ð4:3Þ

Indeed, if G ¼ v
p
3G2 þ v4wþ w 0 mod J3 for w;w 0 A W�BP�=ðJ3 þ ðv4ÞÞ, then,

applying the di¤erential d to the equality, we obtain 0 ¼ v
p
3 dðG2Þ þ dðv4Þn

wþ v4dðwÞ þ dðw 0Þ. Since dðG2Þ, dðv4Þ and dðw 0Þ have no term with v4, we

deduce that dðwÞ ¼ 0. Therefore, ½w� A E
2p; ð3p2þpÞq
2 ðVð2Þp�1Þ, which is zero

by Lemma 2.19. It follows that there is a cochain w such that w ¼ dðwÞ.
So replace v4w by dðv4Þn w so that G has no term with factor v4 modulo

J3.

Suppose that there is a cocycle y A W2p; tqBP� such that dðyÞ ¼ G in C.

Put y ¼ y1 þ v4 y2 þ v
p
3 y3 þ z for yi ¼

P
a;b v

a
2v

b
3 yi;a;b ði ¼ 1; 2; 3Þ with yi;a;b A

W2p;�BP�=I5 and z A J3W
2p;�BP�. By a similar argument showing (4.3), we

replace v4 y2 by a linear combination of terms without factor v4. Thus we

may put y ¼ y1 þ v
p
3 y3 þ z. By (2.1), we see that dðtiÞ A W2BP�=J3fp2 þ 2g

has the only one term v2b1;1 if i ¼ 3, and v2b2;1 if i ¼ 4 with factors v2 and

v3. It follows that for x A W2p;uqBP�=I5 with ua t, dðxÞ A ðZ=pÞf1; v2gn
W2pþ1;uqBP�=I5fp2 þ 2g by degree reason. Indeed, v22b

2
1;1 ¼ 0 A W4;2eð3ÞqBP�=

I2fp2 þ 2g and v22b
2
2;1 has an internal degree greater than tq. Since dðvb3 Þ ¼
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bv2v
b�1
3 t

p2

1 in W1;�BP�=J3fp2 þ 2g by (2.1), we see that

dðyÞ ¼ dðy1Þ þ v
p
3 dðy3Þ ¼ v

p
3G2 A W2pþ1; tqBP�=J3fp2 þ 2g:

Here, we notice that dðzÞ1 0 mod J3, since J3 is an invariant ideal. From the

equality, we see that dðy1Þ ¼ 0 and dðy3Þ ¼ G2 in W2pþ1; ð3p2þpþ1ÞqBP�=

J3fp2 þ 2g. Thus, G2ð¼ D in [4, p. 240]) is a coboundary in the complex.

This contradicts to the conclusion of the proof of [4, Th. 4.1]. r

Corollary 4.4. b
p�2
1 b2gpþ2 0 0 A pðp3þ4p2þ2pÞq�3ðS0Þ.

Proof. By virtue of Theorem 4.2, it su‰ces to show that there is

no element x A E
2; ðt�1Þq
2 ðS0Þ such that d2p�1ðxÞ ¼ b

p�2
1 b2gpþ2 in the Adams-

Novikov spectral sequence. In [7, Th. 2.6], it is shown that the E2-term

E
2;�
2 ðS0Þ is generated by the elements bsp i=j;kþ1 for integers pF sb 1, i; kb 0,

jb 1, subject to ja pi if s ¼ 1, pk j ja ai�k and ai�k�1 < j if pkþ1 j j, where
a0 ¼ 1, an ¼ pn þ pn�1 � 1 for nb 1. The internal degree of the element

bsp i=j;kþ1 is ðspiðpþ 1Þ � jÞq, and we have an equation t� 1 ¼ spiðpþ 1Þ � j

to find the element x. Note that spi � jb 0, and we have 2p3 > spiþ1 and

so ia 2. Thus, we obtain the only solution ði; j; sÞ ¼ ð1; p; pþ 3Þ of the

equation. In this case, k ¼ 0 by the relation pk j ja ai�k. The element

bðpþ3Þp=pð¼ bðpþ3Þp=p;1Þ is a permanent cycle by [8]. Thus, we have no such

element x, and hence b
p�2
1 b2gpþ2 is not in the image of the di¤erential d2p�1

of the spectral sequence. r
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