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Introduction.

Let H be a self-adjoint transformation in Hilbert space 9, E(U)
be the corresponding resolution of the identity in the sense of F. Maeda®”
which depends on Borel set U of 1-dimensional Euclidean space R;, and
f(A) be any Baire function defined in R,. If we put

FE) = | fEQD),
then F(H) is a closed linear transformation,® which we call a function
of H. )

J.v. Neumann® and F. Riesz® have shown the theorem equivalent
to the following: When H is a bounded self-adjoint transformation,
then a bounded linear transformation A s a function of H, if and
only if A is permutable with any bounded linear transformation which
18 permutable with H. And F. Riesz has remarked that anologous
theorems hold for the unbounded cases.

In this paper we shall show that any transformation A defined on
a subset of  is a contraction of a function of H when A is permutable
with any bounded linear transformation® permutable with H. More-
over A is a function of H if and only if A is a closed linear trans-

(1) F. Maeda, this journal, 4 (1934), 78.

(2) F. Maeda, ibid. 85-88.

(8) J.v. Neumann, Math. Ann. 102 (1929), 370-427. Annals of Math.,, 32 (1931),
191-226. :

(4) F. Riesz, Acta Szeged, 7 (1935), 147-159.

(5) In the following proofs it is sufficient to consider only bounded linear trans-
formations with norm < 1.

(6) Prof. Y. Mimura of Osaka University reported a similar result in the annual
meeting of the Physico-Mathematical Society held at Tokyo on April, 2, 1936.
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formation with domain dense in $. Next we consider the case when
H has a simple spectrum. '

We take this opportunity of thanking Prof. F. Maeda for his kind
guidance.

In this paper we shall use the following notations:

H oerenveeiininans Self-adjoint transformation.
EU) cceeeennannenns Resolution of the identity corresponding to H.
A i, Transformation defined on a subset of $ and permutable

with any bounded linear transformation permutable
with H®

Poeieiciiinannn, Projective transformation.

11 RN Closed linear manifold determined by the system
{E(U)b}, U being a parameter.

D eeevesanne cerenens Domain of the transformation T.

T<S cooinveennn. T is a contraction of S.

DxPxeex veuerrnnn Cartesian product® of $.

f, [f f2pe--) fal .-..Element of $xHx-xH.
T,[T,T,..., T]... Transformation in HxHx-=xH which transforms [fj, fz eee. fx)
into [Ty, Tiareeees THul

1. Let P be the projection on the closed linear manifold My,
then

dU)b
Pf=j‘ (, E(dU)b)

= || E(U)b |2 Batnp =

Hence

(1) We do not suppose A to be linear. That A is permutable with a bounded
linear transformation is meant by BA C AB.
(2) In this space the fundamental operations are defined as follows:
[fll fh seeey f‘n]+[gh Q2990eesy Qn] = [fl+9b fl+921- sery fn'l‘ﬁn]
clfis faseeeesfn) =[chrsCfasee..,cfn]  ¢: complex number.
Iy fareeees fnd, [810 820 o v oy 80]) = (F1y 01)+ (3 @)+ oo +(ny am)

Then’ this is also a Hilbert space. Cf. M. H. Stone, Linear transformation in Hilbert
space, (1932), 30.

(i, EdU)b) )
=\ EQU)® “,E(dU)b. But since
f, is perpendicular to My, (i, E(U)) =0 for all U. Hence (i, E(U)®) = (i, E(U)®).
Cf. F. Maeda, 4 (1934), 73; and 6 (1936), 36.

(3) Put §=f+f, where i, =Pj. Then i,=g
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_( (B, BaUp) o (5 E(VdU)b)
PE(V)f = SR,“"W)T) o B = [ Anraun)

m || E@UD |7
_ S (1, E(dU)b)

E(dU)b

o~ ~ E(dU)b = E(V)Pf.©
v || XU | f
From this fact we can see that P is permutable with H,” hence P
is permutable with A. It is also the case for.1—P. Therefore if
feDg4, then its projections on My, and H O M, also belong to Dy

2. Since 9 is separable there exists a sequence {5;} which is dense
in . Put b, =5, and construct My, Let H7 be the first element
of {b;} which is not contained in M,,, then its projection on H S My
belongs to D4, which is denoted by b;. Let b3 be the first element of
{b:}, which is not contained in My, P My, and its projection on
HO Mun P M.y, be denoted by bs, then b;e Dy, We construet M,y -
as above and continue this process indefinitely. Then we have at most
denumerably infinite My. Then for any element g of Dy,

8eWMey D W D ...

(s, E(U)b;)

~— " E(dU)b;
SR: || E(dU)D; |2
Therefore if for some set V E(V)b; =0, i=1,2,...., then we have
E(V)g=0.

8. We consider a Hilbert space $x$x-=9. Let E(U) be [E(U),
cee o, B(UN), and §f=1[fy....,fs] be any element of this space. Then
we have :

(@) EWUEWU) =[EUEUM,....1=[EUU),....]

= E(UU)f.

() When uv=x10U,

hence we have

g=2]

%

| EQ@)— ZEUK I = | B(S UM e

=31 B(S) U)f; |
=1 i=N+1

(1) F. Maeda, this volume, 38.
(2) For bounded linear transformation is permutable with H if it is permutable
with E(U).
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Since || E( }f_,,‘ﬂU,-)f,-ll2 tends to zero with —1-, we have

N
E(U)f = 3} B
) ER)f = [E®),....1=[f,....]=T.

@ (BEWg) = 33 (B0 ) = 3} (1 BO)s:) = (1, EW)g) -
Hence E(U) 13 a resolution of the identity.

4. Let P be the projection on the manifold My, in Hx-x, and
A=[A4,A,....,4] If f¢D,, then

(4f, EQUY)
m || EQU) P

(] >3 (Af. B@U))
e SIEGU (P
_[s] (AhEE0)
SRS Clp AT
_ (f:, BAU))
=134, Sisavr

_[sy( UBGOLE g
3, i maoy, e ]

-E(dU)

PAf=s

E'(dU)fh-...]

E(dU)fl,....:l

EQU), .. ]

(1) F. Maeda, this journal, 4 (1934), 78.
(g, EdU )ij)

(2) Transformation B.§=S E(@U), is a bounded linear trans-

formation and permutable with E(V), V being any Borel set in R,. For || Bt|*
| (s B@U)) 12 | E@UX |* || E@QU); ||* || B@U), |?
=\ N pauy, pg (T -
gR’ (ZiHE(dU)T;H’)z B I = SRI (EiJHE(dU)fiH’)Z
< SRlllE(dU)EH’= l|z]l. Linearity of B is obvious and, as irl sec. 1. E(V)B = BE(V).
Hence by the assumption A and B are permutable.
_ | BE@U):||*

(3) Transformation Ci = gzz Zrlilii(r AU G E(dU) has the same properties as B
: 1 2 1
1

in footnote (2), the proof being analogous to footnote (2).
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= ”R E@U)AfL, . .. ]

=[Af17--'°9Afn]-

On the other hand we can write

®
paf = | F.0EQU)

- [S‘R| F.ME@U),.... ]

Therefore
Af; = SR FOEAU) i=1,2....,n.

Let {f;} be a sequence belonging to ®,. From the fact mentioned
above, we have

1=12....
45 = | FBQU)

n=1,1+1,....

Let the set of the points 2 for which F,(1) == F,(2) for some m, n
be denoted by V, then

(3]
EV)i, =0 i=12....
. If we put

J— —_ (69
F() = Tm R(F,(1) +iTm J(F.(2)  if the limits are finite,
>0 nr>
=0 otherwise,

then we have
afi= | POBQ@U, i=12....

5. Consider the sequence {b;} defined in sec. 2., and any geDy,,
then by preceding section for {b;} and {g.06y,Db,....} we have two
funetions F(1) and F*(2) such that:

(1) F. Maeda, loc. cit. 73. cf. sec. 1. footnote (1).
(2) Since Af; = sRan(A)E(dU)fi = §R1Fm(A)E(dU )i, we have SR; | Fp(d)—

Fu(2) 2 || E@U); 1|2 =0. Therefore E(U)=0.
(8) Real and imaginary parts of Fy(1) are respectively denoted by R(F%(1)) and
S(Fn(2)).
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) Ab; = jm FQEQU;, i=1,2,....
Ab; = s F*WOEQU); i=1,2,....
' Rl

(@) ag = [ Fromauy.
Rm
Let V be the set of the points 2 for which F(1) &= F*(1), then
from (1) we are led to
"E(V), =0  i=1,2,....
therefore from sec. 2., we get .

E(V)=0,
hence

ag= [ FOEQD)s.
which completes the proof of the theorem mentioned in the introduction.
6. If moreover A is closed and D, is linear and dense in 9, then

A is a function of H.
For by preceding section,

O Ac FH) = jm EWE(U)
hence

@) A" FH) = | FOEWD)
Therefore

Ds < Dpary = Dpwary © Dax .

Dg < Dax

that is,

If we consider A* instead of A, then we have

Dax S Dgrex
Since A = A**V we have

@A = @Fdz)
hence

A=FH).

(1) From (1) and (2) A becomes a **-transformation, Cf. J.v. Neumann, Annales
of Math, loe. cit, 301.
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And that these conditions are necessary is easily seen.

7. Next we shall consider when is the case that any bounded
linear transformation B permutable with H is a function of HY As
in sec. 2. we construct the closed linear manifolds My, starting from

a dense set in  such that

H=Me» DM D ...

Let {a;} be a sequence of positive numbers such that > a;b; converges.
Pl_lt b= ab;.
If for some Borel set V, E(V)b =0, then since
E(V)b = 31 E(V)a.b;
I E(V)B | = Zat || E(V)b; |2

E(V)b; =0, 1=12,....

that is

hence we have

Therefore for any element g of 9, as in sec. 2., we have E(V)g =0

Consider the projection P on the manifold My,. Sinee P is per-
mutable with H, by the assumption P is a funetion of H. Hence we
can write

M P={_»0EAD).
From' the definition of the projection ;
b= Sm p()EEU)b

therefore P(1) =1 except the set V for which E(V)b = 0. Hence
from above E(V)3 =0 for any g. Then, since we can write 1 instead
of p(1) in (1), P becomes the identical transformation. Therefore
H = My,, that is, H has a simple spectrum.

Conversely if H has a simple spectrum, then there exists a element
b such that = My, and any g can be written in the form

5= |_oWE@D.
Let B be permutable with H, then

(1) M.H. Stone, loc. eit. 300.
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Bg = j  SWE@U)BS.

Since BbeMy, We can write Bb = SR BA)EUb. Therefore we
have
By = | sWpOEG@D)

= {, swEan) | wEavn®
R R’ .

= | awBams.

Hence B is a function of H.
Thus we have proved the two following statesments are equivalent:
(a) H has a simple spectrum.
() Any bounded linear tramsformation permutable with H is a
Junction of H.

8. In this section we consider the case when H has a simple
spectrum. If A is permutable with any bounded function of H, A is
a contraction of a function of H. For A is permutable with any
bounded linear transformation permutable with H by sec. 7.

.Let A be a closed linear transformation permutable with E(U),
where ©,4 may not be dense in . Then, since A is permutable with
any bounded function of H,® A is a contraction of a function of H.

(1) F. Maeda, this journal, 4 (1934), 76. T. Ogasawara, this volume, 54.
(2) T. Ogasawara, tbid. .
(8) F. Maeda, ibid. 63.
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