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The object of this paper is to search for a system of functions

that are linearly transformed when their variables are linearly trans-
formed. .

)

Problem: TUnder the assumptions that
(i) The equation (1.1) below is satisfied independently of «’s
and a’s, , ,
(i) w*(x), K*}(a) have first partial derivatives,
to solve the following functional equation

1.1) wHX) = > K¥(a) - w”(x), G, A=1,2,....,n)
ny
where Xi=>laiz", t=12,....,7n)

and w*X(x), K%}a) represent respectively functions of 2’s and a’s.
Solution: Differentiating (1.1) with af we have

owHX)  oX® -5 0K:ka)
oX* dak 2 dat

1.2) -w™(x) .

Put o} = o} = Kronecker’s delta, then we have a system of dif-
ferential equations with respect to 2¢,

. %A )
(L3) o P - Sy ),
ox* wy
' 2
where’ Ly = —a—ﬁ‘@] .
. oa; Jda=s

For the time being, ¢ is considered as being fixed. (1.3) reduces,
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by the change of variable #° = e, to

xA(ET .
(L.4) %l— =SLg- W),
where | W (&) = w“‘(efi) .

The system of simultaneous linear differential equations of constant
coefficients (1.4) has as its solution

(1.5) WH(E) = gilE)ens’ + gsr(ENert + ... .,

where 7, 75, .... are g-ple, g-ple, .. .. roots respectively of the charac-
terigtic equation of the given system,

f-r LB ... LB |

12
fir)=| Li Li—r ... LE |=o,
Ly ... Lm—r

and ¢¥ is any polynomial of (z;—1)th degree at highest.“’ Thus we
have |

wHx?) = («*)1g(log 2°) + (29293 (log &%) + .. ...

Now put
(1 0 ...0 ...0 )

0 1...0...0
(@)=A=

then we have
Xi=qixi+b where b= r%iaiw" ,

and Xr=qa" (r==1).
Thus with regard to 2, (1.1) becomes

(1)  Horn, Gewihnliche Differentialgleichungen, 84.
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(1.6)
(aixt+b) - g3 (log (aix’+ b)) + (q:?ac"+ b)yrz - g3 (log (akx®+ b)) + .
= #E K2 {(@%) - gt2(log %) + ()" - gg*(log )+ ... .} .

Since the terms consist of elementary functions, (1.6) must hold not
only for real but also for complex values of a’. If some x,>1 or
some 7; is neither zero nor a positive integer, the singular point of the
right-hand side is «* = 0 while that of the left-hand side is —L which

ay ‘
may be thought to be non-zero without any loss of generality. Thus
g’'s can not contain #°, and +'s are all zero or positive integers.
Hence

With regard to any variable o, w*(x) must to be a polynomial ;
and the number of its terms can mot exceed m2.

Thus finally we see easily that w*(x) must be a polynomial of all its
variables.
Now we can put

wi(e) = A+ A+ At - i+ S A xR L
7 o Sk

where A’s are assumed to be symmetric with respect to their lower
suffices. Then (1.1) becomes

A+ 31 ARSI a5a) + 3] AY (S ai)(S o) + e

EEKZﬁ{A””+ZiIAf"-x‘+iZjA:}-w”-w"+ L)
SIKZ-AP =A% e, (0)
B ¥
STES AP = STAR 0 i Q)
my . r .
SIKZ A a=A8 scai-ai...ah ool (»)

\ e eavssovoseesnnsaasinsananna PP () |
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K} must be determined so that the conditions (0), (1),....(p),.... are
satisfied if the suitable thoice of A’s allows it.

In order that K*¥s may be determined from (p), A’s must be such
that the ranks of

.7

1
A, VAR AR .1 . AR ZA:QI e caf-af...a0f

and

- . . .
Ann...n ) A%n A}'zlnn cee A:: nz Arst £ O0peQy.. -a’:»

?

are coincident (with r say), independently of the values of a’s. This
is possible when and only when,

(G r=,H,= nn+1)....n+p-1)

= the number of equa-
1-2....p

tions in (p),
or

(ii) r<,.H, and AX .=0.

Proof: (i) This is quite clear.
(ii) There exists a determinant of order r+1

-----------------------

(1.8) : ‘ : =0

where the cofactor of 3] A2 .a%ai....a} is non-vanishing. Expanding
(1.8) with respect to the last column, we have

(1.9) 4% :-a5-ai....a}) x(non-vanishing determinant)
+....=0.

Since this expression is an identity with respect to a’s and moreover,
since there cannot be such a term as afaf....a} with definite lower
suffices ,7,...., &k in (1.9) other than the first, we have

ST A af-ad....al % (non-vanishing determinant) = 0.

Now since A’s are symmetric with respect to their lower suffices, we
have for any 7,s,....,t A*} .= 0 as required.
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Thus if p = 4, as we have
Hy>nm2>r,

all A’s vanish which means that the terms of higher degree than the
third cannot appear; in other words, p must be equal to or less than
three. ‘

Case 1, ' - p=3.
In H; > n? = r, the left equality holds only for n = 2.

Terms of third degree can appear when and only when n = 2,
and then those which appear in respective w* (x) must be linearly
independent of each other, since the rank r is equal to ,H,.

From (3) we also see that
Kil=a H.E® of a},d? a}, a3 of third degree.

Substituting this result in (0), (1), (2) respectively we have a H. E.
of third degree in the left-hand sides of the respective equalities, whose
right-hand sides, being a constant, a H. E. of first degree and a H. E.
of second degree respectively, we must have 4" =0, A% =0 and
A = 0. Thus we arrive at the following result :—

Terms of third degree can appear in w*¥s when and only when
n=2, and then w", w2 w?, w2 are H.E. of third degree which
are linearly independent of each otker. K*¥s are also H.E. of third
degree of a’s determined by (8).

Case II m< 2

H = ,H,+ H+,H; = _(”"_*‘1)2(_@ = the total number of equations

in (0), (1), (2) S n?% according as n=>4 or n<<4.

If n =>4, w** may be composed of terms of second and first degree
and an absolute term, since A’s may be determined so that the linear
simultaneous eqations (0), (1), (2) can be solved. K*’s are also H.E.
of similar form about a’s.

If n» = 3, we must examine the ranks of the following two matrices
obtained from (0), (1), (2), .

(1) H.,E. = homogeneous expression.
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AU A AT AB AT AR AR AR A8\
AT AP AT AP AT AR AP AP AP
A} AP AP AP AT AP AP AP AP
AV AP AT AP AT AT AP AR AP
Al AEF AR AR AR AR AR AR A%
AR AR A% AR A3 AZ A A3 A3
A AR AR AR AR AR AR A% AR
AZ AR AR AR A% AR AR AR A3
Ab AR AR AR A3 AZ AR 4% AR
A AB AT AR AB AR AZ AF A3
and
All A12 A21 A13 ASI A22 ABV A32 A33 Az/l
Al' AP AT AP AT AR AP AT AP ST AP
A} AP AR AP A7 AR AP AR AP S AF-
A7 AP AT AP AT AR AP AR AP S AF-
AR AR A% AR A% AR AR AR AR Sai
AR AE A% AR AL AR AR A% AR S A%
A AB A3 AR AD AR AR AR AT M4
AZ AR AR AR A§ AR AR AR A3 > A
A AB A3 AR A3 A3 AR AR AR 43
\Az AB AER AR A3 AR AR AR A3 > A
Similar consideration as before leads us to
A**x (non-vanishing deterrhinant) +‘ veee=0
or S Aa? x (non-vanishing determinant)+ ....=0
or S1 A - af - af % (non-vanishing determinant)+ .... =

0;
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from which we get A** =0, or A =0 or A = 0 respectively.
Thus we obtain the result that

If m =38, w*¥s must be one of the following three forms,
(A) a H.E. of first degree+a H. E. of second degree,
(B) a H.E. of first dagree+an absolute term,
(C) a H.E. of second degree+an absolute term.
In each case, we can assign A’s so that (0), (1), (2) dertermine K’s.
K¥s are also of the same corresponding forms respectively.

If n =2, a similar examination of

(AL A2 AR A% (AL A2 AZ A% A \
AP AP AR AP Al AP AR A S AP-qf
AP AP AP A2 Al AP AP AR DAY-g
ap az Az az| T |ap an 4z o4z D4z
Al AZ AR A% | A8 A8 A3 A3 S Ax-af-af
\AL AR AZ A \AL AR A3 A S AY-af-af)

shows that w** must at least have the same forms as in the case n = 3,
but it is easily seen that the first case (4) cannot be sufficient, thus
we arrive at the following result
If n=2, w* must be composed either of
(A) a H.E. of first degree+ an absolute term, or of
(B) a H.E. of second degree+an absolute term.
K’s are also of the corresponding forms.

(Im)

Problem: To solve the functional equation

(2.1) wi(X;Y) =3 KiMa) w”(x;y)
My
where Xi= élaix" , Yi= i‘laiy'

under the same assumptions as in (I). ‘
Solution: Put 3 = ax", then we have Y* = «X*, and this gives -
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rise to no change in K:i(a). Again put
w’f‘(xl,wz,....,x”; al, an? . ..., 0x") = V(e 2% ..., 2",
then wé have , _ ,
2.2) , VHA(X) = K2 V™(x).

If V*(x) =0, that is to say, if it is not the case where w*(x;y)
always vanishes when & and y are colinear with the origin, then the
proof given in (I) shows that
If n =2, KX} must be equal to one of the following three forms,
(A) a H.E. of third degree,
(B) (a H.E. of second degree+a constant),
(C) (a H.E. of first degree+a constant).
If » = 8, KX} must be equal to one of
(A) (a H.E. of second degree+a constant),
(B) (a H.E. of first degree+a constant),
(C) (a H.E. of second degree+a H.E. of first degree).
If n =>4, KX} must be equal to
- (a H.E. of second degree+a H.E. of first degree +a constant).
Thus it becomes clear from (2.1) that w*(X;Y) has the same
form as above with respect to a’s according as n =2, n =38 or n = 4.
Now put

(a} ai O ...

0 0 O ari 0
0 0 0 an-1 Ay )
and == ....=¢yP=y= =1,
P=at=....=y=9y= =0.
Then if » = even, we have from above
wa}, o ol db, ..., a3y, b ah b al ..., aZ)

=a H.E. of third degree, etc. according to the value of n. Hence we
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can enunciate as follows

w*(x ;y) must necessarily be.a H.E. of third degree of x', a2 ;
Y., ¥? and so on according to the value of n.

If n=o0dd, a similar treatment shows that the same result may be
obtained. .

Whether this condition is sufficient or not will be studied in -what
follows.

(A.1) Case m»=2, and
w* = a H.E. of third degree,
= 31 Aaiaiak + 3] Baieiyt + > Chayyt + > Dibyiviy®,

where A’s, D’s are symmetric with respect to 4,7, ¥ and B’s, C’s are
symmetric with respect to %,7 and j, k respectly. (2.1) becomes

21ARS afr)(X e’ )X afr®) + 30 B afef) (X e XS afy) + .. ..

= 3 KX ABaiaia® + 3 Biaiaiy 4+ ...,

that is
@) S Adalagal = S KHA%,,
(b) > Bihalasal = > KB,
O] > Crhatasal, = >3 KiiCi
@ > Diiarasal = 5 KD,

In order that 3 AXa*s'z* does not vanish, the matrix (A%}) must be
regular. For, if |A| =0 the four expressions in the left-hand side
of (a) must be linearly dependent. Thus we have A%, = 0.

- Now since the matrix (A%}) is assumed to be regular, K’s are
determined from (a). If these K's thus determined satisfy the other
equality in (b), (c) or (d), we have for example

1> Brkatajas = p > Arkaiaial
> (AB—pArk)ajaias = 0

lBr.st = )uArxt .
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Thus B’s must also be symmetric and proportional to .4’s. Generally
we have

————-——-——.———-—an-k
a b c d ”

X
At _ Bik _ Ch _ D _ u

w* = 3] aif(axiria® + bar'xiy* + cxiyy* + dytyy®)

= a 3] aih(a — W)@ — my’)(a* — ny*)

where [, m, n are the three roots of the cubic equation
‘ ad+b2+cz+d=0.

If > Agaia'a®, S Diw'y'y* do not appear and B’s, C’s are not
symmetric, we have :— :
In relation to (b), if

BY, BH, B BE
BY B% B% B%
(2.3) : =0
B B% B% B
|
BY: BY B} B |

S Brhaymay, 3 Biheiafai, X Biheiatai, X Bi.ajasalb
are linearly dependent and hence one of them must vanish; thus we
have

Bii=Bh=0, Bih+2Bh=0, Bh+2Bp=0®

or B} =0. In the former case (b) reduces to two equations; the
latter case, being trivial, is excluded. If the determinant (2.3) is not zero,
K'’s are determined from the corresponding four equations in (b). In
order that the remaining two may be censistent with the four, it is
necessary and sufficient that > B*iajasai and > Bihajaja} be expressed
as a linear combination of the corresponding expressions in (b). Hence
we have

(1) If either B’s,C’s are symmetric, w must be of the same form as above.
(2) In this case we say that B’s are cyclically zero (with respect to their lower
suffices).
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» > Brhajasat = 2 > Brhajaia,

and p> Biajaijas = » > Bihajasai,

(24

where , 4, #, v are constant. From (2.4) we get
uByy = 2By, #Bys = (24 —3)By , uBin = 2By
uBzzz = lezz ’ uBzzl = (21 ‘—Jt)Bmz , uBm = 13221 .

w 20—xn
=0, thatis, =1 or x= -21

A x

or B2 =0. If »= 1, B’s must be symmetric, and if » = —24, B’s
must be cyclically zero. At any rate, the determinant (2.3) vanishes,
contradicting our assumption. Thus the only case where B’s are
cyclically zero is possible. Similarly C’s are cyclically zero. The four
equations, two from (b) and two from (c), determine the K’s. And in
this case we obtain an expression which contradicts with V(x) 3£ 0:

w* = (ai'a +ap'a? + bty + by (a'y? - 2%y .
(A.2) Case n=2, and
w** = a H.E. of second degree+an absolute constant,
= A"+ Afaie’ + 33 By + 35 Cy'ye

where A’s and C’s are symmetric with respect to their lower suffices,
We obtain as before

©) A¥ =S KA”,

@ - >3 Arajas = SIKRAY
(b) >\ Biaja; = STKKBY
© ) Crlajas = STKHCH .

First we assume that >} B¥a%’ appears. If |B| %0, K’s are
determined from (b). Hence we have

(1) Since K'’s are quadratic forms of va’s, (0) cannot be satisfied, that is to say,
an absolute term cannot exist in this case.



80 . K. Toda.

w** = any bilinear form.

In order that the other term may appear, K’s thus determined should
satisfy the other equations, say (a). Then have

A 2 Arsa'lafl = “ 2 Brsala’l.
7 x4
AA;‘,:} = /J;B*":l—B"

2
and ” Z A;§a102 4 Z B:gala2+ € 2 Brsa/gag ’
that is , #A,s = vB,;+eB,, .
B
=7 = const. = 1.
B,

Thus B’s must be symmetric or alternating. But this is contradictory
to the non-vanishing of | B|. If | B| =0, we have

SIBiafai =0 or X Biaja3=0,
or 23] B¥ajag = p > Bilagas.

From the former two relations, we see that B’s are alternating and

(b) reduces to a single equation. From the last relation, we get

AB,, = pB,,, that is to say, B’s must be either symmetric or alternating.
On the other hand, the consistency of (a) and (¢) requires that

(Al Ap AR A%
'Ag A3 43 A3
c: cE Ci izo'
lcn cg C3 Cuil

since if (4, C) =0, we have EA’;‘,‘,ala.z-— 0 that is A% = 0, which
cannot be allowed. From (A4, C)==0, we have

n > A¥aiai = 1> Criafal
¥
»AY = 1C4.

(A,C) = (Ay, Az; Cy, Cn) =

In this case (a) (or (c)) is only to be taken as independent.
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Now returning to our present case, if B’s are alternating, and
SIAY + > Coy'y’  exist and  (Ay, A, Ap, Bp) =0, we have
A3 Bilaio} = 1 Atlafos, that is pd,, = BretBe)
a contradiction. Hence (Ayp, Ap, An, Bp)==0. A* cannot appear in
this case. :

= 0, which is

' w = 3} aifax’s’ + cy'y’) + Byt — oY)

If >} A¥eix’+>) Cily'y’ do not exist

l wz/l — Axl +Bxl(x1y2_x2y1) .

When B’s are symmetric, from the above considerations we have

w* = A* + 37 a¥Max's’ +baty’ + cy'y’)

= A" +a 2 o}’ - W)@ —my’) .

Secondly if > Bia'y’ does not appear, we have
_ w* = A+ 3] affax’s’ +ey'y’),
which may be included in the foregoing result.
(A3) Case m =2, and
w = A%+ 3 A+ 3] Byt

We get as before

(0) A% =K A™
(a) S AYa; =S KAy

»
(b) " 3IB¥a; =3 K}B¥.

If (A,, Ay, By, By) == 0, an absolute term cannot appear.

w* =3 A¥+>] By,

If (A, 43 By, By) = 0, 23 A¥a] = 4> BX*al that is 143 = uBH.
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(B1) n=38, w? = A%+ 37 AYe'e’ +3) By + 3 Ciy'ye .
We have

(©) A% = S KA,

@ S} Atiafas = STKAY,
® ) Batas = STKBY,
© S Cilazas = STKECY .

' If |B|==0, an absolute term cannot appear. In order that
> Aate’ +3) Ciy'y’ may appear, we must have for example

231 A¥alat = ¢ 3 Bilaja,

or 23] Atlafas = p 3 Brlafas+» 3 Bilajat,
that is, 1A, = #ﬁrL‘ztEs_L

or AAys = pBys+vBy = pBs+vB,, = /“(Brs‘*‘Bsr) .
At any rate A.=a: ,B,N';Bm;_ .

Similarly C,=c- ,@_

1 w = 3} Bijax’s’ + 'y + cy'y’)
= 3 Bi(a — ly) (o — my)™®

If |B|=0, we have > B¥alai=0 or 1> Biala:= u> Biasal
From the first we see that B’s are alternating, and from the second we
see that B’s are either alternating or symmetric. Hence |B| =0
occurs when and only when B’s are symmetric or alternating.
If B’s are symmetrie, (b) reduces to six equations and the similar
observations of the case | B|==0 show that |
A Byt By _ aB,,.

rs = @———

(1) We shall call such a form a general bilinear form.
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Similarly Crs = ¢B,.

w = A%+ Bijax's’ + 2y + cy*y’)

= const.+a general symmetric bilinear form.

If B’e are alternating, (b} reduces to three equations. If further
(Alh Al21 Aﬂ» Als’ A28’ ABB) BlZv Bm. Bﬂ) =I= Or

ar @A a?
w? = e’y + )+ 2t 2 2B |,

T T
or
\aiul aé:l aéul
| wh =AYt oS |
| |
v ¥ ¥

according as the term > A¥x'a?+3) Bi}y*y’ appears or not.
If (Allr AIZ’ Aﬂ’ AIB’ AB: ASSr Blz, B]a, Bm) = 0, we have

A3 A¥aiag = 3] Biajas, that is, 24,,= pB,,.

This means that B’s are also symmetric, which is not allowable.
If terms 3 Bix'y’ do not exist, we easily get

- w* = A*+3) B (ax'’ +cy'y) .

(B2) n=3, w'=A"+3AMF+3IBY.
We have

(0) A* =3 KgA”, |
(a) S AYer = 3 KRAY,

(b) 3 BYa} = S KBy .

K's are always determined.
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w** = const. +linear form.

(B3) n=3,
w =3V A%+ Byt + 3 Aaie' +3) By + 3 Cilyiy
We have

@) S Arar = S KRAY,
) I Brla; = SIKZBY,
(@) S Atiazes = ST KHAY,
(b) S} Bilata; = KBy,
© S Crlaga = STKECH .

If 3 B;x'x’ appear, and | B|==0, linear terms cannot exist and the
similar observations of the foregoing case show that '

w** = general bilinear form.

If, on the contrary, | B| =0, B’s must be symmetric or alternating.
When B’s are symmetric, A’s, B’s and C’s should be proportional. In
order that the linear terms should appear A;’s must be proportional to
B,;’S.

w = 3 aihaw’ +by') + 3 aflat — W)t —my).

When B’s are alternating

o' @’ o
w? = SVA¥C+S B+ | ot 2 a? ,’,
T

if D) AYa''+>) Ciy'y’ do not appear. And if the case is contrary,
since (Agn, Ap, Awp, A, A, Ag, By, Bis, Bx) cannot vanish, linear terms
do not oceur. ’ :
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aiul agl agl
w* = 3 afax’y +ey'y)+ | & 2?2 oP

If 3 Bia* do not exist, we have
w* = 3 g awi+ byf)+ ) afi(awis’ + cy'y’
which is included in the fore-going result.
© n=4,
w¥ = A+ A¥ + ) B+ ST Aaie’ +3) By + 3 Ciiy'y .
We have

(0) A = STKgAm,

(a) ST A¥a; = STKHAY,
(b) 3 BYar = SIKUBY,
(a) 3 Addatas = STKHAY,
(b) > Blafa; = ST KBy,
(c) S Cilatai = ST KiCw .

When > B¥a'y’ occur and | B| == 0, then neither the absolute nor the
linear term can appear.

w** = general bilinear form. ‘

If |B|=0, B’s must be symmetric or alternating. If B’s are
- symmetric, A’s, B’s and C’s must be proportional. Since

1+2n+~ﬁ’?§ﬂ >p

according as n = 4,5 or n = 6, corresponding to n = 6 we have

w = A% +3 A¥2 +3) Byt + ) el — Lyt ) —my?) .
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If n=4o0rb

wH = AY 43 2 at + by) + 3 e — ) e —ma)

Moreover, especially, for = = 5 it may occur that

wh =3 AY'e’+ 3] By + 3] i @ — N’ — my) .

nn—1)
2

If B’s are alternating, (b) reduces to equations. Now in

the case where 3 A¥x'2'+3ICHy'y’ does not oceur, since
»@(ﬁzi'—ll-+2n+1<n2, we have

xt
wh = AR+ A+ 3 B+ B | }
v v

On the contrary if > A¥a'a’+3) CHy*y’ appears in w* (Ay, Ap, Az,
«ev., By, Big, By, ....) cannot vanish in so for as 3} Bix"’ exists.
And if (Ay, A, Ax A, ....,Bg By, ....)==0, the absolute term and
linear terms cannot occur in w**. Hence we have

wh = 3 aiaz’s’ +ey'y’) + 5 BY

©*

v Y

Finally, if >} B¥a% does not appear in w, the result can take no
other form than what has already been obtained.
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