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Wave Geometry.
(Geometry in Microscopic Space.)

By
Kakutar6 MORINAGA.

(Received April 20, 1935.)

§1. Introduction.

According to Prof. Mimura,”® we define the expression for the metrie
in the general mieroscopic space by ‘

ds¥r = rdaii (1.1)
where 7’s are 4-4 matrices satisfying the equation
rari = 9yl
and ¥ is a 1-4 matrix given as a solution of the “unknown Dirac
equation ”—this equation will be obtained in $§5.
According to W. Pauli,® the most general expression for 7; can

be expressed as
7: = Uhiz U™ (1.2)

where U is any 4-4 matrix, 25 can be any functions and 7, the Dirac
matrices. Hereafter we assume that Latin suffices vary 1-4 and Greek
suffices 1-5.

For the sake of brevity in the subsequent calculation and also
bearing in mind certain future applications to projective relativity, we
introduece 75 such that

(1), (2) This Journal 5 (1935), 99.
(3) Ann. d. Phys. 18 (1933), 337.
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s = Uhif.U™

where the rank of (R}) is 5.
Thus we shall consider five matrices given by

Ti= Uhif’eU’
T(u?‘m = g)//l[;

here the rank of g,, is 5.

§2. Coordinate transformations and +-transformations.

In wave geometry we assume that the transformation occurs in the
form
= flal, ..., 2Y)
2.1)
= d(x, ¥)

Here we state the following assumption.
‘The transformation (2.1) makes ds¥ = 0 always invariant.
This can be expressed analytically

(rda’¥) = Qr.da’, 2.2)

where £ is in general a certain 4-4 matrix.
But since ¥ may be functions of 2’ and " is a 1-4 matrix, we can
find a 4-4 matrix S composed of functions of 2’ so that

=S¥
Therefore (2.2) becomes
"7 PidatS¥ = Qrdaidr
hence ‘r; = PiQy;S™1 (2.3)
o

where Pi= o and Pi= :’ﬁf , but on the other hand it must be
that

TTh =951,

therefore, substituting (2.3) into the latter we have
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N raWri = Wi, (2.4)
where

W =819, (2.5)
or

WIiW = 7, ® (2.6)

If we can find W from the above, we can obtain £ from (2.5) by
giving S arbitrarily.

To solve (2.6) we assume for the time being that the transforma-
tion (2.1) is an infinitesimal transformation ; then

, W=Il+w.
Substituting this into (2.6)
wys+ 7w =0, 2.7
Expanding « into sedenion
o = "+t +tl

where
P = — gk

Substituting this into (2.7), and after some calculation, we have
T8 ut 2077,0, UGty = 0. (2.8)
Multiplying 7; and contracting for ¢, we have
4t””7”y7’u - ZtiVTiTy + tsz + 4t + Zt”BfiTiT» + tsfiri = 0 ’
where ) -
St = g59" .
Comparing the coefficients of each base of sedenion in the above, we have

e =t=0;

(1) From (24) we have
Wiy =W,
1 Wr)=rW-g,,
Wy, =7 W= (f g,%0)
and conversely, if this condition is satisfied, (2.4) holds, i.e.

= W-1
1 Wiy, =W-ig,.
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substituting this into (2.8) we have
tygvi =0.

Therefore the infinitesimal transformation (I+w) which satisfies
(2.7) is determined uniquely, except for the multiplier, as follows:

o="0r,,
where
tyg vi T .
So that the finite form for W is obtained as
W — etVTV

and v
2 =8, (2.9)

So we have the following result : The most general transformation
which makes ds¥r = 0 wnvariant is

,xi =fi(xls DR "%A) ’
¥ =S¥ (2.10)
= aaag; Se' Ty, 87

where S is any 4-4 matriz and t¥ s given by t'g,;, = 0.
Specially, if we consider the transformation

/xi = gt
(2.11)
o=
we have from (2.9)
i = et”r,,n .

We call this transformation the gauge transformation. We can
prove that this gauge transformation is equivalent to the following
transformation which also makes ds¥ = 0 invariant

= g
Y = Ry (2.12)

Ti=17s
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where
R=¢t"
Proof.
Since (2.12) makes dsy = 0 invariant, we have
—_ ’UUTV -1
7i = Re rmR ’
where
"9, =0,
and since
=1 =rde" )

it must be that
iV 1 v
i = Re* Tre ® VR,
so we have
R=ct",

If we put ;v” =t we have

. ) — v . 14 .
‘ds Y = yida Y = riet daile = ¢ Trdail,

hence el di P = et Pydai .

155

Conversely from (2.12) we can introduee (2.11), therefore (2.11) and

(2.12) are equivalent.

Transformation (2.10) can be analysed into the following four sets:

‘ot = filat ..., 2 ‘gt = ot 1
= L g = S J
e = g/ﬂg; T , ri = 8r:87
gt = gt \ ' = g

"= I = e—t"Tv,\p.
Ti = et"r,n ! ri=1s

But as the third and fourth transformations are equivalent, we have

the following result.

The transformation which makes ds{ = 0 invariant is composed

of the following three tramsformations :
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Coordinate transformation

b= fAxY, . ..., 7Y

=
, G .. .. C-transformation.
Ti = - ,,[ 7':‘
o'w
_ oxF o
"9 = - o Ikl

Spin transformation

I == g
7/ — S

S ¥ .. .. S-transformation.
r; = SrsS7?

‘9ii = i

Gauge transformation

It = g
= _
.. .. G-transformation.
T
ri=e "r;
/ —_
9ii = s

The expression for the G-transformation can be written in a more
convenient form, namely,

(t”Tu)z = tytﬂryrp == tytugyu = (t5)2g55 3
(thu)s = (t5)2955ty7’y ’

hence ¢ = Tcoshw+ Ay, sinhw, (2.13)

where "
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Therefore G-transformation becomes

‘ /x«i — x-i
/,q’ = .\P
'r; = (I coshw+ A’r, sinh w)
"9 = i ’
where
A*A%g,, = 1.

Putting the G and S-transformations together we call them the

P-transformation.
Special case I. When the transformation makes dsV invariant it

becomes

wt = filxl, . ..., 2
/ — _tyru
Y=e Y
ox? _ 7
/. _ v
Ti = ';;9’; If)
ox*  oxt
/ = . R ——
9y = Vi Dl Gt

Special case II. When we choose 75 such that ¢s; = d5;, we have
tt=0 and 15 = any ;

therefore the gauge transformation becomes

/xi — a/z
=

15
ri=e "y,

In this section we have based our calculation on the invariancy of
ds{ = 0, though without logical signification. However the trans-
Sformations obtained wunder this assumption are equivalent to those in
the ordinary spinor calculus except for the gauge transformation. But
in the spinor calculus the gauge transformation would also have been
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treated since the tramsformation must have contained all those which
make g;; invariant. Thus the assumption of the invagiancy of ds¥ = 0
has an Tmportant significance. ’

§3. Lorentz transformation.

When 7, =7; we consider the case where ‘y; = 7; in the trans-
formation which makes ds¥ = 0 invariant.
Since the transformation (2.10) is independent of the choice of g;;

while 7; or g;; is fixed, epT” is unaltered whatever may be the value
of 7;. Therefore we can assume, without losing generality, that ¢; = 0
and gs = any. So we have from (2.10)

a/xi o t52’ro -1
’EE'TTi = Se” F;87.

Specially, if we consider all the transformations (C, G, S-trans-
formations) to be infinitesimal, the above equation becomes

(@ +00)7: = (I+ o) I+ T7s)(I—0) .
Expanding o in sedenion
o= S%} 7.+ 8%+ SI (S = —Sry,

and substituting this into the above, we have, comparing the coefficients
of the bases of sedenion,
_t5

§7=0, §=0, F=-" and pj=48,

S0

18 O ts o . 5
g = %p}rirj—zrﬁSI and P = —pi.

Therefore the S transformation is divided into two linear transforma-
tions

(‘quv 1‘]’2) — (/'\Ply /’4"2) ’
('\h’;r 1’4) I (/1]/'3, /'\1’4) ’

which may both be arbitrary and from the fact p:= —p! we know
that the C-transformation is a rotation; and conversely.
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Specially, when S is a constant matrix the coordinate transforma-
tion becomes Lorentzian and this relation between the Lorentz trans-
formation and the Yr-transformation is a well known fact.

S4. The displacements which make ds{ = 0 invariant.

As stated in §2, we have considered the transformations which
make ds{r = 0 invariant. So it 7s most natural to consider the parallel
displacements which make ds¥ = 0 invariant; this corresponds to
Weyl’s parallel displacement in ordinary space.

Now we will investigate such parallel displacement.

7, is a function of «* defined at each point in x space, and ¥ is
also a function given as a solution of a certain partial differential
equation — “ the unknown Dirac equation.’®

Let two vectors dz‘ and da’ at any two consecutive points 2 and
&' +0x' be parallel to each other; then, for the function sets (15, ¥, da?),
and (7;, ¥, d2%),+;. at the two points, ds¥ = 0 must be invariant.
So we have the following relation

dot = da* + [hdaiox® (4.2)

and

where A, is a certain 4-4 matrix and I'; is a function of &' which is
a general coefficient of connection in x space.
Expanding (4.1), substituting (4.2) and neglecting the second order
of ox%, we have

{(T@'[‘lim —Anri— ‘*a‘n"’)'q’ - Tl*a‘:q'* }dm’&xm =0,
ox™ ™

This must hold for all da?, 0x°; so we have

Tl’?j:;i" = (’)’,Fl@m‘“/l mll— "ar,yl',t")'q’ . (4~3)
ox o
Multiplying the above by 7,
78111‘7 =1 <TZTiI—'lim —1ildmr “Tl*@%f>4’ , (4.4)
ox Ju ox

where we do not sum by L

(1) H. Weyl, Gruppen Theorie und Quanten Mechanik, (1928), 110.
(2) Prof. Y. Mimura suggested this idea in his paper; Y. Mimura: ibid. 104-105.
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Next we shall obtain the condition that the right hand side of
(4.4) must be independent of I. For this purpose we shall assume that
the coefficient of ¥ in the right hand side of (4.4) is independent of [ for
all values of . — But in fact, since ¥ may be a solution of a certain
partial differential equation dependent of 7;, the coefficient of 4 might
not be considered as independent of 4, and as this case presents con-
siderable difficulty we will leave it for future research;? and in the
last section of this paper we shall discuss only some possible cases.?®’

Expand A, in sedenion

Am = fnﬂrlry+L¢nrl+LmI’ L;lw'zu = - Lﬂmz ’ (4-5)

and consider following identity®

arl = {lm}ra'*_ FmTl Tl["m, (4~6)
ax™
where I, is a 4-4 matrix and may therefore have the following ex-
pansion

Ip= C¥yrir,+Chry Cl=—-Cu. (4.7)

If we substitute (4.5), (4.6) into (4.4) and calculate the condition
that the coefficient of the 4+ in the right hand side of the equation so
obtained must be independent of suffix /, we have the following rela-
tions after some calculation®

(Lyn+Ch)gn =0, (4.8)
['ljm = {l‘;n} +4(L%l+ C%‘)gﬂl +5;Rm 9 (4-9)
0 = {5} +4L%+CGu (4.10)

where R,, = any covariant vector.
Substituting the above relations into (4.4) we immediately have the
following equation

2~ (L, L= LaD+ RaI-2Chr % (41)

1) I succeeded the treatment of this ecase after having presented this paper. I
will publish it in the next volume of this Journal.

(2) See 29, p. 174.

(3) Pauli, loc. cit. 356.

(4) See Note 1 at the end of this paper, p. 177.
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here if we put
Li+Ch=Th,
(4.11) becomes as follows

:‘1; = (=A 42Ty + RV . (4.12)
pi

Next we define the operator

P = wra—~+Am"“2T£,,,7‘,1 .

o™
From the fact that the parallelism between vectors dz‘ and da’ in z
space must be invariant for all the fundamental transformations we
can prove that this operator has invariant property for all the trans-
formations which make dsy = 0 invariant. Namely,
By the C-transformation,®

P m = 3,le iy
0%y
By the S-transformation ‘Y = Sy, we have after calculation®

o = - 2 -+'A, =2 Ty r,, ie 'Fnpn=S8r,S™?,
ox™

where (4.13)

A — -1 aS™ T
Am = SA mS +S éT and Tm — Tm .
X

And by the G-transformation ;= Wry; = I cosh w+ Ay, sinhw ,®
we have

’ _ 0 ’ o
Vm axm‘l’Am ZTmT/H \
where .
A= WAL WA WEW T2 f,— 20 i, b (414
ox™ ox™
and
rpa =i, LW 4 )
2 ox™

(1) See Note 2, p. 179.
(2) See Note 3, p. 179.
(3) See Note 4, p. 181.
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consequently we have 7, = Pp..

R, is a convariant for the C-transformation and is invariant for
Jr-transformation.®

Therefore, we see that (4.12) or

V¥ = Ry I (4.15)

18 an invariant equation for all C, G, S-transformation.

Consequently, when we give the microscopic metric v;, the affine
connection Iy, in the x space and A, the equation (4.15) may be con-
sidered as the partial differential equation satisfying by ¥ and in-
variant for all C, G, S-transformations; therefore this is nothing but
the required “ unknown Dirac equation.”’

§5. Some identities.

In this section for simplicity’s sake we calculate formulas so that

O51 = 05, .
Then (4.8), (4.9) becomes
L,+Ci =0, (5.1)
Il = ey + UL+ CiHgu+ Rios . (5.2)

1). After Schlédinger- Pauli’s definition of covariant derivative of 7;

or; —{

e 14"}7’; - Fm‘ri -+ rzljm ’

I; ml s =
we define the covariant derivative of 7; by the operator r,, as follows:

3y )
Vunl's = éf;:,;—Fiﬁnrﬁr(flm—ZT&n)n—n(Am~2T£m) ;

if we calculate the above by using the identity F,r; =0, and (5.1)
and (5.2), we have

Vumrs = —Ruri—2Thrura, (5.3)

which shows that this P, is a invariant operator for all the C, G, S-
transformation.

2). From (5.2) we have

(1) See Note 5, p. 183.
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%R, = M®D

and _ ) ) } (5.4)
ALE+C) = M™,0

where
Mii" = L= {im} - (5.5)

Specially, when the affine connection of # space is Weyl’s case, we
have from (5.5)

M = (@t Qoo ~ Q0%) ©

therefore
Qm = ZR’”L b
e (5.6)
S(LE+CY) = Qo @,
The fundamental equation for ¥ then becomes
amﬂl 2

When 7; is given I, is determined, in addition to this, if we give
A,, and R,, so as to satisfy (5.1), then the coefficient of affine connee-
tion of x space I}, is determined. In Weyl’s case it is possible to give
R, and A,, so as to satisfy (5.6); therefore the Weyl’s connection I,
is obtained from (5.2). So we have the following result.

The parallelism, of which ds{ = 0 admits, contains the Weyl’s
parallelism.

3). In the case in which the x space has Riemannian connection®
we have from (5.6)
-Rm = 0 ’

and from (5.2) N g
Li+CE =0,

Liy+Ciy = 0,

therefore
A+, = Tors+L,1I. (5.8)

So the fundamental equation for ¥+ becomes

(1) J.A. Schouten, Der Ricei Kalkiil, (1924), 5.
(2) In such case we say that the space is Riemannian.
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j;’; = (Lt Thrs— L]V (5.9)

Hence we have the following result. In Riemannian space, for given
Tir 9 8 determined by g; = rari, and from the equation

T = {

- g et Dos =7l

I, is determined uniquely except for the unit term ; moreover s
18 obtained from

YeTn = 051,
and then by giving TS, and L, as any covariant vectors ¥ can be
obtained from (5.9).
4). When T%, in (5.9) is a gradient vector i.e.

T5—1 ow

2 ox™’
by the following G-transformation

W = Icoshw+7yssinhw,

ri=W;
we have
"= 0 (from (4.14)).

When L,, is a gradient i.e.

L, — —~2lgp
ox™

b

by the following S-transformation

¥ =S¥
ri = Sr:,S™1
S = pl ,

we have
"L, =0 (from (4.13)).

Therefore when T%, or L, is a gradient we can after suttable G and
S-transformations set off the term from the fundamental equation for ¥.
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5). When the parallel displacement makes ds¥ invariant, we have
A,.=0; so (4.12) becomes

¥ @Thrt RuD)Yr .
ox™

Adding to this, if the space is Riemannian, we have R, = 0 from
(5.6) ; so the above equation becomes

OV oy (5.10)
ow

The condition of integrability is that
TZ, = gradient vector in suffix m,

therefore, after a suitable G-transformation we can get rid of the term
from the equation (5.10), and we have

which supplies us only a trivial solution Y = const.

§6. The condition for integrability of the fundamental equation
for .

We shall now obtain the condition for integrability of the funda-
mental equation

(AT RDY, (6D
X

when 7;, I, A, are given.
From (4.5), (4.7), (4.8), and (4.9), we have

A m = Iwm + 1‘(1?"& - {zfn})gszu?’k] + LmI+ Tgnrﬁ ’
and substituting this into (6.1) we have

] P M= ) i+ (Ru— LI+ Tirs | (62)
0% 4
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If we write down the condition for integrability of the above

)

daEm g -

and caleulate®” this by substituting (6.2) and (5.3), we have
[Z leijr[irj]'*' tlmr5 +flmI.J‘q' = 0 ’ (6-3)

where R,,; is the curvature tensor derived from I3, such that

oI _ ol

Rl.nﬁj = ox™ ax;n‘ ~1 }éz”fn + I}émlvﬁ ’
tl = _ 8711?“ — ETZL
" ow, oxt

and
5] 0
m= 2 (Ri—L)—-° (Rp~Ly).
fin = 2B~ L) =2 (B=Ly)
Again if we differentiate (6.3) by " and caleulate® this by substituting
(5.3), (6.2), (6.3) ete. we have

r o y

1 Allle{j, r?’ur“"l‘tlm, r‘rﬁ +flm, rIl"P == 0 ) (6-4)
where T::: , expresses the covariant derivative of T'::: with respect
to the coefficient of connection I —0iR;. Similarly

{vianmij, rs... TEi7’">J + tlm,rs ..Ts +flm,7'5 R IJ‘\IIl - 0 ) (6‘5)

Therefore we have the following result. The condition for integrability
of (6.1) is that (6.3), (6.4) and (6.5) are compatible.

We will now consider this condition for integrability precisely when
the macroseopic metrie ¢;; is given originally.

In this case, from the relation

Y@l = i » (6.6)

we can find 7; in the following form

(1) See Note 6, p. 134.
(2) See Note 7, p. 185.
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r: = Uliy;U1, 6.7
and the
9 = Za‘n h$hs .
Further if we put
O51 = 051,
then
75 = UpsU.
Substituting (6.7) into (6.3), (6.4), ete., we have
(L Ris s 7.+ Fin + s [ = 0,
(‘}Rl‘rhij,rh&'h;’]fp?q +flm.rI+ tlm. r7°’5 T’ = O r > (68)

where

V= UM,
If we rewrite (6.8) in actual form from the matrix form, we have

3 4 _ 1 2 5 - \
(ki — Thorm + Fim+ L) V1 + R — Kt — K — i) ¥, = 0,

1 2 5 6 —_— 3 4 —_—
(iklm + ktm + klm - ikl'm)\yl “}'_( - iklm + iklm +fhn + tlm)'qI.Z =0 ’
3 4 IR 1 2 5 6 —_—
( - ?:klm - iklm +.flm - tlm)"y:i + ( - iklm + klm - kl'm - Zklm)'qﬁ =0,
1 2 5 6 _— 3 4 —_—
( "'éklm - klm + klm _iklm)"p@ + (’Lklm + 'Lklm +flm - tlm)‘l’x; =0,
3 4 _ 1 2 5 6 _
(iklm,r - iklm. r +flm,1' + tlm, r)‘qfl + (iklm. r klm, r klm, r ?:klm. 7-)\"2 =0 ’
1 2 |3 6 _ 3 4
(iklm rt klm,r + klm.r - ikl’m, r)qu + ( - iklm.r + iklm, r +flm r
+tm) Ve =0,
8 A — 1 2 5 .
( - 'lklm. r 'Lklm,r +ﬁm, r tlm, r)‘q’?. + ( -Zklm, r + klm.r - klm.r
6 —
- iklm.r)\l"i =0,
. 1 2 5 . 6 — . 3 . 4
( - 7/klm,r - klm. »t klm.r - 7J‘:lm. r)‘l’a + (7'klm. rt Zklm,r +flm. r
- tlm, r)\T':: = 0 ’

L I R I I I I I A N A I I A N A R R A A B B R A S I

(6.9)
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where
1 .
2k = Rirh”h%ihg] ’
2 . 1 3
2k = Rivh“h[i Al
3 ..
2klm = le“h%%hﬁj y
4 .o 2 3
2k = Rl}h”h[i k)
5 .
2Km = Ri,h“k%ihﬁ ,

6
— D..iip3 ha
2kim = Rz hihi .

Therefore as the condition for which (6.9) may have a non vanish-

ing solution ¥ we have the following equations :

either

1 6 . 2 5 3 4
(klm - klm)z + (klm + klm)z + (klm - klm)z + (tlm +flm)2 =0 ’

1 6 2 5 .3 4
(klm,rs..._'klm, rs...)2+(klm, rs.,.+klm. rs...)2+(klm,rs...—klm,rs...)
+(tlm, rs...+.flm,rs...)2 =90 ’

3 4 3 4
kg =tk tfutte _ Rpor.. = Whpgr...F Four.. Flogr...
5

2 5 2

1 6 1 6
'lkst—'kst_kst_?/kst kaq,r..._kpq.'r...*kpq,r..._@kpq,r...

or

1 6 2 5 3 4
(klm + klm)z + (klm - klm)z + (klm + klm)z + (tlm *flm)z = 0,

1 6 2 5 3 4
(klm, r8... +klm, rs...)2+ (klm, rS... _klm, rs...)2+ (klm, rS... +klm, rs.

+(tlm. rs...*‘flm, rs...)2 =0,

3 4
’Lkst + stt _—f:?t + tst_
2

3 4
Jka(r, oo +7’kpq.r...'—.qu, r..t til‘lv,"- e
2

1 5 .8 1 5 .6
'Lkst—kst'*‘kst'*' zkst /Lkpq,r..._kpq.r...'*'kpq.T..-+Zkl711."'---

2.

D

(6.10)

(6.11)
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§7. The condition of integrability in the simplest and important
cases.

Before treating the general case,” we shall in this section consider
the following simplest case which is significant in physical application.
Namely, we assume, as in ordinary Riemannian geometry, that the co-
ordinates x are all real, that the expression for the metric of the space
ds? = g;;da’da’ is a positive definite form and that (fi.+t,) in (6.9) is
real, but I}, is most general.

Under this assumption we will express the condition (6.10) and (6.11)
in terms of ¢;; and its derivatives only.

From the assumption that g;dxz’dx’ is positive definite AZ in (6.7)
can be taken all real from the equation

9i; = > hihg

a

1 6
and R;;" therefore all become real. Thus ki, ..., ku, and (£, +fin)
are real, so we have, from (6.10),

1 6 2 5 3 4

ki = kim s bim = —kim, ki = ki, and tp,+f i, = 0. (7.1)

When (7.1) holds, the first and second equations of (6.9) are
satisfied for all ¥y, ¥ identically, and from the third and fourth equa-
tion of (6.9) it must be that ¥ = ¥, = 0. In this case the remaining
equations of (6.9) are all satisfied by such .

Therefore the equation for

2“; = (= A p+2T55+ B )¥ @ (7.2)
x

which is equivalent to the fundamental equation for ¥

aa‘{’; = (= A+ 2T5rs+ R )Y (7.3)
x

(1) See ¢8, p. 172.

Ut =
—U, T,,= Ty, Rn=~Rn.

— -
@2 Ap=U AnU+ o
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is completely integrable for ¥, ¥, if we put ¥ = ¥, = 0, that is, (7.2)
has a solution of the form

Y
V2
0
0/,

$=

therefore (7.8) is integrable.
Similarly from (6.11) we have another condition for integrability

1 6 2 5 3 4
klm = —klm ’ klm = klm ’ klm = _klm and flm = tlm 3 (7-4)
under which (7.2) is integrable, the solution being of the form

0
0
Py
Yy
(The conditions (7.1) and (7.4) are not compatible unless k;, =0

~—the space is euclidean.)

We shall now write the first three equations of (7.1) in more con-
crete forms.

Rewriting (7.1) we have
R "kt = Riz b,
Riz"hihd = — Rin“hEhty,

TRl B4 .. 1ip2 138
le”h[i 33 lewh[i “AR}

P =

and putting the above together in one equation,
Ri; "hishly = ((a be d)) Rp, " hihds (7.5)
(here we do not sum by ¢ and d)

where, a, b, ¢, d is a permutation of 1, 2, 3, 4, and the expression
{(abecd)) has the value 1 or —1 according as the number of the inver-
sions is even or odd.

If we multiply (7.5) by ((@bcd)) hthd,
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and take the summation by @, b, ¢, d and calculate® it, we have

1/2 d eopaRin™ = Rimors» (7.6)
where
gu . . Qu
)= |
Jga . . Ju ! .

Conversely, from (7.6) we can introduce the first three equations of
(7.1) by reversing the procedure. Therefore (7.6) is one of the condi-
tions of integrability of the fundamental equation (6.1). Similarly
from (7.4) we have another condition of integrability

Va4

2_ estqul"/h = — le[sl:] .

So we have the following result. When ds? = g, dx’dx’ is positive
definite and fimtt,, s real, the condition of integrability of the
Ffundamental equation for ¥ :

qu/' = (~A,+2T s+ R, 1)V

ox™

18 that
,Jéfdfesqul',;L M= + le[stJ ’

and (7.7)
flmj:tlm =0 .

Specially, when the space is Riemannian, <. e.

Fjik = {fk} ’

then the fundamental equation for ¥ becomes

é@ﬂi = (D Tors— L) @
xm

(1) See Note 8, p. 186.
(2) See p. 164, (5.9).
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and the condition of integrability (7.7) becomes then

Va

2 estqulm :t Klmst (7-8)

flm:ttlm =0 ’

where K,,,,, is the Riemannian curvature tensor with respect to g;.
If we contract ¢ and ! in (7.8) we have

1/4 estqur = _—ths ’
2
or 1/24 €rpgs KPP = + K,
or 0= Kps,

therefore we have the Einstein’s law :
Gij =0.

So we have the result: When the space is Riemannian, the funda-
mental equation for ¥ is

aa"’ (Lt Thrs— LDV,

and the condition of integrability is (7.8); and the space is then neces-
sarily an Einstein’s gravitational space.

§8. The condition of integrability in general case.

In the previous section we have obtained the condition of inte-
grability of the fundamental equation in terms of g;; under the special
assumption that ds® is positive definite. In this section we will find
the expression of the condition of integrability in terms of g; in
general case.

Rewriting the first equation of (6.10), we have, after a little calcu-
lation,

1) J.A. Schouten Der chz Kallcul (1924), 75.
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Riqt Ryt 2 3 hhh 33 b, — 20300+ HSh
b a

+h§h§h§h§n)} 4 (ot b = 0.

By a process similar to that used in obtaining (7.6) from (7.5) we have
the following equation from the above

RZ.W.I inZ'N.I lmeijlm 1/‘1_ = 2Rminz'z:]ij+ 4(f 09 + tm)z . (8-1)
Similarly from the second equation of (6.10), we have

Ri(}ij,r..R[):}lm,r..eijlm 1/2 = 2quij,r...R7.)4'1ij,r.. +4(qu,r... +tpq,r...)2 .
(8.2)

The third equation of (6.10) can be written in the following form after
some calculation®®

1/4; eabcd{zR-\;t' l[aRiéi b].r- - Z(j:st + tst)Rz'K}[ab], r.. + (qu. Teeo :Dq r. )R [ba])}
= 2{2R§i'l[cRipqllP], roeo @.((fst + tst)qu[cd], r.. T (qu, r... + AT ... )Rst[cd])} .
(8.3)

Corresponding to the above, the condition (6.11) is written as
— Ry R e iim V' d = 2RpgiiRiq +A4(foa—tre R (8.4)

—Rz';r}ij,r..Ri)&mfr..eijlm 1/5 = 2quij,r...Rz'7<}iJ:r.. + 4(qu,r... ~lpar... 2,
(8.5)
and
~1/A eabcd{stt La qul r. i(j:st—' tst)Riu}[ab,]r..._'i(qu,r pq r. )R [ba]}

= 2 {2Rstl|'ch palidlr... i(.f;t - tst)Rp(IEcd]. reeo 'i(qu. r. pq r. )Rst[cd]}
(8.6)
So we have the following result: The condition of tntegrability

of the fundamental equation for ¥ is either [(8.1), (8.2), (8.3)] or
[(8.4), (8.5), (8.6)].

(1) See Note 9, p. 187.



174 K. Morinaga.

§9. Further consideration of the condition (4.4).

In the section 4, when we found the condition that the right hand
side of (4.4) is independent of I, we considered that the coefficient of
Y in the right side of (4.4) is independent of ! for all values of ¥
in this section we will consider certain cases where this is not so.

In the multiplier (I4+A4,.02™) of ds{y* which appears by parallel
displacement, we can arbitrarily modify the term which vanishes when
it is multiplied to ds¥. Therefore when we take A, + P, (where
P,ds¥ = 0) instead of A,, in the multiplier, it gives the same equation
of parallel displacement. Thus, while we are concerned with different
parallelisms we may leave the term P, out of consideration. To
express this we write

A,=4, (mod ds¥).

when A,, and A,, are equivalent except for the term corresponding P,.

Now in order to obtain the condition that (4.4) is independent of
[ without taking away ¥ from the equation, we introduce the following
important theorem : In the parallel displacement which makes dsy = 0
wmvariant, in order that

K A _ o
rl axm (1 lmrz Amrl awm )"'I’, (9-1)
and
¥ = (~An+2Thr+ RaDY O ©92)
X

are equivalent when
T = (i} + ALK+ Ci)gu+ Ry , @
it 1s mecessary and sufficient that A
An=4, (mod ‘ds¥), (9.3)

when A,,—'A,, and ds—'ds by any constant gauge transformation.
Proof. We choose 75 so that gs; = 5.
First we will obtain the necessary and sufficient condition that

‘An=4,  (mod ‘ds¥),

(1) This is the same as (4.12).
(@) cf. (4.9).
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by any constant gauge transformation
W = I cosh w + 75 sinh w (where w = constant), }
9.4)
ri= Wy;= Vy,V! (where VZi= W)

By the gauge transformation (9.4), (9.1) becomes™®

Iy a\lf < i A py— a/TL>1]/~, (9.5)

a m ox™

Substituting (9.4) into the above

71 a‘l/; = (FZ'mT,L —_ W—l//l m er - W_l amrl - >7§rl4> 'q, . (9'6)
ox o™ oa™

By the assumption (9.3) we have
(/jlm_Am)W‘rl'q’ =0.
From this and (9.1), (9.6) becomes

(An=w it w=w2 W) — 0, 9.7)
but after some calculation®

(A= W12, W~ Wl oW ) — (2T cosh 2w+ T%, sinh 2w)rsy;

+(27T% sinh 2w — T", cosh 2w)y; ,
therefore (9.7) is written in the form
{(—2T% cosh 2w + T, sinh 2w)ysy; + (2T sinh 2w — T'%, cosh 2w)y;} v ¥ =0.

Since the above equation must hold for all w we have

@T%rsri+ Tirdrrk =0,
from which

{4 5500+ 2T 0ga+ 112 rsri — Thrs)} ¥ = 0. 9.8)

Multiplying the above 7’ and contracting it by I,

(1) By the invariancy of parallelism for all transformations.
(2) See Note 4, p. 182.
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@T%rsi—Thrd¥ =0
and then substituting the above into (9.8) we have
@T5rs+ T = 0. (9.9)

. Conversely, reversing the above calculation we have (9.7) from (9.9)
and by comparing it with (9.6) we have

(/Am*A'm) WT[‘;’ = 0 ’
so we know that (9.9) 1s the condition in order that
N.=A4,, (mod ‘ds{),

for all constant gauge transformations.
Next we shall proceed to prove our theorem by using this result.
From (9.2) we have

g-x‘—"— = (~Ap+2Thy, + Ry, I)\P—;—nMT Sivet 2T Dgad,  (9.10)
Yl

(here we do not sum by 1),

therefore the condition that (9.1) and (9.2) are equivalent is that

72T %+ 2T Dgad = 0 (here we do not sum by ).

But the above and (9.9) are equivalent, therefore the condition for
equivaleney of (9.1) and (9.2) is (9.9) or (9.3).

Further we can prove the following theorem.
If by any constant gauge transformations

"An=A4,  (mod ‘ds¥),

and the x space has Weyl’s connection, the fundamental equation of
necessarily becomes

aa;' {r +1:§J5+( Qu— L>I}

Proof. In (9.2) if we put
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I3 = {Ged + "é'(ij\%'*'Qk(ﬁ—"Qigik) ,
and multiplying it by 7' and contracting it by

2 A (] Qu L )T —{Ti7s + Thret

but from the assumption
NANpn=A, (mod ‘ds¥),
there holds (9.9) and (9.11) becomes

$10 Notes.

Note 1.
First, if we calculate 74,7, i.e.

Tl Ly v ut Ly 2+ L Dry

we have
vy = 1l (20 u—71ir)
= 4y L7390+ guLy v s
and

rillbrin = Tszn(2gu—rm)

= 2T1L3ngu—guLfnTz ’

177

(9.11)

Tl mry = QL v o — Lby )+ (ALY 17 3+ 2L870)9,0+ 9uLimI .

Similarly

(N1.1)

Luri=710m = (C¥7i1,+ Chrat Cou)ri— i Clir iy u+ Clya+ Crl)

= 4CH9.ur1+2Chrern .

(1) This equation is identical with (5.7). Hence we have the following result: that
(4.4) is independent of the suffix ! for all values of ¥ is equivalent to that (9.3) holds

for all constant gauge transformations.
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0 1 g
71 Aa;:;i = Tl[{lm}ra + 4C5,i‘gnz7’z + ZCmT[aTzJ]

= {5rire +4CH G v i —29uChr s+ 2CGury
(not summing by ). (N1.2)

Substituting (N1.1) and (N1.2) into (4.3), we have
: a\l:n = "L[l Tt 75 = Qu( Lty ar o= Ly s+ L D) + 29uChrr
ox Ju
— (AL i+ 215909 0 — {in 1i7s — ACH Y17 39
—2C59ari 1V . (N1.3)

Rewriting above the equation by putting n for I, equating its right
hand side to that of (N1.8) and comparing the coefficients of the bases
of sedenion of the resulting equation, we have the following equations:

(LA4+CH)gu =0 .ovvviviininn.. (fron'l the coefficient of 7;), (N1.4)
I = {4} + 4L+ Cig,y - . . . (from the coefficients of ryrs, 73¢1), (N1.5)
0={ ) +ALE+CHG v vvvennn. (from the coefficients of 7.;75), (N1.6)
Tl =i} — 4L+ CUgu = L=} — UL+ Ch)Ym

(from the coefficients of I), (N1.7)

where we do not sum by ! and n. Since (N1.7) holds for any ! and
n, we can put the value R,, which may be any covariant vector.
Further, combining (N1.5) and (N1.7) in one equation, we have

I?m = {l?r.n} + 4(LJ7{11 + er-:/zl)gul + (%Rm . (N1-8)

So we have (N1.4), (N1.6), (N1.8) as the condition that the right hand
side of (4.4) is independent of I. And substituting them into (N1.3)
we have

sﬂf = { =L+ Lhy)— LI+ RyI +2C57 )
xm

= (=Larirs—Luri— La ¥ +{2Ch+ Loy, + Bul)¥ . (N1.9)
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Note 2.
Since the parallelism of the vectors in the x space is invariant by

all coordinate transformations, the expressions ds{, ds¥, and A,62™ in
the equation

(ds¥), = (1 +A,02™) (ds¥)s 5

must be invariant by C-transformation. Hence A, is transformed
covariantly by C-transformation.

And since, as we see from (4.5), I, is also transformed covariantly,
T}y, behaves as a covariant vector; and as we have seen in (N1.8)
R, is a covariant vector. Consequently, by C-transformation the
operator r,, is transformed covariantly.

Note 3.
The parallelism between vectors dz’ and dx’ in @ space must be
invariant by all +-transformation :

=S¥,
r; = SWr,S7. }
In the equation of parallelism
(rida™¥r), = (I+ A p02™) (7)o s » (N3.1)

if we apply the r-transformation and find the conditkgl of invariancy
of the correspondence between two parallel vectors dx® and da?, we
have

(rda” ) = (T+'A,02™) (785N Vo100 »
(S Wnﬂ”l’)x = (I + /A mawm) (S Wridxi‘q’)x*»o‘z ’

or

and from (N3.1) and (N3.2) we have
{(I+A m(';xm) - (S W);I(I"_ /A mb\xm) (SW)oHij‘m} (ds'q’)aﬁﬁx =.

Neglecting terms higher than the second order of dx%, we have

(At ZEDZ (sW) AWSW)  (@s)erse =0,

z+0x
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A = SWA WS+ SW AW
X
From this we know that by S-transformation: ‘{4 = Sy, A, under-
goes the transformation
281

Ay =8SA4,S7+S>

2, N3.3
Py (N3.3)

I4

and by G-transformation: ’'y; = Wr;, the same undergoes the trans-

formation

‘A, = WA Wi+ WwoW ! (N3.4)

Ea

Next we will consider the transformation of T, by S-transformation.
By S-transformation :

=S¥
,‘lvi = STiS_l ’
i 23t D=7l (N3.5)
ox™
becomes
7,
ax?;n = {i/}n},‘rl +/ m,T'i_,ri/I—'m ’
or
A -1
88 SVr:+8S o S_l*"'TiSﬁ— = {12+ T 1:—"7i T .
ox™ ox™ ox™

Substitut_ing (N3.5) into the above,

-1
aams Sﬁl/ri + ITzS%S‘m- = m,Ti - ’Ti/pm - SFmS“l/Ti + /riSFmS‘I ’
X

( a8 S-l—'rm+srms-l>’n ~ ,n(aas S m+srms-1),
xm

087

Tu=SLSH-8270. (N3.6)
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From (N3.3) and (N3.6)
"Ap+ ) =SA,+1,)S7,
T} = T4,

This is the required transformation of T2, by S-transformation.

Note 4.

By G-transformation :

're = Wys, where W = Icoshw+ A%y, sinhw,

from (N3.4) we have

A= WALWH+WOE (N4.1)
[

But from the property of W, we can easily see that

‘ri= Wri= Vr, V1,
where

V = W = Iecosh lg/:+A‘n sinhg .

Therefore we have the expression for transformation of I, similarly
as we have obtained (N4.1),

T = VIV V?al’,;‘, , (N4.2)
X

Now in order to reduce (N4.1) and (N4.2) in more concrete forms,
we consider the following transformation of 7,s:

Fi=7i
} (N4.8)
7s =AY ),
where
Al =0, AtArg;, =1,

by which we easily see that
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9i; = Gij » Js2 = 05 .
Then the expression for W becomes
W = Icoshw+7F;sinhw.

Expanding A, in sedenion of the base 7; and taking account of
the relation :

W-1= Jeoshw—7ssinhw,
the first term of the right hand side of (N4.1) becomes
WA W = Li77;+ L5+ LI+ WLE(Ps7: — 7:i75) W+ WLL7, W
= Lipid+ Lufs+ WAL — 7)) + L}
= Lu77;+ L5,75+ (2 cosh 2wLi: 4 sinh 2wLi,)7s7;
+ (2 sinh 2wL + cosh 2wLi,)7; , (N4.4)
and the second term:

~1
weW 5 2w 1 ik 2w+ (cosh 2w — 1))
ox™ ox™ 2

{4C87,+ CL(Fi75— 7572)}

= —7 aa"fn + %{4(cosh 2w—1)C% + 2 sinh 2wC%,}7:7:
x

+ ; {4 sinh 2wC% +2(cosh 2w —1)C:,}7:;  (N4.5)

therefore, (N4.1) becomes

-1 —_ — —_
A = WA W+ W?az::; = L7+ Dhg+ Lol

+ {2(cosh 2w —1)T% + sinh T%,} 757

+ {2 sinh 20T + (cosh 2w —1) T} 7, — :;’zl 75



Wave Geometry. (Geometry in Microscopic Space.) 183

where

T = L 4G, Ti, = Li,+Ci,.
And from (4.8), (4.10), we have

Téi=0, T,=0,
so we have
Ap=Ap— 27 7m=1a—§wﬁ. (N4.6)

ox™ 5 x™
By a process exactly similar to the above, (N4.2) ecan be calculated
as follows
1 2w . =5 = 1 2w -
= Lyt , ‘Cs = Ch+ - , (N4.7
9 apm 75 9 agm 75, ( )
and from (N4.6), (N4.7)

(0570 = T~ 7 (from ViV i = 7).

or

Consequently we have

,Vm = 5‘3’”’ + /A mT 2/715”/7-;5

ox™

If we transform the above result back by using (N4.3), we have

T} = T5, A%
and therefore
,Vm = a,m +/Am_2,T'fn/r/1
o

= % 4A,—2Tiy,=p,.
ox™

Note 5.
Taking 7;s as in Note 4, (N1.8) becomes
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R, = (It - {5 Dg™",

of which the right side is independent of the +r-transformation,
therefore

‘R =R,.. (N5.1)

But since the equation 7,4 = R,V is independent of the choice
of the base of sedenion, (N5.1) holds by transforming the bases back
in general case, namely

‘Rn=R,.
Note 6.
(7.2) is rewritten as follows
;"" (U= O+ T, (N6.1)

where

O -LII([ Im ™= {lm})g Tt k1 = ‘I-M -m ?‘m?‘k] ’

oy { ad; _ o4
™M xm  oxt (4= 60+ Tirs)(dn o)

— (= O+ Tors)(dy— 6, + Tirs)
2 oy 9
2 (O T = 2 (— O+ Tor)} ¥,
o o

therefore as the condition of integrability of (N6.1) we have

[(2f =L s por—rury) - (29 - 20m 4 1,6,
ox™ ozt oa™  ox’

-1, Ell+01 )+(0,0 — 60,0

+(~.az ~L)= (B Lm))1+(9g; ?f—?g’infs)

+ (” T'Enr5 - FmﬁrS - Tfnr‘srl + T?TSI—‘m):I’qf =0. (N6-2)
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The first term in the above equation :

| % “Kiirirs
the second term:
- %[{’%mM%l— élM'z;ti}r[iTﬂ ’

where 7,,T-:: expresses the covariant derivative of T::: with respect to
{5}, the third term:

M Py (200 =157 ) M i~ 6.0,
= (UM% yai + 7MYy 51 1M i’ — 0y
= (4M™Pr g giv i+ 41 M7 0 0) ME 5
= AP MY - MY Mg
the fifth 'term ;

aT} _ T, ; ;
( o ot )r5+2TEz{4C,;‘2m +Clalrirs—rerd}
&

the.sixth term :
2T {ACEr 1o + Cirars~ 7570}

Consequently, (N6.2) can be written in

15 4, . o (03T7 _2T5 9 (p _
['4"le JT['JJ] + < 3™ axl >r5+ { ™ (Rl Ll)
— 9 (R, - Lm)} I]q, =0 (N6.3)
ot ’

where R, is the curvature tensor made from I,

Note 7.
Differentiating the first term of (N6.3) and calculating it by using
(5.3), we have
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2 b
—(Rigirearii¥)
ox

— | 2Rin”

o T Rip P F2rp— Rori — 2T reridrs— (A —2T575)rars

+rdlfre— Ry — 2T rwrn) +rirdA—2T%rs)}
+Rin iy (— A, +2Trs+ R, 1 )J ¥
= [Rin? ,rrirn+{— Rin"(A,—~2T5rs—R,)
+ Rp'ﬁzij( Fﬂ - Rraf) + Rlz] “( I;ﬁr - Rr()?n)}r[irj]-q’ ’

and similarly from the second term of (N6.3),

O () =[ (2 tim Jro+timd — (A, = 2THrs 1A ~ 2T}
ox, X,
it —A,+ 2T+ RD) [ ¥

= [tlm,rrS - tl'm.(A r— 2T§'r5-‘ RrI)rkS + {tpm(rﬁ' - Rral))
+ (T —R,00) 151V

where F'::: . expresses the covariant derivative of F::: with respect to
I’ —6iR,, therefore the equation which is obtained from (N6.3) by
differentiating with respect to 2" is written as follows by again using
the relation (N6.3):

(iRM’Z wYei 71+ Y, o 75+ fim, rI>\l' = 0.

Note 8.
Multiplying (7.5) by ((abecd)) hihd and taking the summation by
a,b,cd

5 ConDR1™ = 3 By hEREN (N8.1)
where
mo. ks
D=
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and after a little calculation the right hand side of (N8.1) is rewritten
in the form

Rz 9595 »
and
!' Jgu . . 9u '
_DZ = I o . . . ; =/ ,
1 Ja « « Gu

so (N8.1) becomes

;epqst V4 Rip? = Rippary -

Note 9.
The third equation of (6.10) becomes

By Rt (RS = RE) (it — s — ity — i)
o Furt bRt (R~ il — Dt — i)

+(f pa.r... Tlpgr... )R;; [iﬁ(h%hf?i - h},h? - hfh; — hfh;‘) ,

= Rt Rqt™), (Wb, —hilie) (hihs — i — b — R

from which we have the following equation by suitably changing the
arrangements of terms and using certain identities”

2R;"IR M, ; R (e — hihia — hthaa— htihE.0)
+(for + ta) R (MRS — R, — h3hi, — h3h5.0)
—foar... *tpar. IRGT"NH0 — hilS, — W3hs, — Hhid) = 0.
But the above equation may be written in the following forms

N (it — bt — Wil — Bl = 0, (N9.1)

() (b= hEhG) Ghih,~ Rt~ — ki h,

'm]

= g ARl = Ryl + e+ his,) + b i, — i)

+ i~k —hghs)
= (RERS+ BEHS+ BEHS + RET) (Wb —Bhs,— Rh2, — R ) .
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where
NI™ = 2R Riii ™. = W faRii "™ ¥ Fogr  Ri™) .

If we multiply (N9.1) by AUAY—AELLY we have
Jte WN’"”(h i+ R+ Rghs, + hind) =0 (N9.2)
and if we multiply 2&h% and contract by ¢, d, we have
N"mh‘,f(amhﬁn+5ﬂ3h2ni+Bﬂ‘hi,,+6mh}ni) =0,
from which we get three equations (by putting ,7 =1, 2,3, 4)
NS = NYhih}
NUR%hS = NYh3h} | (N9.3)
N9h3hs = NYRLE |,

By the same process as used when we obtained (7.6) from (7.5),
(N9.3) can be written as follows

1/4 eabchCd = 2Nab B
or .
1/4 eabcd{zRét' l[aRizt}i b?r e i(fsiRﬁ;l[ab,]r.. +qu,r...R.§i[ba])}
= 2{2R;i cRipaian,r... — WS stRpgear,r... T Soa,r.. Rogead)} -
(N9.4)

This problem was discussed at a special Semmar of Geometry and
Theoretical Physies of this University.

Specially the writer’s best thanks for kind directions are offered
to Prof. Iwatsuki and Prof. Mimura.

Mathematical Institute of the Hiroshima University.

(1) Nim {hl%c 17 l( h/fl]h?n h4 _]h 7’) + h[ch [jl(h;‘}_]h:a_hgjh:n)
+ R (W, + WE ) + RE RS (R LG+ R )}
= Nim(hl hly +RERS; + eI + hE Bty (Rlgh, + i+ hyghd, + B hL i)
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