Theory of Vector Valued Set Functions. I

By
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(Received April 20, 1934)

In continuation of the work recorded in the preceding paper,® I
investigated the unitary equivalence of the resolutions of identity. My
theorems are analogous in content to those which Stone proved in his
treatise.® But he treated the resolution of identity E(4) in connection
with the corresponding self-adjoint transformation. Here I investigate
the properties of the resolution of identity E(U) from the standpoint of
the vector valued set functions.

In part I, the variable U of the vector valued set function q(U) is a
Borel subset of a Borel set V in a metric space S which is half com-
pact.® And I have assumed the uniform monotonity of the base o(U)
of q(U), in order that we may use the fundamental theorem between
the integral and the derivative with respect to «{(U).“ But, O. Nikodym
proved the fundamental theorem in the abstract space,® i.e. when
¢(U) is absolutely continuous with respect to u(U), there exists a point
function f(2) which satisfies the following relation:

$(0) = | fduw) .
Hence, if we say f(2) as the derivative of $(U) with respect to u(U), we

have the fundamental theorem in the abstract space. Such a consi-
deration is unsatisfactory from the standpoint of the theory of deri-

(1) F. Maeda, * Theory of Vector Valued Set Functions’ this volume, 57-91.
I shall refer to this paper as part 1.

(2) M.H. Stone, Linear Transformations in Hilbert Space, (1932), 242.

(3) Cf. sec. 1, part L

(4) Cf. footnote (3) of sec. 1, part I.

(6) O.Nikodym, Fund. Math., 15 (1930), 131-179.
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142 F. Maeda,

vatives of set funetions.® But, since the fundamental theorem holds
without any restrietion, it is very useful in the application of the theory
of set functions. Hence all theorems in the preceding paper {(part I)
and also in this paper (part II) hold in the separable metric space,®
without the restriction of the uniform monotonity. In this paper I
first give a note with respect to the derivatives of set functions in the
abstract space. '

Derivatives of Set Functions in Abstract Space.

26.® Let Vbe an abstract set, and & be a closed family (¢-Korper)
of sets in V, which contains the set V. Let f(4) be a real valued point
function defined in V. When the set V[f(d) > a]® belongs to & for
any value of «, then it is said that f(2) is measurable ().

(1) Ihave investigated the derivatives of set functions in previous papers; “On
the General Derivatives of the Set Functions ”’, this journal 1 (1931), 1-24; and *“On
the Definition and the Approximate Continuity of the General Derivatives’’, this
journal 2 (1932), 83-53. In the first of these papers, some parts are incomplete.
Here I give corrections:

Delete the last 7lines of p. 4 and the first 7 lines of p. §, and substitute the fol-
lowing: “ To prove this, consider 3{Ul(a, ¢)} as a function of the point a, ¢ being
constant. Let {av} be any sequence of points which converges to @, and let
8y be the distance between @y and a. Then U(a, p+5 )= Ulav, p). Hence
3 {U(a, p+%)) = {U(av, p)} forany v. But, since Lim Ula, s+ ) = U(a, p), We

— _ — y>00 I J—

have lim ¢ {U(a, ¢+8)} = 9 {U(a,p)} . Therefore, we have {Ula, )} = vhm
— V-»oO — — 00
3{Ulav,p)) . Thatis, ${U(a, 9)} is upper semi-continuous at the point a. There-

2 {U(a,0)}
3{ U(a, 29} ~ :
(@) _ i (0@n)
o>p+ 5( Ula, ) ) 5{(7(0., )}
reelle Funktionen, zweite Aufl. (1927), 483-484), we can prove that l(a, }) is a Baire’s
function.”
Delete lines 16-21 of p. 10, and substitute the following: ¢ Put
_ ®{U(a, — b {U(a,
im @O} By ang gim 2I0@ O )
p>0 2{U(a, p) } w0 ¢2{Ula, 0) }
are also symmetric derivatives. Asin sec. 2, we can prove that f)(;)gb and Q(S)Q)
are Baire’s functions.””
(2) The separability of S is required in the proof of the separability of x.c).
Cf. F. Maeda, this jourdal, 3 (1933), 5-7.
(3) The number of the section follows No. 25 of part I.
(4) VIf() > «] means the set of all points » of V, where /) > .

fore, is a Baire’s function. Since Lim Tj(a,, o) = Ula, p), we have
. O»p+

Hence, as Carathéodory did (Vorlesungen iiber

= DWo, then DP® and DOo
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Let w(U) be a completely additive, non-negative set function defined
in & Then we can define the integral of £(1)

[ f@duu)

over any set U in &, which has the same properties as the Lebesgue
integral.® Of course, when |, f(Adu(U) is finite,

$(0) = | fndu() )

is a completely additive finite set function defined in &, which is
absolutely continuous with respect to u(U).

The converse problem is solved by O. Nikodym :® When (U) is
absolutely continuous with respect to u(U), then there exists a measur-
able (f) point funection f(2) which satisfies (1). S. Saks gave another
proof of this theorem.® He constructed f(2) as follows: we can divide
V into the sum of sets contained in &, such that

V=VP+VP+....+VP+....,
where 272(n—1)u(U) = $(U) < 277nu(U) (2)
for all subsets U of V' contained in & Now put
fo() =27Pm—1) when 2V® n=1,2,....)

for any positive integer p. Then { f(4)} converges uniformly to a
measurable (&) point funetion f(4), which satisfies (1).

We may call f(4) the derivative of $(U) with respect to x(U), at the
point 2, and denote it by D,)¢(4) .

27. Now I will prove a theorem which is useful in the application
of the theory of set functions.

Let B(U) be another completely additive, non-negative set function
defined in &. If

M) = | awasw,

(1) Cf. S. Saks, Théorie de I'intégrale, (1933), 247-263.
(2) Nikodym, loc. cit., 179.

(3) Cf. Saks, loc. cit., 255.

(4) Cf. ibid., 257.
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then | fdu@ = | fnewas@) ,
when svf(x)d,u(U) is finite.

To prove this, it is sufficient to consider the case where f(4) is
non-negative. First, assume that f(2) is bounded, and

JA <M  for all 2eV.

Put $(0) = | _Andu@),
and define V¢ and £,(4) as in the preceding section. Then
Jpd) = 27P(n—1) <M, 1)

and {f,(2)} converges uniformly to f*(2) which is equal to f(4) except
the points of set H where u(H) = 0. Next, divide V into the sum of
sets contained in &, such that

VWP +WP+. ...+ WS +....
where 27(m—1)B(U) < w(U) £ 27?mpB(U) (2)
for all subsets U of W, contained in &. And put
9, = 277(m—1) when 2eW® m=12....)

for any positive integer p. Then {g,(4)} converges uniformly to g*(2)
which is equal to g(4) almost everywhere (5).

Now | f,(00.Dd8M) = S22 m—Dn—DRUVL W)
<3 2%n—-DuUVE) by (2),
< 4:(U) by (2) of the preceding section,
<2 nU V) . .,

<> 277mnp(U VP W) by (2),

= 3 27 {(m—1)n—1)+(m—1)+(©r—1)+1]8UVP W)

m, n

< | £OBOBL)+27U) + 27 MBU) +22R(U)
v by (1) and (2).
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Hence $(U) = lim jvfp(z)gpwdﬁ(m :

But, since the monotone increasing sequence {f,()g,(4)} converges to
S*()g*(2), we have

$(0) = |_F@o@ds@) .o

Since W(H) =0,

g*(A) =0 almost everywhere (8) in H .
But S =1 1) except the points of H ,
and g(d) = g*@2) almost everywhere (5) in V,
we have S)g() = *D)g* ) ” ”
Consequently, — ¢(U) = [ fdg@daw) -

Next, assume that f(2) is non-bounded. Put

SH@A) =13 when f()=M,
=M when S > M.

Then, since f(4) is bounded, we have
| rwauu) = | rmonds®) -
U U

But, since SUf(z)d#(U ) is finite, and the monotone increasing sequence
{fM(2)g(2)} converges to f(A)g(4), we have

j fAau(U) = j FAeWde(U) @
v U

Thus, we have proved the theorem.

Put o) = | 1@ = | raemdsw,
then JF@A)g(D = Dyydp(D) almost everywhere (8) in V,
and fA) = Dyun¢() except the points of H,

(1) Saks, loc. cit., 254.
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where w(H)=0. But
g@) = Dﬁ;U,p(z) almost everywhere (8) in V,
=90 ’ v in H.
Hence, we have the following relation :

Disund(2) = D, ) () Dspyu(d)  almost everywhere (8) in V.

Unitary Equivalence of Resolutions of Identity.

28. Let qi(U) and q2(U) be two completely additive vector valued
set functions generated by E(U), and E(U)bs = q(U). Then a necessary
and sufficient condition that W(q:) = M(qz) is that

a(U) ~a(U) , @

and bs belongs to M(qy).@

First, the condition is necessary. For, when M(q:) = M(q2), it is
evident that b belongs to M(q:). Hence, by sec. 11, b: may be expressed
in the following form

b = | Doy €A(T) -

Therefore, by sec. 16 qu(U) = L] Doy €D (U) -

Hence, we have a(U) < a(U) .
Similarly, a(U) < o(U) .
Consequently, a(U) ~ a=(U) .

Next, the condition is sufficient. For, since b2 belongs to M(qy), it
is expressed as follows:

(1) In this paper, I use the following notations, which are used by Stone (loc.
cit., 214): When oy(U) is absolutely continuous with respect to o(U), we write
6)(U) >>6o(U), and when o(U) >a(U), oy(U)>>6,(U) both hold, we write
(U ~ () .

(2) Cf. Stone, loc. cit., 244.
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by = j Do §@da(U) ,

where §U) = (b2, 1)) - )
Hence q(U) = SUDOI( 0§ dai(U)
and o) = | | Doy &) Fden(T) - @

Let E(U)b; = q1(U), and let a be the component of b; contained in
W(Qﬂ Then

a =j Doy E(A)daa(U) @)
4

where ) = (bh () .

But  L(U) = (b, E(U)bs) = (E(U)bs, bz) = (au(T), bz).

Hence, form (1) cU) =¢).

Then, by sec. 27 D&L_,(U)C(A)DUI(U)O?(R) =D01(L7)E(A)

almost everywhere (o1). Hence, by (2), we have

Doy () Do 1y §(A) = 1
almost everywhere (0y). Therefore, from (3) and (2)
lalP = {1 Doyionc@ PdosU) = | | Duyw €O Doy 60 dor(U)
= | da®) = l1a1.
v
Consequently, a="0.
That is, b; belongs to M(qz). Hence q:(U) = E(U)b; belongs to M(qe).
Therefore PVi(q) = Vige) -
But, by the assumption b belongs to M(ay), therefore
Em(CIz) < Em(CII)
Consequently, Di(q1) = M(q2) -
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29. Let {m(U), q2(U), ..., q{0), ... } be an orthogonal system,
generated by a resolution of identity E(U). When >10,(U) converges

to a finite value, say o(U), for all Borel subsets U of V, then by sec.
20, >1q:(U) converges strongly to a completely additive vector valued

set f:mction, say q(U), with base o(U), which is generated by E(U). If
f is orthogonal to all M(q;), then

(f, 0:(U)) = 0 forall U, (G=1,2 ....).

Hence (f,a(U))=0 for all U.

Therefore, fis orthogonal to M(q). Consequently
MADEMa)EM)F oo . M) S ...t . (1)
Now, if V=Ve+Vi+Vet....+Vi+....,

and (Vi) =0  when i-Fj ;:gz ;: g: ), (2)
then M) = M) M@ B ... MO E .... .

From (2), qUV) [=120(UV3) = qiUV3)
and a(U) [=1] ; 0 (UV3) = q(UV)) .
Hence qUVy) = qU) .

Let f be any vector which is orthogonal to M(q). Then

(f, q(UVj)) =0 for all U.

Hence (f, q,-(U)) =0 for all U.

That is, f is orthogonal to M(q;). But, this relation holds for all 7,
we have M) 2N M) S ... M) B .... .

Consequently, from (1), we have the required result.

30. Let {q‘”(U), @@, e, qNU), ... } (1)
be an orthogonal system in . When

cO(U) > c®(U) > v = TU) > ...,
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then (1) is called an ordered orthogonal system. In this connection, we
have the following theorem:

Let E(U) be a resolution of identity. Then there exists a complete
ordered orthogonal system in O, generated by E(U).®

By sec. 18, we have a complete orthogonal system
(@), 00), ..., (U), ... 1)

in §, generated by E(U). We may assume that S1ei(U) converges.
For, if >)6(U) does not converge, take a sec’;uenée {e;} of positive
numbers  such that >1clo:i(U) converges; and take the complete
orthogonal system '

{aa(0), eqU), ..., aql), ....}

instead of (1). ,
By the so-called regularizing transposition,® we replace (1) by an
orthogonal system

{(a0@), o), 0T, ..., @), ....|
generated by E(U), which has the following properties :

() M@G™) contains M(q;) and certain subsets of M(q2),
M@z)y ---- s

B M) S M) (t=2,38,....);
M M) SN S .... MM ...,

=M EM@PE.... e M@) R ....;
©® oOU)>NT) =23, ....).

The regularizing transposition can be described as follows: Each
function of (1) is to be resolved into two components p{’(U) and a{"(U)

such that q'i(U) = pM(U)+q2(U),

(1) Cf. Stone, loc. cit., 2560.
(2) T am indebted for this process to Stone (ibid.), but I have simplified the
proof.
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the closed linear manifolds M(pP) and M(qP) are orthogonal, and
M(a:) = M(p{) & M(af) -
This resolution is accomplished by induction. We first put
pP0) = a(U), o(U)=0.

When the mutually orthogonal vector valued set functions p(D),
(), p(U), a®(U),. ..., p (), a®,(U) have been defined, we put

wWU) =:2__11p;:>(m . plU) = [ [P

and (U) = Pi‘(.U) +ay(U) .

Let W; (i >>1) be the set of all points 2 of V where the Baire’s function
D+ pi(2) = 0. And put

W) = aUW),  of(U) = s U-UW)) . (@)
Thus we have a sequence of Borel sets
Wey, Way cove, Wiy oenn
Since p,(W,) = 0, it must be that
pPi(Wy) =0 when 1< p.

Hence D-;1)pi(4) =0 almost everywhere (r;) in W,, when ¢<{p.
Hence, if we put

Wi= Wi+ Wi+ ...,

D+, pi2) = 0 almost everywhere (), therefore, of course, almost
everywhere (o), in W;/. Hence

w(Wi—W;) =0.
Therefore, from (2)
pOU) = q(UW),  o(U) = q(U—TUWY) .
And Wi= Wiy (=238 ....).
Put Vo= WiWs...Wi...., Vi=V—-W},
Vi=Wi—Wi, Z=23,....).
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Then V= Vot Vikenoo + Vi
and O(V)=0  when i=j (;:(1) 122) ®)
For, since wWW) =0,
we have pO(W) =0 when j<q.
Hence p(Vy) =0 when 71,
and pP(V)) = 0.
Since Vie V— W, when 0<e<7g,
and pP(U) = a(UW?) ,
we have (V) =0 when 0<i<j.
Since ") = juh(wn(l)dqz'(U) ,

(O = | {1—hap()}dad0) ,

by sec. 16, p(U) and q{"(U) are generated by E(U), and are orthogonal.
And M(pP), M(q?) are contained in M(q;). Hence

M(gs) = MPPY) € ML) .

Since 0:(U) = pP(U)+a’(U) ,
we have M) = MEP) & M) -
Therefore, ' M(q:) = MOP) & Di(q?) .

Since p{(U) belongs to M(q;) for any value of ¢, and >loi(U)
converges, by sec. 20 31 p®(U) converges strongly to a vector valued

set function, say q(“(lf ), generated by E(U). And since (3) holds, by
sec. 29,

M) = MEPM) S MEM $ .... T MEP) & ... .

Then {q(”(U), ™), ), ...., a8, ... } is an orthogonal
system generated by E(U), which satisfies («), (8) and (v).



152 F. Maeda.

To prove that (§) holds, I will shew that q{’(U;) = 0 for any Borel
set Us; where qW(Uo) =0 . Since
aP(U) = q(U-UW) ,

when Uy & W;, we have q™(U;) = 0. Hence we may assume that
Uy V—W,;. Then

D pid) > 0 in Us. @
And, if DU +0,
then, since WUy = q:(Ty)
we have (Uo) =+ 0 . ()

Hence, from (4) and (6), we have
pi(Uo) -+ 0, that is, 1(U) =0,
which contradicts the fact: ¢q®(Us) = 0. Therefore, it must be that
aP(Ug) =0 .

Next, consider the orthogonal system {qé‘)(U) a0y, ...., (U),
.. } generated by E(U). Then, since

oP(U) < oi(U) (=23, ....),

Za{"(U) converges. Hence by the regularizing transposition, we have
an orthogonal system {q‘z’(U) a@(U), ¢(U), ...., (), . } gener-

ated by E(U), which satisfies the correspondmg conditions (a) 3, (y),
and (8). But

a) [=1p8(0)
where q(U) = p@(U) +q2(U) (t=2,8,....),
@(U) and q@(U) being orthogonal. Hence
a(U) > o(U) > =P(U) (=23 ....),
where 7?(U) is the base of p@(U). And we have
s(U) > a?(U) .
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Next, from {qu’(U), a2, ..., 20, ... } by the regularizing
transposition, we have {q‘a’(U), a(U), ¢&(0), ..., aU), ... } and
sO(U) > o (U) .

Repeating this process, we have the required ordered orthogonal
system

[00@), ¢@@), ..., D), ....} .

31. Let  {a(U), aU), ...., q(U), ....} )
and (@), O, -, GO, ....)
be two complete ordered orthogonal systems in O, generated by E(U), then
ai(U) ~ d{U) =12 ....).0

Let b, = g}(V), and expand b with respect to (1), then by sec. 12,
5 [=12 | Doyr & WdaV) ,
where EN(U) = (b}, 0:(0)) (i=1,2....).

Hence, by sec. 16
AUV) = BOW, (=1 | Deyon & DdaU) - @

When v =1, we have

Q) = 3 | | Do 6 1 do(D).

But a(U) >a(U) > ceo. >=a’U) > oot
hence, we have a(U) < a(U) .
Similarly we have a(U) < a(U) .
Consequently, a(U) ~o(U) .

Next we shall shew that if
ai(UN~al(U) =12, ....,n),

(1) Cf. Stone, loc. cit., 258.
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then on(U)~ah 11 (U) .
Assume that the relation
oni(U) > a1 (U)
does not hold. Then a Borel set W exists such that
on(W)=0 and o, (W)=0.
Then a Borel subset W' of W exists, where o,.1(W’)=2=0, such that
" Do,y o0 n1() >0 (3)
at all points of W".
Now Do,@noi@ >0 4

almost everywhere (¢1) in W7, for all values of i< :. For, if
D, 1oi(2) =0
at all points of a Borel subset Wy’ of W/, where o:(Wo')==0, then
(W) =0.
Since o7,.1(U) < o(U), we have
o a(WH =0,
Hence D, ) 051(2) =0
almost everywhere (o1) in Wo/, which contradiets (3).
Let U be any Borel subset of W’. Then, since
olU) = 0 G=n+l, n+2, ....),

we have, from (2),

1=

) = 33, 1Dor 8D [ dos(V)

= | 331001 69D F Doyy i@den(V) ,

(1) Since o/(U) > o/n+1(U) and o(U) ~o(U), wehave o (U) > o/ni(U).



Theory of Vector Valued Set Functions. II.

and 0= (q0), 60)) = 2| Drn? (W) Doy 8@ V)
= | 32 D1 80) Do) 887 Doy s den(U)

when p==v. Hence
Do 1yay(d) = 121“ [ Do, @)€¢ (A) P Doy 0ild)

(5)
0= 12.,} Do 116 (D) Do) € A) Do,y oild) (),
almost everywhere (o1) in W/, where u, v=1,2, .....
Since (3) and (4) hold, by means of the abbreviations
1
Dc 0’1(2) z
A = Doy 8090 | T 7N,
@& \ D004 @)
s~ Do,anai(d) 11
xi = Da~ 1(',n+1) z {*‘“‘_'(U‘)' — 2 ]
(&P @) Doyl
wherei,»=1,2, ...., n, (5) reduces to the system
i Auizvi = 8;!.\4 ) ]
n =1 7 (6)
and SAum=0, XlmP=1, |

where p,v=1,2, ....,n.’

156

If we interpret (x;, %2, ...., Z») as a point in 7 -dimensional
Euclidean space and {A,;} as the matrix of a linear transformation T
in this space, then (6) signifies that the point (z1, @2, ...., x,) is at unit
distance from (0, O, ..., 0), that the transformation T is isometric, and

T carries (21, %2, ...., ) into (0, 0, ...., 0). But this is absurd.
Hence, it must be that ronH(U) >ota(U) .
Similarly, we have ahlU) > 0,a(U) .
Therefore, ani(U)~a, A(U) .
Consequently, by mathematical induction
oi(U)~oi(U)

for all values of 2.
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32. Let E(U) and ExU) be two resolutions of identity. And let
a1(U) and q2(U) be completely additive vector valued set functions generated
by Ei(U) and Ex(U) respectively. There exists an isometric transforma-
tion V with domain M(q1) and range M(qz), such that

VE(U)V = E/U) f
Jor all vectors f in M(qz), +f and only if
' o(U)~o(U) . © 1)
First, the condition. (1) is necessary. For, put
a=Viph,
where b; is a vector such that |
E(U)b: = q2(U) .
Then HE(U)a, | = [| EU)V | = || VEA(U)V b |[?
= IB(Uelf = o(0) . @)
But, since q; is a vector in M (q1), a; can be expressed in the form
a1 = | Dayn 60 .
Hence (U)o = | Dayne0dan(D)

therefore, by (2) o(U) = le D, 1)§@) Fde(U) .

Consequently, o(U) < a(U) .
Similarly, a(U) < e(U) .
Therefore, o(U)~os(U) .

Next, the condition (1) is sufficient. For, if we put

ti = [ {Donant®) da®) ,

then b} belongs to M(qy). Let
qi(U) = Ei(U)by,

(1) Cf. Stone, loc. cit., 244.
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then AT) = | Doyr o) = (V) -

Therefore, since oi(U)~o1(U) and b] belongs to M(q1), by sec. 28
M) = M(ay) .

M(q1) and M(qe) are isomorph to La(cf) and Lolos) respectively.? But,
sinee o{(U) = o2(U), we have L(cl) = L(s2). Hence, we can difine an
isometric transformation V with domain M(qi) and range M(q2), such
that, if f be a vector in M(qz2) and expressed in the form

i= | Done@da®),
then V1§ = gVD,,f(U,é(z)dq{(U) .
But  BiU) = | Doy @da(l) = | Der€han@daelD)

BV = | Dogr¢@dai(U) = | Doy &@r Wdai(U) -

Hence, by the definition of V, we have
V3E(U)f = E(U)V,
that is, Ex(U)j = VE(U)V{

for any vector f in M(qz) .

33. Let {of(U), o (U), ..., a®(U), ....} and {a®(U), o(U),
cee,q2W), ... } be two complete ordered orthogonal systems gener-

ated by ENU) and E@(U) respectively. There exists a unitary trans-
Jormation U such that

UEY(U)Uf = EYU) f 0y
for all vectors f in O, of and only if
c(U)~a2(U) =12, ....).@ 2)

(1) Cf. sec. 11.
(2) Cf. Stone, loc. cit., 263.
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First, the condition (2) is necessary. For, put
af? = Upf ®
where b is a vector such that

E“)(U)b?) —_ qgl)(U) .

And put p@(U) = E@(U)a? , (4)
and pA(U) = llpP(U) |1 .
Then (»@(U), p2(U")) = (EA(U)a?, EP(U")af)

= (U7E® (U)o, UTE® (U)af?) ,

by (1) and 8) = (EOU)LL, QUL ) = (q0(T), ¢(TY)).
Hence (»(U), pPU")) =0 when  ij,

and pP(U) = e®(U) . 6))
Therefore, p(U) > pPWU) > oo > p2U) > .

That is, @), pP), ..., pRWO), ..-.| 6)

is an ordered orthogonal system generated by E?(U).

Let f be any vector in §, and let U™ { be expanded with respect to

(@), PO, -+, GO, .}

then UI=13 | Do 6040 )
where &(U) = (U, o®(U)) (=12 ....).
But (U, aP@)) = (1, UE® (W60 ) ,

by (3) | = (i, UE»(U)Ua?),

by (1) = (1, E2(U)a®) .

Hence &0 =(,p2M) (=12....). (8)
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And from (7) =13 | Doy &@da®(v) ,
by sec. & (=13 | Do &@AUE® (@),
by (1) (=13 | D &0EEC @YU

by (). Wand 6) (=13 Do &QRLD) -

Combining with (8), by sec. 12, we see that (6) is complete in . Hence
(6) is a complete ordered orthogonal system in 9, generated by E?(U).
Consequently, by sec. 31

pP(U)~a2(U) (=12 ....).
Hence, by (5) e(U)~eP(U) =12 ....).

Next, the condition (2) is sufficient. For, since (2) holds, by sec.
32, for any value of %, there exists an isometric transformatiou V; with
domain M(q") and range M(q?), such that

V.ENU) Vi, = E®U)T; (9)

for all vectors f; in M(q?). Let g be any vector in 9, and g; be its
component contained in M(q?). Thus

gl=lm+g+....+g+..... (10)
Since V.g; belongs to M(q®),
V191+Vzgz+ e +Vigi+ e .

converges strongly to a vector, say Ug. Then the domain and range
of Uare $. Let§ be another vector in $, and as (10) let

H[=101+0e+. ... +0it.... .
Then, since  (Ug, UH) = 33 (Vigs, Vib) = 3 (i, 5) = (6, 9) ,
U is a unitary transformation. And
E?(U)Ug [=]1E?(U)Vigi+ E?(U) Vage+ ... . +EQU) Vigit+ ... .

Since the component of E®(U)g contained in IMM(qM) is EN(V)g;, we
have
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UENU) g [=]1V:iE®(U) g1+ VE?(U) ge+ . ... + ViEQ(U)gi+ . ... .
But, from (9) V:EN(U)g: = E@(U) Vg =12 ....).
Consequently E®(U)Ug = UE®(U)g .

Let Ug=f,
then E®(U)f = UE®(U)U'f;

that is, (1) holds.
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