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I. 

Let us suppose that A(t) = ((a;,,;(t))) is a £-integrable matrix of t in 
an interval (p < t ~ r), and Y 0 is any matrix.<1> Here the order of the 
product of matrices is read from right to left.<2> If we put 

we have 

Y" = IT {I+ (tk-tk-1)A($k-1)} Y 0 and tk-1 ~ $k-l < tk, 
k~1 

r 

y = lim Y"' = ~J (I+ A(t)dt) yo = lim IT /tk-tk--1) A<,k-1> yo . (1) 
rn •oo rn---,.oo k = 1 

p 

The above defined Y is called the product integral of Y 0 with respect 
to the matrix A(t) from t = p to r. Then we have as Caque-Fuchs's 
expansion of Y 

A r t 

J (J + A(t)dt) Y 0 = {I+) (A(t) j A(t1)dt1)dt+ . ••• } yo. (2) 
1) 1) p 

Now we shall express the product integral of matrices in the form of 
an expansion using differential operations instead of the integral oper
ations shown in (2). Form (1), 

Y = lim { (J + A.(tm-1).Jt) • ••• (I+ A("t:!).Jt)(I + A(t1)Jt)(l + A(to).Jt)} 
, 111,➔00 

(1) L. Schlesinger, Math. Zeits. 33 (1931), 33-61; 35 (1932), 485-501. 
(2) This is the opposite of the usual order. 
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where 

But since 
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Jt = r-p • 
m 

I+A(to)Jt = I+A(t1)Jt-( ~) Jt+o(Jt) 
t-t1 

= {(1- j-Jt) (I+ A(t)Jt)} +o(Jt), <1> 

t-t1 

therefore we have 

(I+A(t1)Jt)(l+A(to)Jt) = {(1+ (A--:t )Jt)(I+AJt)} 

+(I+ A(ti)Jt) o(Jt) ; 

similarly 

t-t1 

(l+A(t2)Jt)(I+A(t1)L1t)(I+A(to)Jt) = {(r+ (A- :t )Jt)2(I+AJt)} 
t,,t2 

+(I+ A(t2)Jt) o(Jt) 

+ (I+ A(t2)Jt)(I + A(t1) o(Jt) . 

And therefore we have 

Y = lim tfl(I + (A - d )Jt)m-(I + AJt) 1( 
m-oo dt' 

t~tm-1 

+(I+ A(tm_i>Jt) o(Jt) 

+(I+ A(tm-1)Jt)(I + A(tm_z)Jt) o(Jt) 

+ .......................... . 

+ (I+ A(tm_1)Jt) . •.• (I+ A(t1)Jt) o(Jt) l 
(1) Since the operations are read from right to left, it may be adequate to write 

( A - :t ) in the form ( A- !t I) . 
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+ Em-I o(Jt) + Em-2 o(Jt) • • • • + EI o(Jt) l · 
where 

Ei = (I+ A(tm_i)Jt)(I + A(tm-2).lt) . . • •(I+ A(ti)Jt) • 

Since from the assumption that E1, E2, .... , Em-I are finite, we 
have 

(3) 

When Y0 is a function of t, we have similarly 

{ 
(A-A)(r-p) \ 

y = e dt yo(t)/ (4) 
t=r 

The formulae (3) and (4) have been written formally, therefore, we 
must prove the convergency of the series 

B = {r + (r~p){ A-1t)+ (ri!p_)2(A--:t )2 + .... } (5) 
t-r 

We.know that<I> 

[B] <[I]+ Lr-_,rl[A--lf_] + I T_-t 12 [(A- d )2 I+ .... ' 
1. dt 2. - dt _ 

and the ratio of the (q+ I) th term to the qth term 

(1). We adopt the notatian [ ] used in Math. Zeits. 33 (1931), 31. Also cf. the 
foot-note on p. 2 of this paper. 
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[( d )q] [( d )q-t [ d ( d )q-1] A-- [A] A-~ + -- A- · 
I r-:::--~J __ di -<I r-:El_ ___ dt dt dt_ . 

[(A- :t y-1J = q [(A- :t y-1] q 

(6) 

Now we assume that there exist certain positive numbers Mand 'IJ, and 

define the functions :;P aii so that they satisfy the relations 

where 

I _!}!'_a·· I> I d~ a·· I , dtP '3 · -- 1 dtP •J i 

and 

I dP - I 
. --a;j· = TJ 
! dtP I 

(l, p = N +1. ... 

Then we have from (6) 

Ir-pl 
·~-·-·-··-

q 

dl -
M-d1 aii , 

t 

when : dP I 

1 --- ai1·,>1J, 
i dtP ,~ 

when 

i, j = 1, 2, .... n) . 

I r-p I [A]+ I r-p I M . 
q 

(7) 

Therefore we may conclude that the right hand side of (5) is absolutely 
and uniformly convergent in the interval of t defined by 

It-pl< ! . 
So we have the 

theorem 1 : If there exist M and r, satisfying (7), then in the interval 

I t-p I< .if the following relation holds 
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r 

{ Y(t) } = 1 (I+ Adt) yo(p) = {/A-ft )<r-p) yo(t)} 
t~r p t-r 

= ( f J + (r~_Pl( A- __<l_)+!!-Pi2(A - d )2 + .... l yo(t)}<1: (8) 
l 1 ! \ dt 2 ! dt J 

t~r 

Now we will proceed to apply this theorem to the theory of parallel 
displacement of vectors in general manifolds. In the manifold, let 
v;-;dx be a vector at the point x>- +dx>- which is parallel to the vector v>
at the point x>-. The equation of the parallelism is given by 

-, (J,1- ( a ~>-+r.>-)d ,l µ} 
Vx+dx = \ Oµ - cJX"Vµ. µ> X f V • (9) 

x-x+dx 

We will call such a parallelism a point-parallelism in distinction from 
that called a non-point-parallelism which will be treated in the latter 
part of this paper. 

Using theorem 1, we will derive the formula for the parallelism at 
a finite distance along a curve xi = f,;(t) starting from a given initial 
point P. Substituting the equation xi = fit) into (9), we have 

Therefore, if we put 

-((r;J~)) = A(t) and 

(1) When yo (t) is a constant matrix, (8) can also be obtained from the following 
equations: 

-dt-AY= 0, 

{ 

dY 

(p-r) dY (p-r)2 d2Y 
Y(p) - Y(r)+ l ! ( dt). + . 2 ! ( dt:J + .... ' 
Y(p) = yo_ 

n 
(2) r~,f, means ~ rtJi 

i-1 

(3) By our assumption p. I, (( vµ)) = ( vi v2 •••• vn) 
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we know that the expression for the parallel displacement of vector 
from P(t=p) to Q(t=r) along the curve xi=f.(t) is given by matrix 
equation 

V(P, Q, /;(t)) - (J (1~((11,J;))dt)} V(p) , (10) 

t~r 

where the notation V(P, Q,f;(t)) represents a vector obtained by the 
parallel displacement from P(t=p) to Q(t=r) along the curve. 

Then by theorem 1, (10) is written in the form 

- { ((ft- /;~+r~~J~))(p-r) }(1) 
V(P, Q, j.(t)) = e V(p) , (11) 

t-r 

or 

f (( a_ ,!- , r!- r'))<p-r) , 
V(P, Q,f;(t)) = le dt or,~ µv v V(t)} (12) 

t-r 

So we have the 
theorem 2 : Given a vector field V(t) on a curve xi=J;(t), the vector at 
t=r parallel to V(p) along the curve is given by the equation (11) or 
(12). 

The formulae (11) and (12) may correspond to Taylor's expansion 
in the case of a parallel vector along the curve xi=f;(t)<2>. 

As an application of the formulae (11) and (12), we shall consider 
the problem concerning the curvature tensors. When we calculate the 
curvature tensors in the usual manner, a difficulty arises<3> but it will 
be seen that the difficulty does ·not occur when we apply the formulae 
(11) and (12). 

Let V be the vector which returns to the initial point after moving -around the circuit EFGHE parallel to V. If we put 

A1 = t1~01~ + Itv(u, v)1: )) , 
(1) The equation (11) is obtained by a method similar to that of the footnote on 

p. 5. 
(2) Ruse: Proceedings of the London. Math. Society, 31 (1930), 225. 
(3) See the foot-note in the next page. 
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and 

we easily obtain 

v-v = {ebeae-be-a}v-v = {1+(ba-ab)+ .... }v-v 
u=uo uduo 

(13) 

where the dotted terms are higher than the 3rd degree in (u1-uo) and 
(v1-vo). When the circuit becomes infinitesimal, we have for (13) by 
putting (u1-uo)=du and (v1-vo)=dv 

(1) The result corresponds to equations (18), (20) in Math. Zeits. 35 (1932), 496, by 
I. Schlesinger. But if we calcute this after the usual manner (Schouten : Ricci Kal
klil, etc.) we have another result. 

V-V = (l+b)(I+a)(l+b)(I-a)V-V 

= (ba-ab)V-(b2+a2)V+ .. .. 

= ((R.;,~·/ 0;~• o;: (u1-uo)(v1-Vo)))V-(b2+a2)V-t- ..... 
u=uo 
v=vo 

• 
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(14) 

which holds good within the infinitesimals of the 3rd order. 
As shown in foot-not (1) p. 133, equation (14) can not be obtained 

by carrying round a vector along a small circuit, by means of equation 
(9) alone. 

II. 

In the case of point parallelism, the expression for the two parallel 
vectors at any neighbouring points on a curve is given by functions of 
the two end points only. 

Now in this section, we will generalize the idea of parallelism. 
The parallelism between two vectors on a curve xi=f.(t) even for 
an infinitesimal distance depends not only on the end points but on 
the behavior of the functions expressing the equation of curve-for 
example, it depends on the parameter of the curve, f;,(t) (i=l, .... n) 
and their successive derivatives, and other factors. To be more 
precise, if xi=J.(t) be the base curve, the expression for parallelism 
between two vectors V,0 , Vt at two points on the curve t=to and 
t = t respectively (not necessarily for an infinitesimal distance) is 
generally written in the following form 

where FA is a functionals depending on the end points, functions f;, 
and Vt0 • 

We will call such a parallelism a non-point-parallelism correspond
ing to the term "point-parallelism." But it must be noticed that 
this parallelism becomes different when the expression of the base ciirve 
is changed although the curve is same ; for, by changing the parameter 
t=h(s) the values of FA become different. 

(1) Eisenhart obtained this equation in his Non Riemmanian Geometry by the 
method of power series. 
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In order to promote our discussion reasonably, we make the follow
ing assumptions : 

(15) 

along the base curve with same parameter. 
Then from the assumption (i), F" must be linear with respect to Vt1 i.e. 

or = F; I [t1, t ln(u)] I vr. 

Or using the matrix symbol, if we put ((F~ I [11] I)) = F, the above 
equations are written in the following forms: 

( i )' Vt = FI [t1, t lf;(u)] I Yt1 , 

(ii)' FI [ti, t1 ln(u)J I =I, 

(iii)' FI [t2, t3 lf;(u)J IF I [t1, t2 I f;(u)J I =FI [t1, t3 lf;(u)] I . 

From these assumptions we can obtain, just as in the case of point
parallelism, the expression for the general non-point-parallelism in the 
finite distance by iterating the infinitesimal displacement (I+ Hdt) 
successively, i.e. 

t 

Fj[t1, tif;(u)]! = jU+Hdt) 
t1 

where H may be regarded as a matrix, each element ~H being an 
arbitrary functionals 

~HI [t, f;(u)] I (L-integrabel). 
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And by theorem I, we have 

- { (H- :ft I}(t- t1) } 
Vt= e V (16) 

t-t 

Since we have assumed that Ii and its derivatives with respect to 
its parameter are contained explicitly in ~H, now we will see how the 
parallelism may change its form by transformation of the parameter. 

For this purpose, consider an infinitesimal transformation of the 
parameter 

t = t' + ,,,(t')oa . 

Then the variation of (~Hdt)<1) is 

o (;1Hdt) = {-rqHrl(t)- ol!_1J(t) + :S '~H/ (t)f[(t)1J'(t) + .... at i • 

+ ~ r· '~Hfi<v> I [t I f;(u) Iv] lf[(v) 1J(v)dv 
'l, ••• 

+ ~ r: 1~H1[ (v) /["]I (f[(v) 1J(v))'dv 

+ ................. }atoa. (17) 

(1) o(Hdt) is calculated from the following equations: 

(A) 

j 

fi(t)=g(t1) = fi(t1)+ri,fi(t_') ·r;(t1)1\,+ .•• , 
dt1 

dgi(t1) = df;,(t') + (f/(l')·r;(t'J)'od ... , 
dt1 dt1 

_elf; = dgi(t') (l--·r;' (l') a.,)+ ...... •J 
dt dt1 

.................. 

.... ............. . 

'(B) 

The 3rd, 4th and 5th terms of (17) are derived from the 3rd, 1st and 2nd equations 
of (B), and the 2nd term of (18) is derived from (A). 
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As important special cases, consider the two following : 

(I) When S(~Hdt)=O by any infinitesimal transformation of para
meter, that is, the case in which the parallelism is independent of the 
change of parameter. 

From the arbitrariness<1> of function 17(t), we haue from (17) 

arH 
_q~= 0 

at ' 

-~H + ~ c~H.rf <tiff(t) + 2 1~Hf?<t>fnt) + .... ) = 0, 

~ { r: 1~H.ri(u"i) I [t lfJ(u) I u,,J /ff(u,,) 11(u,,) du,,i 

+ r: '~Hff (u •• J I [n] I (f/(u .. )1J(u .. ))'du+ .... } = 0. 

The 2nd equation of (18) becomes by an easy calculation 

~ (m-1) ~Am= 0 
m 

(18) 

where, if m is called the index of the term when it has the mfh, m~h, m!h, 

.... degree with respect to f/(t), Ii", fk"'(t), • • • • and m = ~ imi, 
i 

~Am is a summation of all the terms of the index m in ~H. 
(II) We will consider the case in which S(Hdt)=O for all the forms 

of 11(t) and f,;(t). 

For this purpose we have express the form of H more concretely. 
The most general form of the matrix H will supposedly be the follow
ing expression, on the assumption that an element of the matrix is ~H: 

(20) 

(1) (18) is obtained by the usual method for the calculation of functionals: i. e. 
by substituting 71(t), 711(t), .... for "ll(t), "ll'(t), .... , where 71(t), 711(t), .... have any given 
values in the neighbourhood of point t, and have the same values as -~(t), -~'(t), .... 
respectively almost everywhere at other points. 
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where 

and ti and t,, may be, in general, functions of t and uk (k > p). p p 

Next we denote by ~H0msf""n the summation of all the terms of the 
Si th degree with respect to f;(u), f;'(u) • ••• in ~H~, and if we denote the 

index of ~H~m•c•n by m, we easily see that m = ~ b3i • 
Ji 

Using these notations and substituting Pih for f; (pi being any 
constant), and variating continuously the values of f;(t), f/(t), fi/'(t), 

.... to any assigned values in the neighbourhood of t=t and leaving 
the values unchanged for the other points, we have from (18) the 
following relations 

(21) 

From the 2nd equation of (21) we see that 

for m + 1, 

and for m=l, H~•c•n do not necessarily vanish and in this case, from 

the definition of the index m, we know that ~H~•c•n can not contain 
f;"(t), f/"(t), . . . • and must be a linear homogeneous function of 
f;'(t), f/(t) ..... 
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Therefore ~H must have the following form: 

(22) 

where ~ bj. = 1 and ~H satisfy (21). 
i • 

Then we have the 

result: In a non point-parallelism, which does not change whatever 
changes of parameter occur according to every curve taken to its base, the 
general form of the equation of the parallelism is expressed by 

t 

Vt = { e (H-ff,)<t-ti> V} = f ( + Hdt) Vt1 
t-t t1 

where H is given by (22). 

As a special case, consider in which functionals ~H has the form 
as usually treated 

(23) 

where ti and ti are functions of t. p p 

Then from the last equation of (21), and taking account arbitrari
ness of 1J(t) andfi(t), we can easily see that ~H does not containf(u) and 
t explicitly. 

Therefore from (22) and (23), we have 

(1) I have presume that this is the most general form usually treated. 
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b- ··•b. 

h 1 "'7 b d rT.T 3l 3" t t h" h · th" w ere = ..::;..i ik an q.r.iic···i,. are cons an s, w IC Is no mg 
3k 

but - r;Jt (t) in the case of a point-parallelism. 

So we have the 

theorem 3: When ~Hof a non point-parallelism is expressed by (23), 
the parallelism becomes a point-parallelism when and only when the 
parallelism is independent of all transformations of parameter of all 
curves taken to the base. 

In conclusion I wish to express my hearty thanks to Prof. T. 
Iwatsuki who has given me his kind guidance. 
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