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Let fJ(E) be a completely additive, non-negative function of normal 
sets defined in a metric space R which is compact in itself, and be uni
formly monotone almost everywhere (fJ)(ll in a /3-normal set A. Let 
cp(E) be a complex valued set function which is absolutely continuous 

with respect to fJ( E). When j I D~<El ij,(a) 12 d,B(E) is finite, then it is 
A 

said that cp(E) belongs to the class 22(/3). If we define the norm 11 cp 11 ~ 
of ip(E) as 

l 

II</> 11~ = [LI D~(E)cp(a) l2 dfJ(E~r. 

and the inner product (ij,, "fr),, of two set functions cf,(E) and ..fr(E) as. 

then the space of all set functions of E2(f1) is a Hilbert space.(2> I will 
denote this space also by 22(/3) . 

In this paper, I first shew that all bounded linear transformations 
T defined in 2i.S) are expressed in the integral form 

Tcf,(E) = Ln:,(E'l~(E, a')D,1(E')cp(a')d/3(E'), 

(1) That is, the [:l-value of the set of poles of [:l(E) in A is zero. Cf. F. Maeda, 
this journal, 1 (1931), 3. 

(2) Cf. my previous paper "On the Space of Real Set Functions, " (this journal, 
3 (1933), 1-42), where "linear manifolds" is equivalent to "closed linear manifolds " 
in this paper. 
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and find the explicit forms of the kernels ~ (E, E').<1> 

Next, to investigate the properties of the characteristic functions 
of the bounded linear transformations, I extend the normalized or-

thogonal system{+, (E)} which has positive integer )) as parameter, to 

the normalized orthogonal system { lf'cu>(E)} which has set U as para

meter. In respect of such normalized orthogonal systems I have 
several theorems to submit. 

Then, I consider the spectra of the bounded linear transforma
tions. Ordinarily, the resolution of identity E(i.) is a function of point 
A. (z> In this .paper I define it as a function of set U, so that the charac
teristic functions of a bounded linear transformation depend upon the 
set U, which may be called the characteristic set of the transforma
tion. These characteristic functions correspond to what is called, by 
Hellinger,(3> the "Eigendifferentialform" of a bounded quadratic form. 
Using the properties of set functions, I prove the theorems concerning 
characteristic functions, obtaining results analogous with those of 
Hellinger. <4> 

In this paper, ~<E' (E) means ~(E, E') considered as a function 
of set E, E' being a parameter. Similarly for ~<E>(E'). And when a 
series 2i cf,, (E) converges ~trongly to cp(E) in the space 22(,8), I write 

> 
as follows: 

cp(E)[= ]E 2i cp,(E) [in 2i,8)]. 
> 

But, the words [in 22(,8)] are often omitted, when there is no possibility 
of confusion. 

Kernel of Identical Transformation. 

1. I first shew that (3(EE') is the kernel of identical transfor
mation in 22(,8) . 

(1) In the space of point functions of ll2'~). some of the bounded linear transfor
mations cannot be expressed in the integral form 

Tf(a) = LK(a, a1)fla1)d~(E1); 

for example, the identical transformation. (Cf. J. v. Neumann, Mathematische 
Grundlagen der Quantenmechanik, (1932), 13.) 

(2) Cf. J. v. Neumann, Zoe. cit., G2. 
(3) E. Hellinger, Orelle's Journal, 136 (1909), 242. 
(4) Ibid., 240-258. 
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Denote /3(EE') by Ci,(E, E') . Then 

D~u,:->fi(E, a') = 1 when a' is a point of E, 

= 0 when a' is not a point of E. 0 > 

Hence r Dll(E')fi,(E, a')D~(E')¢(a')dfJ(E') J .11 

= l D,,<w>¢(a')dfJ(E') = cp(E) , JE 

for all set functions cp(E) in <i!:lfJ). This equality shows that 
Cf(E, E') = fJ(EE') is the kernel of identical traneforrnation. 

Kernels of Bounded Linear Transformations. 

2. To find the kernels of bounded linear transformations, I will 
consider the general case, that is, transformations of set functions in 
532(,8) to set functions in Bia) , where <i!:ia) is defined as follows. Let 
S be a metric space. which is compact in itself. Smay be different 
from R, or coincide with R. And a(U) be a completely additive, non
negative function of normal sets defined in S, and be uniformly mono
tone almost everywhere (a) in a a-normal set V. Then a set- function 
((U) belongs to 22(a), when ((U) is absolutely continuous with respect 

to (]"( U), and J I DatUJ ((-t) 12 dlT( U) is finite. 
V 

Let T be a bounded linear transformation, which transforms a set 
function cp(E) in £2(/3) to a set function ((U) in £2k), and Mr be its 
modulus, so that 

(( U) = Tct,(U), 

and ii c Ila~ Mr II¢ 11~. 

Of course, if 

[lim] c/>n(E) = cp(E),<2> 
n➔oo 

then [lim] Tqi,,(U) = Tcp(U) • (1) 
11,-~oo 

(1) In this paper, I omit the words "almost everywhere ((i) ", and I use the 
symbol ( = ), as signifying "equal almost everywhere(~)". 

(2) This means the strong convergence of { fn (E)} to ¢ (BJ). 
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Let {+. (E)} be a complete normalized orthogonal system in 22(fJ). 

Put 

t:.(U) = T'l/r,(U) (v = 1, 2, .... ) . 

Now, I will shew that ~ (, (U)+v (E) converges strongly as functions 
V 

of set E and of set U. 

Let { c, } be a sequence of complex numbers, such that ~ I c, 12 
V 

converges ; and put 

4>(E)[ = ]F, ~ c;i[r,(E) . 
V 

Then, by (1), 

Tq,(U)[ = ]u ~ cv(.(U) . 
• 

Therefore, for any set U, ~ c, C ( U) converges in the ordinary 
• 

sense.<!) That is, ~ cv (, (U) always converges when ~ I c, 12 is con-
• . 

vergent. Hence, by the converse of the Schwarzian inequality<2> 

:SI (v (U) l2 converges. Therefore~(, (U)-t, (E) converges strongly as 
V > 

functions of set E . 

Next, expand CfcE·>(~) = f](EE') with respect to {-t,(E>}. Then, 
since 

we have 

(Ctcs·> , +,),. = L D1,cE> Ct(a, E') D~<K> v.Ca)df3(E) 

= f D~<E> ;;,r---:.<a)df3(E) = +lE'L h, 

Apply T to C£cs·lE), then we have 

(2) 

Thus :S (. (U)~TE) converges strongly as functions of set U and 
• 

of set E. Therefore, it belongs to 22(<T) as a function of set U, and 
-- --- --~---------

(1) F. Maeda, this journal, 3 (1933), 4. 
(2) P. Nalli, Rendiconti di Palermo, 46 (1922), 69. 
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belongs to 22(fJ) as a function of set E'. Denote this function of two 
sets U and Eby St(U, E). Thus, 

St(U, E) [=]u,E LJ(iU)f,:{E) .(I) 
', 

Let cp(E) [ = ]E Li c;f,(E) , C, = (cp, y,}~' 
' 

be a set function in ~U fl) , then 

r D,,(E) ~·(U, a)D,,(E) cp(a)d/3(E) = Li (,(U)(cp' y,h 
JA " 

= Li c,(,(U) = Tf(U). 
" 

Hence St(U, E) is the required kernel af the bounded linear transforma
tion T.<2> 

Thus all bounded linear transformations have their kernels. I will 
call these kernels the bounded kernels. Then, the bounded kernel 
St(U, E) belongs to 2lfJ) as a function of set E, and its expansion with 

respect to a complete normalized orthogonal system {y, (E')} i; 

where C(U) are set functions in Bia), and ~c,(,(U) converges 
', 

strongly when ~ I c, 12 converges. In this case, of course, as proved 
', 

above, 

St(U, E) [=Ju ~ C(U)yiE), 
~ 

and St(U, E) belongs to 2ia-) as a function of set U. 

When T is a bounded linear transformation which transforms a 
set function in the class 522(fJ) to a set function in the same clase 22(/1) , 
its kernel ~(E, E') may be obtained by putting cp, (E) instead of C (U), 
where 

(1) This means that~(, (U) ,i,, (E) converges strongly to ft(U, Ji,') as functions of 
> 

set U and of set E. 
(2) ~e(U, E) is essentially equivalent to what is called by M. Plancherel "fonction 

generatrice". (Rendiconti di Palermo, 30 (1910), 303). J. Radon obtained Sl(U, E) 
from the standpoint of bilinear operations. (Sitzgber. Akad. Wiss. Wien IIa 122 
( 1913), 1384). 
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</>,(E) = Ty.(E) (1,1 = 1, 2, .... ) . 

Thus ~f (E, E') [=Jg. P.' L cpJEJy,(E') . 
' 

In the special case when Tis the identical transformation in 82((-J), 
since 

cp,(E) = y.(E) (1,1 = 1, 2, .... ) , 

its kernel must be by, (E) y, (E') , which is equal to (-J(EE') by (2). 
V 

Thus we have the same result as in sec. 1. 

3. Put St*(E, U) [ =]r,;, u b '1/r,(E)C(Uj, 
V 

and let ((U) be any set function in ~2(0-). Then 

{" 

I Daccr,St*(E, 1.)Dow/:0.)da-(U) = b ((, C)o'l/r,(E) (1) 
Jv ' 

for any ,8-normal subset E of A. Next, I will shew that (1) converges 
strongly. 

Let 

then 

Hence, 

Xn(E) = ((, (1)0'1/r1(E) + • • • • + ((, (n)oy-n(E) , 

TXn(U) = ((, (1)0(1(U) + • • • • + ((, Cn)o(n(U) • 

n 

(TXn, (),, = b I ((, (,)o 12 • 
,-1 

On the other hand, 

I (TXn, ()o j ~ II TXn II" JI (JI,,< Mr IJ Xn l/1~ ii ( Ila 

(2) 

= MTI tJ((.c):!; II ( ilo. (3) 

From (2) and (3) 

(4) 

= 
for any value of n. Then, since 2J I ((,(,)a /2 converges, (1) converges 

v~l 
strongly. 
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Therefore, Sf:*(E, U) is the kernel of a linear transformation which 
transforms any set function in 22{a) to a set function in 22(/3). Denote 
this transformation by T'\ Then, by (1) and (4), 

00 

II T*C Ill = ~ I (C. C),, i2 ~ Mf 11 C ii~ . 
>~! 

Hence, rx- is also a bounded linear transformation. 

Let cp(E) and C(U) be any set functions in 22((3) and 22(0-) respec
tively. Then 

T*C(E)[ = ]e ~ ((, C),;"fr,(E) . 
> 

Hence (Tep, (),, = b (cp, "fr,MC, C),, = (cp, T*()., . 
> 

Thereforce, r:- is nothing else than the so-called adjoint traneformation 
of T. Hence, the existence of an adjoint transformation for any 
bounded linear transformation is evident.<0 

4. Let S'e(U, E) be a kernel of a bounded linear transformation 
which transforms a· set function in 22(/:3) to a set function in 22(0-). 
Consider another class 22 (ro) of set functions, and let D ( W, U) be a 
kernel of a bounded linear transformation which transforms a mt 
function in 2la-) to a set function in £.(ro). Then, by sec. 2, st(U, E) 
and D( W, U) are expressed a~ follows : 

!t(U, E) [=Ju. E ~ C,( U) 't~(E) , 
> 

where { "1', (E)} and ( ,,fl ( U)} are complete normalized orthogonal 

systems in 22(/:3) and 22(0-) respectively, and 

(.(U) = Ts1 "[r,(U)<2> 

p[i( W) = T;;::171-'(W) 
---------·--

(i, = 1, 2, .... ) , 

(µ = 1, 2, .... ) . 

(!) Cf. I<'. Riesz, Acta Litterarum, Szeged, 5 (1930), 29. 
(2) Tit means the linear transformation with kernel St(U, E). 
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Put j vD"w>D(W, i.)Da<U)~(-<, E)du(U) = ffi(W, E), (1) 

then, since m( W, E) may be considered as Tse*D < w>(E) , we have 

Put 

then, since 

we have 

ffi(W' E) [ = ]E ~ (D(W) 'CJ,, "[r,(E) . 
• 

(D(W), (,),, = T,(W) ' 

(D,(W), (,),, = JV Da(U)D( W, .<)Da(U)(J.t)du( U) 

= TcC:.(W), 

T,(W) = TcC:.(W) [ = ]w ~ (C:,, 77µ),,pµ(W), 
µ 

and T, ( W) belongs to ~2(w) . 

(2) 

Let { c,} be a sequence of complex numbers, such that ~ I c, l 2 

converges, and put 

Then Tsiq,(U) [ = ]u ~ c,C:.(U) , 
• 

and 

hence by (2) (3) 

Therefore, by sec. 2, 

ffi(W, E) [ = ]E ~ T,(W)'[r,(E) 
> 

is a bounded kernel. Then, since 

ffi(W, E)[ = ]w ~ T.(W)'[r,(E), 
> 

we have ffi(W, E)[ = ]w,E ~ ~ (C, 77µ)0 Pµ(W)~(E') _(l) 
> µ 

(1) If rp(il(E, U) [ = ]E. u 2J q,ti>(E, U) and r/J(E, U) [ = ]E. u 2J <JJH\E, U), then I 
> (") i will write r/J(E, U)[ = ]E, u 2J 2J rJJ.' (E, U). 

i > 
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And (3) may be expressed as 

Now I will introduce the following abbreviation: 

LD~<mSt(U, a)D~<E)ep(a)dB(E) = Step(U) , 

J /Jo(U) D(W, A) Do(U) St(.<, E)da-(U) = DSt(W, E) . 

Then TStep(U) = Step(U) , 

and (1) and (4) may be written as 

Hence, we have 

DSt(W, E) = lR(W, E), 

D { Step( W)} = \Rep( W) . 

D{Step(W)} = { DSt }ep(W). 

(4) 

(5) 

Let :i'J(E, A) be a kernel of a bounded linear transformation which 
transforms a set function in, say class 532(,y), to a set function in 532(/3). 
And let S;,<A>(E) be put instead of ep(E) in (5). Then, since St-~<AlU) 

and { DSt }:i'Ju>(W) are nothing but St)Q(U, A) and { D.~} .\)(W, A), 

we have 

D {St:g(W, A)} = { DSt }~(W, A) . (6) 

Now, (5) and (6) correspond to 

Tc.Tsiep(W) = (Tc.Tsr)ep(W), 

and 

Hence, St and Tsr obey the same rules of operation, and we can use St 
instead of Tsr. In what follows, let St have two meanings, namely the 
bounded kernel St(U, E) and the bounded linear transformation with 
kernel St(U, E). 
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Extension of Normalized Orthogonal Systems. 

5. Let { y,(E)} be a complete normalized orthogonal system in 

5!:i/3). Then the condition of normalized orthogonality is 

where 

=0 

when 

when 

µ,=I)' 

And the condition of completeness in 22(/3) is 

where (v = 1, 2, .... ) , 

for any set function q,(E) in 5!:2(.B) . <1l 

(1) 

(2) 

But, the condition of completeness (2) can also be expressed as 

b y,(E)y,(E') [ = JE. E' B(EE') . 
> 

For, put fJ:,(E, E') = (3(EE') , and let 

ef,(E) = Ct<T£')(E) • 

Then, since 

(C:ru,'>• -.fr.)~ = j A D,icE> Ctu,,i(a)D,icE> y,(a)d,B(E) 

= L-P~c,,,·>+,(a)d,8(E)<2) = +:(E'), 

we have, by (2) 

(3(EE') [= ]E L "fr.{E)~;(E"). 
> 

(1) Cf. J. v. Neumann, loc. cit., 28. 
(2) Cf. sec. 1. 

(3) 
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From the symmetric property of E and E', we have 

fJ(EE') [ = ]E' L y-,(E)flE') . 
V 

That is, (3) follows from (2). 
Next, from (3) we have 

<f,(E) = Cr,cp(E) = ::8 (<f,, v,hvv(E) . ,, (4) 

But, { 'f'v (E)} being normalized orthogonal system, it is obvious that 

(4) converges strongly. Hence, we have (2) from (3). 

{ y-, (E)} is a system, whose parameter is a positive integer i,. 

Now, I proceed to extend this system to one whose parameter is a set U. 

Let 1-P(E, U) be a bounded kernel, then if we consider U as para

meter, { IJlw> (E) } is a system of set functions in 22(/3). Corresponding 

to (1) and (3), we may give the conditions of normalized orthogonality 

and completeness of { Pwi (E) } as follows : 
Condition of normalized orthogonality : 

( IJJ<m , IJJw'>):. = o-(UU') , (5) 

rr(U) may be called the base of the system { lf(m(E)}. 

Condition of completeness in 2i(3) : 

( I_P(E) , IJ!(E'))o = f)(EE') • (l) (6) 

By reason of the symmetrical property of (5) and (6) with respect 
to E and U, the complete normalized orthogonality of the system 

{1l'wl (E)} in 22((3) with base o-(U), is nothing but the complete norma

lized orthogonality of the system { IJ!<E> ( U)} in Bio-) with base /3(E), 

the two conditions being interchanged. 
Corresponding to (2), we may put 

cp(E) = j'VDa(ll)IJl(E, 1.)Do(U)(().)do-(U)<2> (7) 

where ((U) = Ln,,(E)IJl(a, U)Dwe)cp(a)df)(E). 

(1) The integration with respect to rr(U) corresponds to the summation with 
respect to v. 

(2) This is the extens:on of the so-called integral representation of functions. 
Cf. Plancherel, loc. cit., 297. 
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If we use the abbreviated form, (7) may be expressed as follows: 

where 

<j>(E) = 1Jl t::(E) 

((U) = IJI* </>(U) • 

But, this is obvious, for, since from (6) 

IJIIJ!*(E, E') = (IJl(E), IJl(E')),-r = /3(EE')' 

therefore we have 

<j>(E) = ( 1Jl IJ!*)<j>(E) = 1Jl P* cp(E) • 

6. If { Pw>(E)} is a normalized orthogonal systern in 532 (/3) with 

base a-(U), then IJl(E, U) is expressed as follows: 

P(E, U) [ = ]E. u ~ 'f',(E)1J,(U) , , 

where { 77,(U)} is a complete normalized orthogonal system in 532k), and 

{ +AE)} is a normalized orthogonal system in 532(/J). 

If, in additfon, { P<U) (E)} is complete 1·n 532 (/3), then { 'If', (E) } is 

complete in 'i.!.i/3). 
For, by sec. 2, we can expand the bounded kernel P(E, U) with 

respect to the complete normalized orthogonal system { 77, ( U)} in 

532(0-), i.e. 

P(E, U) [ = ]E, u ~ +,(E)11,(U), 
> 

where +,(E) = IJ!1J,(E) (v = 1, 2, .... ) . 

Then, by sec. 3, 

( 'If'µ , 'f',) 1, = ( IJlrJµ, 1Jl1J,)~ = (11µ , P* IJl11Jo . 

But, by the normalized orthogonality of { IJ1<U) (E) } 

P*IJ!(U, U') = (P<u'J, Pw>h = <T(UU'), 

we have 

Hence 

lJl*IJl11,(U) = 1J,(U). 

(1) 
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That is, { "f> (E)} is a normalized orthogonal system in 22(/3). 

Now, by (1), we have 

If { 1/'w> (E)} is complete in 22(/3), then 

( lf\m, lfl<E,,)" = /3(EE') . 

Hence, by (3) of the preceding section, { •h (E) } is complete in 22(,8) . 

7. Let { <Pcm (E)} be a system of set Junctions in 22(/3), and let 

<P(El ( U) be a completely additive Junction of u-normal set U. If 

(1) 

then { </J<u> (E)} is a normalized orthogonal system with base a-(U). 

To prove this theorem, it is sufficient to shew that (f)(E, U) is a 
bounded kernel. 

Let cf,(E) be any set functicn ie 22(/3). Then (¢, </JHn)~ is a function 
of U. Denote this function by ((U). 

Let U = U1 + U2 + .... + Ui + .... , 

then, by (1) 

when i=i=j. 

Hence, 

Therefore, 

That is, ((U) is completely additive. 

By (1), II <Pw) !!~ = u(U), 

hence, for a set U, where u(U) = 0, </Jwi(E) is a null function; there
fore ((U) = 0. That is, ((U) is absolutely continuous with respect 
to u(U). 

Divide V into the sum of u-normal sets, i.e. 

V = U1 + U2 + .... + Ui + . . . . . 
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Then, from (1) { ~:(~"} (i == 1, 2,.: ... ) is a normalized orthogonal 

system in 'iJz((3). Moreover the coefficients of the expansion of cf,(E) 
with respect to this system are 

(i = 1, 2, .... ) . 

Hence, by Bessel's inequalityol 

" l C(Ui)_I~. < -11 ...,_ 11,2. 
"T u(U;) = '.,... ~ 

But, since this inequality holds for any division of V, ((U) belongs to 
'>Jiu), and 

Hence 

((U) = (cf,, (/)un)~ = Lv1,(El </J*(U, a)D~cEJcj,(a)d/3(E) 

is a bounded linear transformation which transforms a set function 
cp(E) in 22(/3) to a set function ((U) in 22(u). That is, <P(E, U) is a 
bounded kernel. 

8. Lel cp(E) be a set.function in 22(/3), and { "t, (E)} be a complete 

normalized orthogonal system in 22(/3). Put 

(1) 

then { cf,, (E)} is a complete normalized orthogonal system in 'iJ2(,y), where 

,y(E) = JE I D~<Eicf,(a) 12 d(3(E) . 

To prove this theorem, put 

~(E, E') = cp(EE') . 

(1) F. Maeda, this journal, 3 (1938), 10. 
(2) Cf. E.W. Hobson, The theory of functions qf a real variable, I, third ed. 

(1927), 670. 
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Then D~<E>SB(a, E') = D,,<EJcf>(a) when a is a point of E', 

=0 when a is not a point of E'. 

Hence, { 'iS< E'l (E)} is a system of set functions in £2(/3), and 

L. D:•<E") ~(a", E)Di<E") i'P,(a'', E')df:l(E") 

_leE, I D~< E>cf>(a) j2 d/3(E) = 7(EE') . (2) 

Then, by sec. 7, { 'iSrn'J (E)} is a normalized orthogonal system in £i /3) 

with base 7(E'). <1J 

Now, by (2) 11 >H<w> I Ii = ,y(E'), and hence 'iS<El (E') is absolutely 
continuous with respect to ~;(E'). And 

D (•> ,11 (E ') 
D(s()l'') 'iS(E a') = __ J(FJ_~_~----' a__ 

T ' , D(s) r ') 
1,(F'l 7,a 

J _ _ D~(E')'P( a') _. _ _ 1 l = ~ D~IE') cp(a') 12 D~(E') cp(a') 
when a1 is a point of E, 

when a' is not a point of E. 

(1) A is •y-normal, and ~;(E) is uniformly monotone almost everywhere (7) in A. 
For, since iy(E) is absolutely continuous with respect to ~(E), and A is ~-normal, it is 
evident that A is 7-normal. Next, a finite symmetric derivative D!'!k> 'Y(a) exists at 
all points of A, except at these r;oints of H, where ~(H) = 0. (Cf. F. Maeda, this 
journal, I (1931), 11.) Let a be a point in A-H. Then 

Jim [ 'Y{U(a, p)} /y~f!.(11,, )~] = 1, 
P➔O HU(a,p)} ~{U(a,)p)} 

where l7 (a, p) is a closed neighbourhood of a with radius p, and ), > 1. Therefore 

l. 'Y{U(a,p)} 1. fJ{D(a,p)} 
tm . ~ 1m p.::;;i- ,y{U(a,)p)} ·1,➔0 HU(a,)p)}' 

Hence, B(E) being uniformly monotone almost everywhere(~) in A, ry(E) is uniformly 
monotone almost everywhere (ry) in A. (Cf. ibid., 3.) Since any ~-normal set is 
)'-normal, fB(EJ(E') is a completely additive function of ry-normal sets. 
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Hence j A D,<E"> ~(E, a")Dr(E"llf3(E ', a")d,y(E ") 

= j. . 1 ,, 2d,y (E"> = r , dfl(E")<1> = fl(EE'>. 
Ee-I D~<E">cp(a ) I JEE 

Therefore, by sec. 5, { ~< m (E)} is complete in 53z(fJ) • 

Then, by sec. 6, 

lf3(E, E') [ = ]E. E' ~ t,(E)cp~(E') [ in 22((:J) and 22h) ] , (3) 
• 

where { ,fr, (E) } and { cp~ (E')} are complete normalized orthogonal 

systems in 22((:J) and 22h) respectively. 

But, since by (3) 

cp~(E') = ~* +. (E') = Ln~(E) lf3(a, E')D~(E)'o/,(a)dfJ(E) 

= r D~(E)cp(a)D~(E)'o/,(a)df](E) = cp,(E') ' ]E, 

therefore, {ct>, (E)} is a complete normalized orthogonal system in 22(,y). 

(l) By the following theorem: Let ,y(E) be a set function which is absolutely 
continuous with respect to ~(E), then 

1 Ef(a)d'Y(E) ,= } Ef(a)D~(E)'Y(a)d~(E) , (1) 

when one of the two integrals exists. 
By the footnote of the preceding page, ,y(E) is uniformly monotone almost every

where (,y) in A. Assume that ~Ef(a)d·y(E) exists, and is equal to "/f.,E). Then x(E) 

is absolutely continuous with respect to ~(E). Since DWE) x(a) = D~!~ix(a) almost 
D~cE>'Y(a) 

everywhere (~). we have 

x(E) = ~ EDWli:) x(a)d~(E) = ~ E D}"(EJX(a)D,<k,iy(a)d~(E). 

Now DWli:)X(a) = fta) except for the points of set H, where ry(H) = 0. But D~•/E)'Y(a) 

= 0 almost everywhere (~) in H; hence 

x(E) = f f(a)D~(EJ'Y(a)d~(E) • )E 

By a similar method, we can prove (1), when f f(a)D~(El'Y(a)d~(E) exists. )E 
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Spectra of Bounded Linear Transformations. 

9. When a bounded kernel U(E, E') is equal to U%(E, E'), then I 
will call ~{(E, E') a self-adjoint kernel. In this case, since 

(~!cf>, cf>h = (cp, 2lcf>)~ , 

(~Icp, cf>h is real. Let the upper and lower bounds of ('2lo/, o/):, for all 
normalized set functions o/(E) in 22(/3) be Mand m respectively. Then, 
as F. Riesz proved,<1> corresponding to any bounded Baire's func
tion f().) defined in the interval m <). < M, a bounded self-adjoint 
transformation /{U), and therefore a bounded self-adjoint kernel 
f ('2l)(E, E'), exists. 

Denote the closed interval [m, M] by I. Let h<u> (A) = h(J. , U) be 
de la Vallee Poussin's characteristic function of Borel subset U of I. 
That is, 

h(;., U) = 1 

=0 

when ;. is a point of U, 

when ;. is not a point of U. 

Then, obviously h<~>(U) is a completely additive set function defined 
for all Borel subsets of I. On the other hand, h<ui(J.) is a Baire's 
function defined in I. Hence a bounded self-adjoint transformation 
hcu>(U) exists. 

From the definition, 

hence 

Then, since 

hcu>(;.)h<U'i().) = h<Um(J.) ; 

hwi(2I)h<U')(U) = h<Uui~l) . 

[ hwi(U) ]2 = he ui(U) , 

hcui ('2l) is a projecting transformation, which transforms all set 
functions in 22(/3) to their components contained in a closed linear 
manifold. <2l Since this closed linear manifold depends to U, I will 

denote it by IJRwi. That is, let { o/v (E) } be a complete normalized 
orthogonal system in 'JR(u>, and let cp{E) be any set function in ~M/3), 
then 

(1) F. Riesz, loc. cit., 31-36. 
(2) Cf. J. v. Neumann, loc. cit., 41. 
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If we denote this set function h!U>(&) cp(E) by fP(E, U), then <l>(ln(E) is 
a set function in 9.n1m, and <l><E1(U) is a completely additive set function 
defined for all Borel subsets of I. 

Let Uo be a Borel subset of I, such that h!U0i(&) does not vanish 
identically. If h<Ol(&) does not vanish identically for all open subsets 
0 of Uo , then I will call Uo the characteristic set of & , and the set 
functions of 9.n!Uo> the characteristic functions of ~r with respect to 
the characteristic set Uo • 

If the characteristic set Uo is composed with a single point Ao, then 
-<o belongs to the so-called point spectrum or discontinuous spectrum. 
The other points of the characteristic sets constitute the so-called line 
spectrum. or continuous spectrum. 

Let <P(E, U) and lJl(E, U') be any set functions belonging to 9J?<u> 
and 9.n!U'> respectively. Then 

(<P<u>, P(U'>h = (h(U>(&)<l>(U>, h(U'i(&)IJlw,>h 

= ( <l>w>, h< m(~) h< u'>(~) IJl< u-ih 

= ( <l><U> , hcrw>(~) IJlw-i)~ • 

Hence, if U and U' have no point in common, then <l><u> (E) and IJl<m(E) 
are orthogonal. That is, 9Rw> and 9.n<u'> are orthogonal. 

Hence, the closed linear manifolds which correspond to the point 
spectrum, are orthogonal to each other. The dimension of the space 
B2(/3) being denumerably infinite, the point spectrum is, at most, denu
merably infinite. 

10. Next, I proceed to find the relations between the spectra and 
the characteristic functions. 

From the definition of the integral, it is evident that, for any 
·bounded Baire's function/(i), 

J 1 f(i) duh(µ , U) = f(µ) , 

a.nd J .<duh(µ, U)<1> = µh(µ, Uo) , 
Uo 

(1) Here ), is a point function, whose value is), at point.> .. 
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where 1 .... duh(µ, U) signifies the integration by h(µ, U) as a function 

of set U. Corresponding to these expressions, we have 

and 

.\ r f(i.) duh(U, U) = f(~l) , 

f i.duh(U, U) = Uh(U, Uu). Juo 

Letf(;.) be). and 1; then we have from (1) 

L 1.duh(~(, U) = 21, 

)i duh(U, V) = Cr. 

(1) 

(2) 

(3) 

Hence, h(U, U) corresponds to the so-called resolution of identity .(1> 

Let cp(E) be any set function in r,;Jz((3), and put 

h(U>('!l)cp(E) = (f}(E, U) . 

If we apply (2) to cp(E), then we have 

f ;. du(f}(E, U) = 21 (f}(E, Uo) • 
• Uo 

(4) 

When, especially, Uo is a point J.o, (4) becomes: 

l.o (f}(E, i.o) = 21(f}(E, i.o) • 

Hence i.o is the so-called characteristic constant of 21, and (f}(E, i.o) is the 
characteristic function of 21 with respect to J.o. 

When U0 is not a point, (f)(E, Uo) corresponds to what is called by 
Hellinger<2> the " Eigendifferentialform ". 

When U1 and U2 have no point in common, then by sec. 9, 

Hence ((f}(U), (/J(U'))~ = ((f}(UU') +(/)(U-UU'), (/)WU') +(/)(U'-UU')h 

= ( (/}(UU')' (/)(UU') h . 
. -- ----~ ------ ----

(1) Cf. J. v. Neumann, loc. cit., 62. 
(2) E. Hellinger, loc. cit., 242. 
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That is, ( <fi<m , <JJ<u'> >~ is a function of set U U' ; denote this function by 
u(UU'), namely, 

( <JJ, u> , <f){U')h = u(UU') . (5) 

When 

then, since 

when i =j, 

= 0 when i + j , 

we have 

That is, u(U) is a completely additive, non-negative set function 
defined for all Borel subsets of I. 

Since </J(E, U) satisfies (5), by sec. 7, { _<fJ<U> (E)} is a normalized 

orthogonal system with base u(U).<n Hence, by sec. 6, <JJ(E, U) is 
expressed asfollows : 

<P(E, U)[ = ]E, u '2:i ,fr /E)11.(U) , 
• 

where {11, (U)} is a complete normalized orthogonal system in 2lu), and 
{ ,fr. (E)} is a normalized orthogonal system in >MfJ) . 

Denote the closed linear manifold, whose fundamental system is 

{ ,fr, (E)}, by IJ.n!I>. 

11. Let <P1 (E, U) be a characteristic function of ~ with base 
u1(U), then, as seen in the preceding section, we have the following 
expression : 

(1) 

(1) Since a(D) is a set function defined in the Euclidian space, the uniform 
monotonity of a(U) at I has no bearing on the problem. For, in the Euclidian space, 
we can prove the fundamental theorem between integration and differentiation with
out the condition of uniform monotonity. Cf. F. Maeda, this journal, 2 (1932), 33. 
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Let { t< (E)} be a complementary normalized orthogonal system 

in 'i!i/3) with respect to {+~n(E)}Y> Then, by sec. 2 we have 

where 

~((E, E 1) [ = h·. E' ~ <J,t1J (E)-tt1) (E7) + ~ <J,':(E)f~CE') ' 
V V 

<J,tll(E) =- 9! -tPl(E) ' 

ct,:(E) = ~£ -t~(E) . 
(J.! = 1, 2, .... ) . 

From (1), we have 

<P1 <P{(E, E') [ = JE. E' ~ +P>(E)+tfY(E'), 
V 

hence ~L (/JI {J)t(E, E') [ = ]E,E' ~ ct,Pl(E)fP'{E'). 
" 

Therefore 2t r/J1 <P?(E, E') is a bounded kernel. 

But, since 

~!r/J1(E, U) = Ju;.du<P1(E, U) 

= L).D0 ,(u)r/J1(E, ).)da1(U),(2) 

we have 

Therefore 2t <Pi <P/'(E, E') is a self-adjoint kernel. 

Then fil(E, E')-2{ </11 <Pt(E, E') [ = ]E, E' ~ ct,:(E)~(E') 
y 

is a bounded self-adjoint kernel. Denote this kernel by ~( (E, E'). 
Then, since 2t1 <P1 (E, U) = 0, (/)1(E, U) is not a characteristic function 
of 211. Let (/}2(E, U) be a characteristic function of 2t1 with base <T2(U). 

That is, 

(1) This means that 

·1--il)(E)' H1\E), ..... ' ,i,t1l(E)' ..•.. ' 't'~(E)' •j.,~(E), ..... ' •~(E), 

is a complete normalized orthogonal system in ll 2(~). 

(2) Cf. footnote, p. 258. 

(3) 
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Then, since ~(1 transforms all set functions in W,<111 into a null function, 
</J2cu> (E) is orthogonal to l.ln<111. Therefore, im</12 is orthogonal to illl</11 , 

and 

for any sets U and U'. Hence 

~<P2(E, U) = ~X<P1</Ji'</J2(E, U)+~1</J2(E, U) 

= ~h</J2(E, U) • 

Therefore, from (3) 

Ju J.du </J2(E, U) = ~l</J2(E, U) . 

That is, </J2(E, U) is also a characteristic function of ~(. 

Similarly, 

is a bounded self-adjoint kernel. Let </Ja(E, U) be its characteristic 
function. Then, as proved above, </Js(E, U) is also a characteristic 
function of 2(, and \m¢s is orthogonal to l.lR<111 and \m¢2 . 

By continuing this method, we get a system of characteristic 
functions of ~ 

</J1(E, U), rA(E, U), .... , </Ji(E, U), . . . . (4) 

so that any two of 

(5) 

are orthogonal. Such a system I will call an orthogonal system of cha
racteristic functions of 2!. Since the space 22(,8) is of denumerably 
infinite dimension, such an orthogonal system of characteristic functions 
is at most denumerably infinite. If there exists no characteristic 
function (/)(E, U), such that \m<II is orthogonal to all the closed linear 
manifolds of (5), then I will say that (4) is complete. 

Now, let (4) be a complete orthogonal system of characteristic 
functions of ~!. Then 
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(i=l,2, .... ), 

and ( .r.(i) .r.W) - O 
'Yt-t '"f'\I ,~-

for any different values of i and j. Let { +t0> (E)} be a complementary 

normalized orthogonal system of { +til (E)} (µ , i = 1, 2, ..... ) in B2(/3). 

Then WE, E') may be expressed as follows : 

~l(E, E') [ = ]E, E' ~ ~ <f,~i) (E)t{'5(E') + b <J,t0l (E)'tt'> (.E') , 
i \I \I 

where (i : 0, 1, 2, ...• ) . 
)) - 1, 2, 3, .... 

Since ?l<A</J/(E, E') [= ]E. E' b cW>(E)~f(E') , 
V 

~ 'Qf <A </J/(E, E') converges strongly as functions of set E and of 
i 

set E'. And 

~((E, E')-~ 'U</J;</J/(E, E') [ = ]E, E' ~ <J,t0>(E)-t~i(E') 
i \I 

is also a bounded self-adjoint kernel. Denote this kernel by ~lo(E, E'). 
Then ~io has at least a characteristic function, say {f)o(E, U). Then, as 
before, ~m<Po is orthogonal to all the closed linear manifolds of (5), and 
<fio(E, U) is also a characteristic function of ~r. But this contradicts 
the completeness of the system (4). Hence ~{o(E, E') must be identi
cally zero. 

Therefore, we have 

sii(E, E') [ = ]E, E' b \],</J;</J/(E, E) . 
i 

But, since, as (2) 

~{ </Ji<P{ (E, E') = ) 1 ;. Dc;wl </J;(E, l.)D,,;,;--;</J;(E', 1.)du;( U) 

(1: = 1, 2, .... ), 

we have 

~((E, E') [ = ]z.:. E' ~ j' ;.D!Ji(U)(f)iE, 1.)Da;wi</J;(E', l.)dui{U). (6) 
i I 



266 F. Maeda. 

(6) corresponds to the expansion of the kernel St:(E, E') of a com
pletely continuous transformation with respect to the orthogonal system 
of characteristic functions : 

~(E, E') [ = ]E, E' ::s Ai<P;(E)<Pi(E') , (7) 
i 

where </J;(E) is a normalized characteristic function of ~(E, E') with 
respect to the characteristic constant Ai .<1> 

When il!(E, E') has only point spectrum, it is evident that (6) is of 
the form (7). 

Properties of Characteristic Functions. 

12. Let { <f);(E, U)} (i = 1, 2, ..... ) be an orthogonal system of 

characteristic functions of fil, and a'i(U) be the bases corresponding to 
<f);(E, U). If b u;(U) converges to a .finite ·value u(U) for any Borel 

; 
subsets U of I, then a characteristic function <f)(E, U) of~{ wUh base u( U) 
exists, so that 

<P(E, U) [ = ]E, u b (/)i(E, U) 
i 

As in the preceding section, we can express <f)i(E, U) as follows : 

where (.1,(i) .1,U>). = 0 
..,, µ. • ..,, ',I 11 

for any different values of i and j, and 

~ 11ti) ( UfiF1CU') = <I'i( UU') , 
> 

Since u;(U) (i = 1, 2, ..... ) are completely additive, non-negative set 

functions, it is evident that u(U) is likewise so. Now, { +ti>(E)} 

()), i = 1, 2, ..... ) is a normalized orthogonal system in 22(/3) and 

:s :s I 1Jti>(u) 12 = :s u;(U) , 
i \I i 

(1) Cf. I<'. Maeda, this journal, 3 (1933), 38, where the characteristic constant is 

defined as _!_ . 
)i 
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hence ::S ::S 1{'l(E) 11ti>(U) converges strongly as functions of set E. 
i V 

Therefore, a set function <P(E, U) exists, so that 

for any set U. And 

It is evident that (/)(,,;) (U) is additive, that is, 

and put 

Then 

but, by (2) 

Hence 

therefore 

Now, let 

<P(E, U)-<P(E, Mn)= <P(E, U-Mn)' 

Ii </J(U-M) irn = O"(U-Mn). n 

[lim] </J<Mn)(E) = rflcm(E), 
n~"' 

lim <P(E, M,.) = (J)(E, U) . 

That is, <fJ<EJ(U) is completely additive. 

Then, since (2) holds, by sec. 7, { <Pcm (E)} is a normalized orthogo

nal system with base q(U). But ::S ::S "rti>(E) 17ti>(U) is nothing but the 

expansion of the bounded kerneli {f)v(E, U) with respect to {-tti> (E)} 
(i, v = 1, 2, ..... ). Hence, by sec. 2, 

<P(E, U) [ = ]u ::S ::S-ttil(E)711i)(tf) [=Ju ::S <l)i(E, U). [in 22(0")].<1> 
i .";I i 

(3) 

(1) Generally, any set function ,(U) in 22(iri) belongs to .l.l 2(r,). For II~ II~. 

f j. I n<s) ,u ) ,2 j • 
= I D&s)(u/W 12 d'1i(U) = (:?n~_ ·_ I D~8(u)iri(i)da(U);;;; I v1,1U):()) 12 d<>( U) 

• I. Do(U)iri().) I 

il,11~- And, since [[(v-(!lai;;;;; i[(v-~[[o, if {(v(U)} converges strongly to 
( U) in 22(,r;), then it will likewise converge strongly in El<>). 
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Consequently, by (1) 

~ U</Ji(E, U) = '2{</J(E, U) . 
i 

And by (3), ~ f i.du</J;(E, U) = f i.du</J(E, U). 
i Ju Ju 

But, since Ju i.du</Ji(E, U) = 2!</Ji(E, U) (i=l,2, .... ), 

we have Ju i.du</J(E, U) = \Jl</J(E, U) • 

That is, </J(E, U) is a characteristic function of 2X with base u(U). 

13. Let </J(E, U) be a characteristic function of 2{ with base u(U). 
If c(U) be a set function in £2(a-), then 

Ju Doun</J(E, i.)Do(U) ;(i.)da-(U) = IJl(E, U) (1) 

is also a characteristic function of 21. with base 

Let, as sec. 10, 

</J(E, U) [ = h. u ~ +iE)7J,(U) [in £2(/3) and 2:i(u)], 
y 

then IJl(E, U) = ~ 'fr,(E)(,(U), 
\; 

where t;iU) = ju Dow/lv(1.) Daw/;(1.)du(U) . (2) 

Then, by sec. 8, { C ( U)} is a complete normalized orthogonal system in 

£2(p). Hence, { IJlwl (E)} is a normalized orthogonal system with base 

p(U), and 

P(E, u) [ = JF. u ~ +.<E)eXtJ) 
y 

Since, 2!</J(E, U) [ = h. u I:; cp,(E)11,(U) [in £~(/3) and £2(0-)] 
',, 

where cp,(E) = ~! 'fr,(E) (v = 1, 2, .... ), 
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by (2), we have 

f Da<m2L<P(E, J.)Da<mf(J.)da{U) = ~ q,,(E)tlt.TJ 
Ju • 

= 2! IP(E, U) • (3) 

On the other hand, by (1) 

JUJ.Da(U)IP(E, ;.)d<J"(U) = J/Da(U)<P(E, l.)Da(U)f0)d(1(U). (4) 

Consequently, since 

J v J.du<P(E, U) = 2£</J(E, U) 

by (3) and (4) we have 

J uJ.du1P(E, U) = 2(1P(E, U). 

That is, IJ'(E, U) is a characteristic function of~ with base p(U). 

14. Let <P;(E, U) and </J;(E, U) be two characteristic functions of 
9( with base <J";(U) and <J";(U) respectively. If file.Pi and filc<JJ3 are orthogo
nal, as in sec. 11, we can express </J;(E, U) and <fJ§(E, U) as follows: 

where ( .,Ji) .r,(il) = o 
'f'µ.' Y'.I ~ • (1) 

Let f;(U) and f;(U) be two set functions in 2z(<J"i) and 22(<J"j) respect
ively. Then, by the preceding section, 

ipi (E, U) = j' Dai(U)<fJi(E, J.)Dai(U)fi(J.)dai(U) 
u 

[ = ]E. u ~ yti)(E)(t"(V) [in 22(/3) and 22(pi)] 
V 

and IPi(E, U) = Ju D,;3<m<PJCE, J.)Do3<UliJ.)d<J"J(U) 

[ = h. u ~ ytil(E)(lj>(U) [in £i/3) and 22(pj)] 
• 
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are also characteristic functions of ~l with bases p, ( U) and pj(U) 

respectively, where 

Pi(U) = J) Dai(Ul;;(1.) 12 dcri(U) , 

piU) = Ju' D"J<UJfi1.) !2 dcriU) . 

Moreover, { (~i>(U)}, { r;,V>(U)} are complete normalized orthogonal 

systems in £2(p;) and 2ipj) respectively. Hence by (1) 9Jb1\ and \m,rj are 

orthogonal. 
Consequently, combining the theorems of sec. 12 and 13, we have 

the following theorem. 

Let { (f}i(E, U)} (i = 1, 2, ..... ) be an orthogonal system of charac

teristic functions of~!, and <r;(U) be the bases corresponding to <P,(E, U). 
If MU) are set functions in 22(0-i), so that 

converges to a finite value, say <r( U), then 

(f}(E, U) [ = ]E. u r Ju Da;<UJ(f}i(E, ;.)D,;<UJM;.)d<r;(U) 

[in 22(/3) and £2(<r)] 

is a characteristicfunction of~! with base u(U). 

15. Conversely, when { (/};(E, U) } 1·s a complete orthogonal system 

of characteristic Junctions of ~.·any characteristic function (f}(E, U) of 
~ with base <r( U), is expressed as follows : 

(f}(E, U) [ = ]r,;. u ~Ju Dai(U) (f}i(E, ).)Dtri(U) M).)dcri(U) 

[ in 22(,8) and 22(0-)], 

where $;(U) are set functions in 22(<r;), <r.;(U) being the ba .. ~es corresponding 
to (f};(E, U). 
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As in sec. 11, let 

(f);(E, U) [ = ]E, u ~ y{il(E)17li){[J) 
V 

and (.,.(i) ·'·(j)) = 0 'fµ ' 'Y'.I ,~ when i =t-J°. 

Let {-tt0>(E)} be a complementary normalized orthogonal system 

of {+ti>(E)} (Ii, i = 1, 2, ..... ) in 5!2(/3), and let (f)(E, U) be expanded 

with respect to {v{il(E)} and { +t0>(E)} , then 

</J(E, U) = <fi'(E, U) + <P"(E, U) 

where (f)'(E, U) [ = h', u ~ ~ +til(E)(til(U) 
i V 

(f)''(E, U) [ = ]E, u ~ -tt0\E)(t0\Uj 
V 

Since, by sec. 9, 

[ 
" 

( (/)< U'), </ii< uJh = ( <P(UU') + <P(U'-UU') , <fii(UU') + <Piw- UU'l)1, 

= ( (/)(UU') , (/)i(UU'))~ , 

(2) 

]. 

((fJ(U'), (/);cuJ)~ is a function of U U', say MU U'). On the other hand, 
from (1) and (2) 

But, { 11ti>( U)} (Ii = 1, 2, ..... ) is a normalized orthogonal system in 

132(<T;), MU U'), as a function of U, belongs to 22(cr,:). Hence ~;(U) = 
~-,( U I) is a set function in 22{cri) • 

Put ~;(U, U') = ~;(UU') 

then D~;<u>~iW'J(i.) = DG;<uli(;.) when ). is a point of U', 

= 0 when ). is not a point of U'. 

Since ~>;(U, U') [=Ju b (~(U')11til(U) 
V 



272 F. Maeda. 

is an expansion of ~iW'> ( U) with respect to { 11tiJ( U)} (v = 1, 2, ..... ) , 

we have 

(ti)(U') = (~i(U'), TJtil)oi = LDcr;w)l1i(U'i(A)Do;(U)71ti)0)du;(U) 

= f Dcri(U)MA)Dcri(U)17~i)().)du;(U) , (3) 
j U' 

and 

= f I Doi(U)~;(A) 12 du;(U) . Ju, 

Since, by (2), 

II <P<m Iii= b b I r:ti>(U) 12 + b I ct0\U) 12, 
i \I ..., 

~j) D,;w) $i(A)l2dui(U) = ~ ~ i (~i>(U) 12 converges. Hence, by sec. 14, 

(4) 

is a characteristic function of ~- But, by (1) and (3), (4) is equal to 

~ ~ +til(E) ju Da;<u>T/~;>(1.) D 0 ;w) ;;(A)da"i( U) 

= b b +Sil(E) Ct'\U) = <P'(E, U). 
i .., 

Hence \ Adu<P'(E, U) = 'J((fl(E, U). 
.u 

But, by the assumption, 

ju Adu4i(E, U) = 2l<P(E, U) . 

Hence, we have 

ju A du<P"(E, U) = ')((f)"(E, U) . 
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Therefore, </J"(E, U) is a characteristic function of 2!, and j)Jc<P" is 

orthogonal to all ffi'l,pi (i = 1, 2, ..... ). But, since { </J;(E, U)} (i = 1, 

2, .... ) is a complete system of characteristic functions of ~(, {J)"(E, U) 

must be identically zero. Consequently, 

rfl(E, U) = (f)'(E, U) [ = ]E, u 2J r Dai(U)(/);(E, ).)D"i(U)M).)dai(U) 
i Ju 
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