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Let B(E) be a completely additive, non-negative function of normal
sets defined in a metric space R which is compact in itself, and be uni-
formly monotone almost everywhere (8)’ in a B-normal set A. Let
¢(E) be a complex valued set function which is absolutely continuous

with respect to S8(E). When j | Doy $(@) |2 dB(E) is finite, then it is
A

said that ¢(F) belongs to the class 2(8). If we define the norm || ¢ ||
of ¢(E) as

1
2
’

191l = |, 1 Duws@rdawm)]

and the inner product (¢, ¥): of two set functions ¢(E) and y(E) as

¥ = | D@Dt @d8E)

then the space of all set functions of £.(8) is a Hilbert space.® I will
denote this space also by 2:(3) .

In this paper, I first shew that all bounded linear transformations
T defined in 2:(8) are expressed in the integral form

T$(E) = | DB, ) Dyorp(a)dB(E) ,

(1) That is, the B-value of the set of poles of 8(F) in A is zero. Cf. F. Maeda,
this journal, 1 (1931), 3.
(2) Cf. my previous paper ‘On the Space of Real Set Functions,”” (this journal,
3 (1933), 1-42), where *‘linear manifolds’’ is equivalent to ‘‘ closed linear manifolds’”
in this paper.
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and find the explicit forms of the kernels & (E, E’).®

Next, to investigate the properties of the characteristic functions
of the bounded linear transformations, I extend the normalized or-

thogonal system {\{r-, (E)} which has positive integer » as parameter, to
the normalized orthogonal system {W(m(E)} which has set U as para-

meter. In respeet of such normalized orthogonal systems I have
several theorems to submit.

Then, I consider the spectra of the bounded linear transforma-
tions. Ordinarily, the resolution of identity E(4) is a function of point
2.9 1In this paper I define it as a function of set U, so that the charac-
teristic functions of a bounded linear transformation depend upon the
set U, which may be called the characteristic set of the transforma-
tion. These characteristic functions correspond to what is called, by
Hellinger,® the *‘ Eigendifferentialform ’’ of a bounded quadratic form.
Using the properties of set functions, I prove the theorems concerning
characteristic functions, obtaining results analogous with those of
Hellinger.@

In this paper, & (£) means K(F, E') considered as a function
of set E, E' being a parameter. Similarly for & (E’). And when a
series g}¢v (E) converges gtrongly to ¢(E') in the space L(8), I write

as follows :
HEN=15 3 $.(E) [in 2:(8)] .

But, the words [in &(8)] are often omitted, when there is no possibility
of confusion.

Kernel of Identical Transformation.

1. I first shew that B(FE') is the kernel of identical transfor-
mation in 2(8) .

(1) In the space of point functions of £,8), some of the bounded linear transfor-
‘mations cannot be expressed in the integral form

TAa) = | K(a, &) fl@)asB);

for example, the identical transformation. (Cf. J. v. Neumann, Mathematische
Grundlagen der Quantenmechanik, (1932), 13.)

(2) Cf. J.v. Neumann, loc. cit., 62.

(3) E. Hellinger, Crelle’s Journal, 136 (1909), 242.

(4) Ibid., 240-258.
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Denote B(EFE’) by G(E, E'). Then
Dy C(E, a') =1 when o’ is a point of E,
=0 when «’ is not a point of E.®

Hence | DymG(E, ¢)Dyerpla)dB(E)
= | Dusrdl@)as®) = (),

for all set functions ¢(F) in LAB). This equality shows that
C(E, E') = B(EE’) 1is the kernel of identical transformation.

Kernels of Bounded Linear Transformations.

2. To find the kernels of bounded linear transformations, I will
consider the general case, thatis, transformations of set funetions in
L(B) to set functions in La(o), where L(o) is defined as follows. Let
S be a metric space which is compact in itself. S may be different
from R, or coincide with B. And o(U) be a eompletely additive, non-
negative function of normal sets defined in S, and be uniformly mono-
tone almost everywhere (o) in a o-normal set V. Then a set function
Z(U) belongs to Lalo), when ¢(U) is absolutely continuous with respect

to o(U), and S | Docry €(3) 12 do(U7) is finite.
_ v

Let T be a bounded linear transformation, which transforms a set
function ¢(E) in L(B) to a set function {(U) in Lls), and My be its
modulus, so that

CU) = To(h,
and ”C”o-\:MT”‘i’”ﬁ
Of course, if

[lim] . (E) = $(E),®

then  [lim] Tgu(U) = T9(U) . e

(1) In this paper, I omit the words ‘“‘almost everywhere (B)’’, and I use the
symbol ( =), as signifying ‘“ equal almost everywhere (8)’.
(2) This means the strong convergence of {$y (E)} to ¢ (E).
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Let {x{r,(E‘)} be a complete normalized orthogonal system in %(B8) .
Put

Cv(m = T"!’v(U) (u:l,z, "")'

Now, I will shew that S3¢,(UW,(E) converges strongly as functions
of set & and of set U. ’

Let {¢,} be a sequence of complex numbers, such that >)|¢, |2
converges ; and put '

¢(E)[=]E‘ 2,, Cv‘l”v(E) .
Then, by (1),

To=]v S elu(U).
Therefore, for any set U, chcy(U) converges in the ordinary
sense. That is, E(‘v ¢.(U) always converges when Zlcy |2 is con-
vergent. Hence, by the converse of the Schwarman inequality®
S11¢&,(U) |2 converges. Therefore > ¢, (U)y, (E) converges strongly as
functions of set .

Next, expand G(z(E) = B(EE") with respect to {y,(E)}. Then,
since

i, ¥): = |, Dicwr 6@, B) Dy ¥ (@ BE)

we have Ci(E) [=]z 2 Y (E) Y (E) . (2)

Apply T to Ciz)(E), then we have

TCw(U) [=]v 23 WWE) &) -

Thus ZCV(U)% (E) converges strongly as functions of set U and
of set F. Therefore it belongs to (o) as a function of set U, and

1) F Maeda this ]ournal 3(1933), .
(2) P. Nalli, Rendiconti di Palermo, 46 (1922), 69.
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belongs to $u(8) as a function of set E. Denote this function of two
sets U and E by KU, E). Thus,

R(Ur E) [=]U,E 2 CV(U)'\I}'V(E) o
Let $(E) [=]z ey B), e, = (¢, ¥)s»

be a set function in £5'8), then

| Dy 8T, 00D $(@BE) = SOV, ¥
= gc»Cv(U) = T(l’(U) .

Hence K(U, E) is the required kernel of the bounded linear transforma-
tion T.®

Thus all bounded linear transformations have their kernels. I will
call these kernels the bounded kernels. Then, the bounded kernel
K(U, E) belongs to La(8) as a function of set £, and its expansion with

respect to a complete normalized orthogonal system {\[rv‘(Em)} is
KU, E)[=]g PN EAUWIE),

where ¢, (U) are set funections in Lf), and ZCva(U) converges
strongly when Z | e, |? converges. In this case, of course, as proved
above,

R(U’ E) [=]U 2\« CV(U):P“V(E;)V s

and (U, E) belongs to ¥(c) as a function of set U.

When T is a bounded linear transformation which transforms a
set function in the class €y(B) to a set function in the same clase 2(3),
its kernel A(E, E’) may be obtained by putting ¢, (E) instead of ¢, (U),
where

(1) This means that 327, (U) ¢, (E) converges strongly to & U, E) as functions of
v
set U and of set E.
(2) (U, E) is essentially equivalent to what is called by M. Plancherel “ fonction
génératrice”. (Rendiconti di Palermo, 30 (1910), 303). J. Radon obtained (U, E)

from the standpoint of bilinear operations. (Sitzgber. Akad. Wiss. Wien 11, 122
(1913), 1384).
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o (E) = Ty (E) v=1,2,....).
Thus UE, EY[=]k e 2]¢V(E)%;(E’) .

In the special case when T is the identical transformation in 2:(8),
since

$u(E) = . (E) =12 ....),

its kernel must be 314, (E)y(E'), which is equal to B(EE’) by (2).
Thus we have the same result as in sec. 1.

3. Put S*E, U)[=1r v E Y (E)C(U),
and let £(U) be any set function in (). Then
) Lo@&*(E, DDyt @da(U) = X (€, C)plE) - (1)

for any B-normal subset E of A. Next, I will shew that (1) converges
strongly.

Let Xu(E) = (€, E)oa(E) + - . . (&, Ca)orn( B

then Txn(U) = (€, S)oli(U) + ... .+ (E, Ca)oln(U) .«
Hence’ (TX'n ’ C)o = vizli (C, Cv)o ]2 . (2)

On the other hand,

I (Tx'n y C)O i —é: H TX’IZ Ha ” CIIGéMTli Xn ”‘6 “ C “a

/ n T
= MT,/ }___]11 € &)1 il (3)
From (2) and (3)
S 0 P = MElICI:, @

for any value of n. Then, since X_Ill (¢,¢,)s!? converges, (1) converges
strongly.
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Therefore, (&, U) is the kernel of a linear transformation which
transforms any set function in (o) to a set function in €(B). Denote
this transformation by 7%. Then, by (1) and (4),

ITCIE = 16 0P < MBI €I -

Hence, T is also a bounded linear transformation.

Let (E) and ¢(U) be any set functions in ¥x(B) and (o) respec-
tively. Then

v

T‘C(E)[:]F z (C’ C»)s "Pv(E) .

v

Hence (Td)! C)o = };_: ((j)’ "l’v)rl(Cv ’ C)B = (¢)1 T*C)ﬁ -

THU) [=]r 22, ¥u):L(U)

Thereforce, T% is nothing else than the so-called adjoint transformation
of T. Hence, the existence of an adjoint transformation for any
bounded linear transformation is evident.®

4. Let &U, E) be a kernel of a bounded linear transformation
which transforms a set function in 2:(8) to a set function in Lu(o).
Consider another class 2:(w) of set functions, and let Q(W, U) be a
kernel of a bounded linear transformation which transforms a set
function in %'¢) to a set function in L.(w). Then, by sec. 2, KU, E)
and Q(W, U) are expressed as follows : ~

KU, B) [=lonr W) B,
LW U)=lwr 25 (W), (U) ,

where {%(E)} and '{W( U)} are complete normalized orthogonal
systems in £(8) and (o) respectively, and

tU) = Te 4 (U)@ 6=1,2....),
pu(W) = Ten, (W) (w=12....).

(1) Cf. F. Riesz, Acta Litterarum, Szeged, 5 (1930), 29.
(2) Ty means the linear transformation with kernel §(U, E).
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Put f Dor2W, DD,y R, B)doU) = KW, E), (1)

then, since R(W, E) may be considered as Tw*<Q (w)(E), we have
RW, E) [=]z 23 Qo , Eo YulE)
Put (Quwy, &)o = W),
then, since
Qo §)o = jVDa(U)Q(W, Do nC.(Ada(U)
= el W), |
we have (W) = Tl (W) [=]W; &5 1)oPu(W), 2)

and 7, (W) belongs to 2s(w) .
Let {cy} be a sequence of complex numbers, such that Z le,]?

converges, and put

$(E) [=1s Sea(B).

Then T@(i)(U) [=]U zv} chv(U) ’
and TD.Tﬁ‘d)( W) [=]W Z CVTDCV( W) ’
henceby 2)  TeTuh(W) [=lw 3% eir(W) - @)

Therefore, by sec. 2,
ROW, B) [=15 S r W) (B)
is a bounded kernel. Then, since
ROW, B) [=Tw (W I(E),

we have ?R(W, E) [=]W,E' g ; (Cu s 77[4)0 pu(W)‘l;v(E) 0

(1) If 69K, U)[=]g v ?‘sb(“(E U) and &(E, U)[=1g U Sw(ﬂ(E U), then 1
will write ¢(E, U)[= ]Euzz o¥)(E, U).
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And (3) may be expressed as ’
ToTap(W) = Tap(W) . (4)
Now I will introduce the following abbreviation :
| Dsar U, Dy, $@)AB(E) = KD
jVDG(U) QUW, 2) Doy 80, B)do(U) = QK(W, E) .
Then Tap(U) = K¢(U) ,
and (1) and (4) may be written as
QR(W, E) = R(W, E),
Q{R(W)} = Rp(W) .
Hence, we have
Q{fRe(W)} = { QR }e(W) . (5)
Let $(E, A4) be a kernel of a bounded linear transformation which

transforms a set function in, say class L(y), to a set function in 2:(8).
And let $4)(E) be put instead of ¢(E) in (5). Then, since &9 (U)

and { QR }9wu(W) are nothing but KH(U, 4) and {QR}H(W, 4),
we have

Q{RD(W, A)} = {QR}S(W, 4) . 6)

Now, (56) and (6) correspond to

ToTep(W) = (To To)p(W) ,
and ToTeTy = (TaTe)Ts .

Hence, & and Ty obey the same rules of operation, and we can use &
instead of Tgq. In what follows, let & have two meanings, namely the
bounded kernel &(U, E) and the bounded linear transformation with
kernel (U, E).
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Extension of Normalized Orthogonal Systems.

5. Let {«py(E)} be a complete normalized orthogonal system in
€(B). Then the condition of normalized orthogonality is

(‘[’u y Y)e = 8wy s (1)
where S, =1 when pw=v,
=0 when ® :’Jr“- v

And the condition of completeness in %(B) is

$(E) [=1z S eanlE) , @)
where ¢, = (b, Yr.)s =12 ....),
for any set function ¢(E) in %(8) .0 |

But, the condition of completeness (2) can also be expressed as

5\; Y (EW(E) [=]g = BEE') . &)
For, put G(E, E') = B(FE’), and let
H(E) = Egn(E) .
Then, since

(C@ns ¥)s = j’ AD»(E) € (21 (@) Dyiey ¥ (@) dB(E)

= §E,Wa)dﬂ(E)(z) = B,

we have, by (2)

(1) Cf. J. v. Neumann, loc. cit., 28.
(2) Cf. sec. 1.
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From the symmetric property of F/ and E’, we have

That is, (3) follows from (2).
Next, from (8) we have

$(E) = Co(E) = 31 (¢, ¥u)e(E) - 4

But, {'\[A,(E)} being normalized orthogonal system, it is obvious that
(4) converges strongly. Hence, we have (2) from (3).

{ yry (E)} is a system, whose parameter is a positive integer ».
Now, I proceed to extend this system to one whose parameter is a set U.

Let ®(F, U) be a bounded kernel, then if we consider U as para-
meter, { P (K) } is a system of set funections in 2(8). Corresponding
to (1) and (3), we may give the conditions of normalized orthogonality
and completeness of { D (E) } as follows :

Condition of normalized orthogonality :

(ww), ’I’(U'))xx = U(UU’) ’ (5)
o{U) may be called the base of the system { P on(E) } .
Condition of completeness in 2o(B) :

(Y » $m)o = BIEE").O (6)

By reason of the symmetrical property of (5) and (6) with respect
to £ and U, the complete normalized orthogonality of the system

{Tw) (E)} in £(8) with base o(U), is nothing but the complete norma-
lized orthogonality of the system { Ty (U )} in Qo) with base B(E),
the two conditions being interchanged.

Corresponding to (2), we may put

$(E) = jVD0< 0 ¥(E, )Do¢0) CR)da(U)® )

where (W) = | Duim U@, T) Dy eyp(@)dBUE)

(1) The integration with respect to o(U) corresponds to the summation with
respect to v.

(2) This is the extension of the so-called integral representation of functions.
Cf. Plancherel, loc. cit., 297.
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If we use the abbreviated form, (7) may be expressed as follows :
$(E) = ¥L(E)
where LU) = ¢(U) .
But, this is obvious, for, since from (6)
PIE, E') = (1), U)o = BEE),
therefore we have

P(E) = (¥¥*)P(E) = P¥* $(E) .

6. If {!P(U)(E‘)} is a normalized orthogonal system in % (B) with

base o(U), then W(E, U) is expressed as follows :

w(E’ U) [=]E,U 2 \P‘V(E)EJ(—UT) ’

where { 7. (U )} 18 a complete normalized orthogonal system in L{o), and

{ Vv AE) } 18 @ normalized orthogonal system in Lu(B).

If, in addition, { Py (E)} is complete in 2(B), then {\I/‘y (E)} 18

complete in L(B).

For, by sec. 2, we can expand the bounded kernel #(E, U) with
respect to the complete normalized orthogonal system {m(U)} in

Qa(o), i.e.

WE, U) [=]5u 3 4E)2(D) ,
where P (E) = P7,(E) =12 ....).
Then, by sec. 3,

(o s ) = (P0,, 1), = (0, , T*W1,), .
But, by the normalized orthogonality of { Uy (E) }

U, U') = (P> Yan)s = a(UU"),
we have vy (U) =02(U) .

Hence (‘PH’ ‘I’V)% = (711.L y Mo = Sy -
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That is, {«p‘,(E‘)} is a normalized orthogonal system in &(B).

Now, by (1), we have
Wy, D)o [=] 5,50 STHEWAE) .
If { Yy (E)} is complete in &(B3), then
(Y » Pun)e = BEE) .
Hence, by (3) of the preceding section, {’\Il‘y (E)} is complete in 2(B).

7. Let {w(m (E)} be a system of set functions in Lw(B), and let
P (U) be a completely additive function of e-normal set U. If

((/)(U) ’ (p(U'))s = U(UU') ’ 1)
then { ¢ (E) } is @ normalized orthogonal system with base o(U).

To prove this theorem, it is sufficient to shew that @&, U) is a
bounded kernel.

Let ¢(E) be any set functicn ie ¥(8). Then (¢, @wn)s is a function
of U. Denote this function by &(U).

Let U=U+Ue+....+Ui+....,
then, by (1)
(@wy, Pwy)s =0 when 77.
Hence, Owy(E) [=]r 2 Pwy(E) .
Therefore, (b, Py)s = ; (¢, P, Uj)),,.
That is, £(U) is completely additive. |
By (1), | @y Iy = o(U),

hence, for a set U, where o(U) =0, ¢un(E) is a null function ; there-
fore £(U) =0. That is, &(U) is absolutely continuous with respect
to o(U).

Divide V into the sum of s-normal sets, i.e.

V=U+Us+....+U;+.....
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Dy (B .. . .
Then, from (1) [ ¢ ‘fUJ(~—)} t=12,..... ) is a normalized orthogonal
l ]/O‘(Ui) .
system in ¥(8). Moreover the coefficients of the expansion of ¢(E)

with respect to this system are

vf{(!]i)t — C(Us) . R
(‘ﬁ’Vo(Ui))B Vo T LB

Hence, by Bessel’s inequality®

ST < gl

But, since this inequality holds for any division of V, ¢(U) belongs to
(o), and
Nl =liglls.?®

Hence

(W) = (. P = | Dy ¢ (U, @) Dycryb(e)dBE)

is a bounded linear transformation which transforms a set function
¢(E) in L(B) to a set function ¢(U) in L(o). That is, &(F, U) is a
bounded kernel.

8. Lel ¢(E) be a set function in LW(B), and {x}ry (E)} be a complete
normalized orthogonal system in L(8). Put

$(E) = SED.«( E)\(’v(a)Dﬁ(E)mdlg(E) , (1)

then { 4>y(E)} 18 a complete normalized orthogonal system in Loly), where

HE) = | | Dumydl@) [ d8(E) .
To prove this theorem, put

B(E, E') = $(EE") .

(1) F. Maeda, this journal, 3 (1933), 10.
(2) Cf. E. W. Hobson, The theory of functions of a real variable, I, third ed.
(1927), 670.
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Then Dy yB(a, E') = Dyp)¢(e) when a is a point of E’,

=0 when « is not a point of E’.

Hence, {%(Eq (E)} is a system of set functions in £(8), and

j DrnBla”, E)Dyzrny B(a”, E'YAR(E")

B LE | Dy mdla) FAB(E) = v(EE") . (2)

Then, by sec. 7, {%(Ez>(E)} is a normalized orthogonal system in %.(B)
with base v(E'). @

Now, by (2) || B |2 = v(E’), and hence B (E’) is absolutely
continuous with respect to v(E’). And

— Dl B(E, o)
!
D v(a')

Dl B(E, o)

I - ! gsug')i’éaj ));]_2;: 5 __1;‘)("’). when a' is a point of E,
B(E) PLO () PO

l =0 when a’ is not a point of E’

(1) Ais+y-normal, and v(E) is uniformly monotone almost everywhere (y) in A.
For, since y(F) is absolutely continuous with respect to B(E), and A is -normal, it is
evident that A is ry-normal. Next, a finite symmetric derivative Dg‘?E) v(a) exists at
all points of A, except at these points of H, where B(H)=0. (Cf. F. Maeda, this
journal, 1 (1931), 11.) Let a be a point in A— H. Then

. [ v{Ula, 0}y /y{U@ro)}|
P [ 8{TU (@ o), ﬁ{ﬁ(a«ﬂp)}] =t

where U (a, p) is a elosed neighbourhood of a with radius p,and 2> 1. Therefore

p>0

. v{U(a,0y _ .. B{U(a,p)}
lim = = lim = R
oo VU0 o5 B{U (@, )}
H encé, 8(E) being uniformly monotone almost everywhere (8) in 4, y(E) is uniformly
monotone almost everywhere () in 4. (Cf. ibid., 8.) Since any f-normal set is
v-normal, Bg)(E’) is a completely additive function of ry-normal sets.
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~

Hence LDT(E”,Q%(E, ") D1 gy BE", @) dy(E""y
- ﬁ f-l_dv (B") = S dB(E")" = B(EE").
x| Dynydla”) P BE

Therefore, by sec. 5, {’B(m (E)} is complete in L:(B) .

Then, by sec. 6,

BE, E') [=]e. o ZE)UE) [in £(8) and )],  3)

where {%(E}} and {4)5 (E’)} are complete normalized orthogonal
systems in 22(8) and Lq(y) respectively.

But, since by (3)

$AE) = 84, () = | Dicer B(@, E) Doy (@)d8E)

therefore, {¢\, (E)} is a complete normalized orthogonal system in La(y).

(1) By the following theorem: Let y(E) be a set function which is absolutely
continuous with respect to B(E), then

| g f@dv(E) = | faDymv(@dsE), o

when one of the two integrals exists.
By the footnote of the preceding page, y(E) is uniformly monotone almost every-
where (y) in A. Assume that SF fla)dy(E) exists, and is equal to ¥(E). Then y(E)

Diyx(a)

© almost
Diimv(@)

is absolutely continuous with respect to 8(E). Since Df.‘?E) Wa)=
everywhere (8), we have
«E) = | DQeyr(@d8(E) = | D&y @) DYy y(@)db(E) .

Now Df.s()E)X(a) = fla) except for the points of set H, where v(H) =0. But Df,s()E)'y(a)
= 0 almost everywhere (8) in H; hence

«(E) = | f@Diwv@ds®) .

By a similar method, we can prove (1), when SF S(@)Dygyy(a)dB(E) exists.
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Spectra of Bounded Linear Transformations.

9. When a bounded kernel (E, E’) is equal to A*(E, E’), then I
will call 2(E, E') a self-adjoint kernel. In this case, since

Qlp, ¢)s = (¢, Agp)s

(A, ¢p)s is real. Let the upper and lower bounds of (UAyr, ) for all
normalized set functions ¥(E) in £4(8) be M and m respectively. Then,
as F. Riesz proved,? corresponding to any bounded Baire’s fune-
tion f(2) defined in the interval m <2< M, a bounded self-adjoint
transformation f(A), and therefore a bounded self-adjoint kernel
FOD(E, E), exists.

Denote the closed interval [m, M] by I. Let hun (1) = M2, U) be
de la Vallée Poussin’s characteristic function of Borel subset U of I.
That is,

hA, U)=1 when 2 is a point of U,
=0 when 2 is not a point of U.

Then, obviously k;)(U) is a completely additive set function defined
for all Borel subsets of I. On the other hand, hwy2) is a Baire’s
function defined in I. Hence a bounded self-adjoint transformation
han(A) exists.

From the definition,
by Dhn(A) = hn(d) ;
hence oy QD) = b))
Then, since LD TP = ban(),

han (A) is a projecting transformation, which transforms all set
functions in £x(8) to their components contained in a closed linear
manifold.® Since this closed linear manifold depends to U, I will
denote it by Wy. That is, let {\[rv (E’)} be a complete normalized
orthogonal system in M), and let $(E) be any set function in £(8),
then

hnQDG(E) [=1z 2 (& $)ob (E) -

(1) F. Riesz, loc. cit., 31-36.
(2) Cf. J.v. Neumann, loc. cit., 41.
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If we denote this set function 2w)(A) ¢(E) by @(E, U), then @w(E) is
a set function in M n, and Pz(U) is a completely additive set function
defined for all Borel subsets of I.

Let Uy be a Borel subset of I, such that hwy(¥) does not vanish
identically. If A)(2) does not vanish identically for all open subsets
O of Uy, then I will call Uy the characteristic set of A, and the set
functions of My the characteristic functions of A with respect to
the characteristic set Uy .

If the characteristic set U, is composed with a single point 4, then
4 belongs to the so-called point spectrum or discontinuous spectrum.
The other points of the characteristic sets constitute the so-called line
spectrum or continuous spectrum.

Let @(E, U) and ¥(E, U’) be any set functions belonging to Mn
and M respectively. Then

(P » Tm)s = (D Pwy » bwnyQD Piar)s
= (D), hinQD) by QD) P yn)s
= (P b Pwn)s -

Hence, if U and U’ have no point in common, then &) (F) and g (E)
are orthogonal. That is, M) and M~ are orthogonal.

Hence, the closed linear manifolds which correspond to the peint
spectrum, are orthogonal to each other. The dimension of the space
2(B) being denumerably infinite, the point spectrum s, at most, denu-
‘merably infinite.

10. Next, I proceed to find the relations between the spectra and
the characteristic functions.

From the definition of the integral, it is evident that, for any
bounded Baire’s function (1),

[, fdut, 1) = 1w,

and jU adohl, U)® = phiu, UL ,
0

(1) Here ) is a point function, whose value is » at point ).
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where S <. .dyh(p, U) signifies the integration by A(u, U) as a function
of set U. Corresponding to these expressions, we have

| T aomen, v) =, )
and jvo aduh(2, U) = AR, Ty) . @)
Let f(2) be 2and 1; then we have from (1)
|, 2avhet vy = 2, 3)
L duh@l, U) = .
Henece, h(2(, U) corresponds to the so-called resolution of identity.®
Let ¢(E) be any set function in 2(8), and put
hayPE) = @(E, U) .
If we apply (2) to ¢(E), then we have
onz dv (B, U) = A OB, Uy . @
When, especially, U, is a point 2, (4) becomes :
o OFE, ) = AO(E, &) .
Hence 4 is the so-called characteristic constant of 9, and &(E, 4) is the
characteristic funetion of ¥ with respect to 4.

When U, is not a point, @(F, U,) corresponds to what is called by
Hellinger® the ‘‘ Eigendifferentialform .

When U; and U; have no point in common, then by sec. 9,
(P » D) =0.
Hence (Pwy> Pam)e = @y + Pu-vvn» vy + Pur-ven)s

= ((p(UU'): (p(UU’))ﬂ .

(1) Cf.J.v.Neumann, loc. cit., 62.
(2) E. Hellinger, loc. ctt., 242.
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That is, (¢w), Pw~): is a function of set U U’ ; denote this function by
(U U’), namely,

(@cvy, Pam)s = a(UT) . (5)
When U=U+Us+....4+U;x+....,
then, since

(Pwy, (p(Uj))s = o(Uy) when <=7,

=0 when <=7,

T

wehave  o(U) = (Qw), Q) = 2 (Pwy > Py = 2 0(U3) -

That is, ¢(U) is a completely additive, non-negative set function
defined for all Borel subsets of I.
Since @(E, U) satisfies (5), by seec. 7, { D) (E)} is a normalized

orthogonal system with base «(U).® Hence, by sec. 6, ¢(FE, U) is
expressed as follows :

OB, U) (=0 S, (ET),

where {77», (U)} 18 a complete normalized orthogonal system in Qu(s), and
{ Py (E')} 18 a normalized orthogonal system in L(B).

Denote the closed linear manifold, whose fundamental system is
(¥ (B)}, by My .

11. Let &1(F, U) be a characteristic function of % with base
a1(U), then, as seen in the preceding section, we have the following
expression :

W, V) [=1s.v S EPD ). M

(1) Since o(U) is a set function defined in the Euclidian space, the uniform
monotonity of o(U) at I has no bearing on the problem. For, in the Euclidian space,
we can prove the fundamental theorem between integration and differentiation with-
out the condition of uniform monotonity. Cf. F. Maeda, this journal, 2 (1932), 33.
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Let {\pC(E)} be a complementary normalized orthogonal system
in €(8) with respect to {\[/f}’ (E)}.“’ Then, by sec. 2 we have

WUE, B [=] ¢ (B9 (E) + 3 $UEWUE),
where $(E) = A {(E),
! (V=1527----)-
$UE) = AYYE) .
From (1), we have
O OH(E, E') [=]5. 0 3P EWIE),
hence UG O (E, B) [=]lnw 3P EWNIE) -

Therefore A @, ¢,*(E, E') is a bounded kernel.
But, since
WD (B, U) = jUaduwl(E, U)
= [ 4D4, 07 (B, D),
U

we have

¥ 01 07(E, B) = | 2Duy 0y 0B, ) Doy i B, Do V). (@)
Therefore A @1 ¢*(E, E') is a self-adjoint kernel.

Then  WE, E)~A O 01, E) [=]1p» 3 SUENWE)
is a bounded self-adjoint kernel. Denote this kernel by U (F, E').
Then, since A, &, (E, U) =0, ¢(E, U) is not a characteristic function

of A;. Let @(E, U) be a characteristic function of ; with base a»(U).
That is,

jUz du OB, U) = % 0o(E, U) . ®)

(1) This means that
Y(E), 1(EB), ..... , WE), ..... , WEY, WE), ..... s VUE), ...

is a complete normalized orthogonal system in 2,(8).
(2) Cf. footnote, p. 258.
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Then, since ; transforms all set funetions in 9¢, into a null funection,
Doy (E) is orthogonal to Me,. Therefore, Mo, is orthogonal to My, ,
and

PF0(U, U") = (Powy» Prcr))s =0
for any sets U and U’. Hence

NO(E, U) = AP, 07 Oo(E, U)+WP(E, U)
= ?Ild)z(E, U) .
Therefore, from (3)

jvzdv O(E, U) = Ad(E, U) .

That is, @(E, U) is also a characteristic function of (.

Similarly,
W(E, B)—UP, 0§ (E, EN—UP; OF (K, E')

is a bounded self-adjoint kernel. I.et @(E, U) be its characteristic
function. Then, as proved above, @(F, U) is also a characteristic
function of A, and Mes is orthogonal to We, and Mo, .

By continuing this method, we get a system of characteristic
functions of A

o(E,U), o(E,U), ...., 0(E,U), .... )
so that any two of

Mo, , Moy, veee, Moy, ... (5)

are orthogonal. Such a system I will call an orthogonal system of cha-
racteristic functions of A. Since the space 2:(B) is of denumerably
infinite dimension, such an orthogonal system of characteristic functions
is at most denumerably infinite. If there exists no characteristic
function @(E, U), such that Mo is orthogonal to all the closed linear
manifolds of (5), then I will say that (4) is complete.

Now, let (4) be a complete orthogonal system of characteristic
functions of . Then
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OAE, U) [=]e.v DYPEPOU) (=1,2,....),
v
and (¥, $9), = 0

for any different values of ¢ and j. Let {\Hf” (E')} be a complementary
normalized orthogonal system of {m}r‘f’ (E)} v,i1=12, ..... ) in %(B).
Then A(K, E’) may be expressed as follows :

WE, BN [=lnw 233 ¢ (B9 (E')+ 3 ¢ (B9 (B,

1=0,1,2,....
h Si)E‘:s g‘i)E y 4, &, .
o #AE) = 3 (V=1,2,3,....>
Since  AHI(E, B [l SHOENIE),

MU Q; @F(E, E') converges strongly as functions of set E and of

set E'. And

UE, B =3 AC0HE, E) [=]5 5 3 $OEW(E)
is also a bounded self-adjoint kernel. Dencte this kernel by 2(E, E’).
Then Ao has at least a characteristic function, say @o(E, U). Then, as
before, Mis, is orthogonal to all the closed linear manifolds of (5), and
¢o(E, U) is also a characteristic function of 2. But this contradiets
the completeness of the system (4). Hence o(F, E’) must be identi-
cally zero.

Therefore, we have
UE, E[=lgw ; AP0} (K, K) .

But, since, as (2)

AP, 0H(E, E') = j ADeian OB, Doy @AE", )doi(U)

=1,2,....),
we have
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(6) corresponds to the expansion of the kernel R(E, E’) of a com-
pletely continuous transformation with respect to the orthogonal system
of characteristic functions :

SE, E)[=lpw 3 u0(E )O(E") (7

where @;(E) is a normalized characteristic function of &, E’) with
respect to the characteristic constant 4; . @

When A(E, E’) has only point spectrum, it is evident that (6) is of
the form (7).

Properties of Characteristic Functions.

12. Let {(Pi(E’, U)} t=1,2..... ) be an orthogonal system of
characteristic functions of A, and o (U) be the bases corresponding to
OAE,U). If 310dU) converges to a finite value o(U) for any Borel
subsets U of I, then a characteristic Junction O(E, U) of N with base a(U)
exists, so that

E, U)[=lr v 2 04E, U)  [in AB) and Lo) ].
As in the preceding section, we can express ¢;(F, U) as follows :
O(E, U)[=]r v 2%"’(15’)@(7) [in €(8) and ¥(e3) ],
where (W, ¥, = 0
for any different v?.lues of 7 and j, and

S 2@ = o UT) .

Since ci(U) (2 =1,2,..... ) are completely additive, non-negative set
functions, it is evident that o(U) is likewise so. Now, {\If(f)(E)}
v,1=1,2,..... ) is a normalized orthogonal system in $(8) and

S S0 B = Sed)

7

(1) Cf. F. Maeda, this journal, 3 (1933), 38, where the characteristic constant is

defined as v)l— .

3
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hence SV W(E)n(U) converges strongly as functions of set K.
Therefore, a set function @(F, U) exists, so that

O, U)[=]s >3 SNEYIU) [=]a SI(E, U) [in %(B)]

(1)
for any set U. And

(s ) = g" 2’7@([])"7@7(7) = ;th(UU') = o(UT). (2)
It is evident that &) (U) is additive, that is,
Q(E, U) = OFE, U)+ OE, Uy
when U= U;+U;. Now, let

U=U+Us+....4+U,+....,

and put M, =U+Us+....4+U,.
Then OE,U)—-9(E,M,) = dE U-M,),
but, by (2) I @w-m il = o(U—DM,) .
Hence [lim] @20, (E) = 00(E) ,
therefore 71;12 oE, M, = ¢F,U).

That is, @x(U) is completely additive.
Then, since (2) holds, by sec. 7, {(P(U) (E) } is a normalized orthogo-

nal system with base o(U). But 3> v(E) 5%(U) is nothing but the
expansion of the bounded kernel ¢(E, U) with respect to {\lfﬁ”(E)}

G,v=12,..... ). Hence, by sec. 2,

OB, U) [=]y 2 Sy EVD0) =1 3 OB, V). [in &)
®

(1) Generally, any set function yU) in R8y(s;) belongs to &,%). For HCH%i

| D) o .
= [ 18w 1 an) = | | ZA S D)) 2 [ | D) 1 a0
1| Daiyyoa(2) I

l¢l3. And, since || t—2|lo; = || n—%1ls, if {&(U))} converges strongly to
(U) in 24(=), then it will likewise converge strongly in 24(s).
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Consequently, by (1)

> AG(E, U) =A0(E, U) .

B

And by (3), 5 L,ﬂ dy0:(B, U) = jUaqu)(E, U).
But, since SUAdU(I)i(E‘, U)=UE, U) (=12 ....),
we have j AdyOE, U) = AN(E, U) .

U

That is, @(E, U) is a characteristic function of % with base o(U).

13. Let @(E, U) be a characteristic function of A with base o(U).
If &U) be a set function in Lulo), then

| Do) 9B, DD €@ do(0) = (8, U) ®
is also a characteristic function of U with base
p(0) = | I Dawt@ PdntU)
Let, as sec. 10,
WE, U) [=]lp.v S4JEpU)  [in &@) and &),
then UE, U) = S 4(E)CWD),
where tU) = jUDG(U,n,(a) Do R do(U) . @

Then, by sec. 8, {C.,(U)} is a complete normalized orthogonal system in
L(p). Hence, { Y (E)} is a normalized orthogonal system with base
p(U), and

BB, U)[=1e.v SH(EU)  [in 2%(8) and L(e)].
Since,  AL(E, U) [=1s,v X ¢.EVU)  [in (6) and Lu(x)]

where ¢ (E) = Ay (F) =12 ....),
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by (2), we have

jUD,,(,,,w(E, DD fDo(D) = 51 ¢ (ENE(U)

= AUE, U). 3)
On the other hand, by (1)

| Dot BB, DAo(U) = | 1D 9B, Do fDdaU) . (&
Consequently, since
| 1dvoE, v) = o, )
by (8) and (4) we have
| 2dovE, U) = (B, U) .
That is, #(¥, U) is a characteristic function of ¥ with base p(U).
14. Let ¢{FE, U) and @(F, U) be two characteristic functions of
9 with base o(U) and o{U) respectively. If M¢; and IWe; are orthogo-
nal, as in sec. 11, we can express @,(F, U) and @{E, U) as follows:
(B, U)[=lpv X VEWO(U) [in 2(8) and La(ov)],
A, U) [=]r v ZHPE P (U) [in ¥x(8) and Lx(o;)],
where (@, ¥, =0. (1)

Let £(U) and £(U) be two set functions in £:(sy) and L(oy) respect-
ively. Then, by the preceding section,

45(E, U) = | Doy %, D@ U)
[=lzv Z YOE)D(U) [in 2(8) and Lx(p;)]
and U{E, U) = | Dryn @A, DD 60U

[=leo > YOE)XP(U)  [in L(8) and Lx(e,)]
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are also characteristic functions of A with bases p;(U) and p;(U)
respectively, where

pl0) = | | D@ P don(),
pAT) = || Drswrld) P doU) -

Moreover, {C‘,“(U) } , {C‘J’(U)} are complete normalized orthogonal
systems in Lu(p;) and La(p;) respectively. Hence by (1) My; and My, are
orthogonal.

Consequently, combining the theorems of sec. 12 and 13, we have
the following theorem.

Let {(Di(E, U)} z=1,2, ..... ) be an orthogonal system of charac-
teristic functions of U, and a;(U) be the bases corresponding to @(E, U).
If €U) are set functions in Q(0:), so that

2 {1 Da(Wa) P do(0)
converges to a finite value, say o(U), then

WE, 1) [=1nv 32 | Doon B, DDsnt@)don( )
[in 2(B) and L(a)]

18 a characteristic function of 2 with base o(U).

15. Conversely, when {(ﬂi(E, U)} 18 a complete orthogonal system

of characteristic functions of U, any characteristic funciion O(E, U) of
A with base o{U), is expressed as follows :

WE, U)[=1su 3 | Do) OB, DD &d)don(U)
[in (8) and L(0)],

where ELU) are set functions in L(c;), oi(U) being the bases corresponding
to @i(E, U)
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As in sec. 11, let
O(E, U)[=lg v 2 VOB N(U) [in 2x(8) and L(e)] (1)
and (P, ), =0  when i==j.

Let {ﬂfﬁ‘”(E)} be a complementary normalized orthogonal system
of (YP(E)} (v,i=1,2,.....) in &(B), and let @(E, U) be expanded
with respect to {1!&“(15’)} and {\{ri"’(E’)} , then

OE,U)=¢E U)+0"(E, U) @)
where @'(E, U)[=1xv >3 VOE)P(U)  [in %(B) and Lu(a)],
"B, U)[=lpnv = YOE)O(T) [ ” 1.
Since, by sec. 9,
(Pcons Pon)s = (Pwuvy + Por-vwvn » Pocorn+ Par-vun))s
= (Qwvy, Piwr)s »

(P, P8 is a funetion of UU’, say &(UU’). On the other hand,
from (1) and (2)

@y Cian)s [=1p (U (U) [in £o(o4)] .

v

But, {nﬁ”(U)} =12 ..... ) is a normalized orthogonal system in
Ll(a:), EU U, as a function of U, belongs to 2:(c;). Hence &(U) =
(U I) is a set function in Lxoy) .

Put : B(U, U) = &(UTD)
then Dis;1yBiqwn(A) = Dsyn€i(2)  when 2 is a point of U,
=0 when 4 is not a point of U".

Since LU, U) [=]1y §; CAUMNU) [in L:(a3)]
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is an expansion of Py (U) with respect to {W&i’(U)} v=12.....
we have

¢ = Qiwn» 1o = SID%'(U)S'Ei(U')(J)Dai(v)ﬂ(»i)(ﬂ)dai(U )

- S U,D%‘(U)fi(l)DWU)"‘(jja)d"i(U) ) @)

and
SO = 1| Buon I, = |, | DriorBawn(@) Fdo(D)
= | 1D P dou(©)
Since, by (2),
10w I = 32 S OO P + SO,

zj | Disigep &) e U) = 1371 €9(U) |2 converges. Hence, by sec. 14,
) U % v

S| Desior @i, D)D) @

is a characteristic function of 2. But, by (1) and (3), (4) is equal to
5 SB[ Do Doy E@ (V)
= > \WNE) CNU) = (B, U).

Hence ( 2do®(E, U) = AIE, U) .
JU

But, by the assumption,

[Uadmp(E, U) = QE, U).

Hence, we have

SUA du®(E, U) = AO"(E, U)..
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Therefore, @’/(E, U) is a characteristic function of ?I,‘and Mo is
orthogonal to all Me; (6 =1,2, .....). But, since { ?(E, U)} (i =1,
2, ....) is a complete system of characteristic functions of A, ¢'/(E, U)
must be identically zero. Consequently,

OE,U)=dE U)[=lrv ; XUD%(U)(/)@'(E, A) Doy :(Ddei(U)
[in R(B) and L:(a)].
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