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For a real point function f(az) which belongs to the class LAB),
that is, [f(a)]’ is integrable with respect to a set function B(E) over a
set 4, the norm ||f]| of f(a) is defined as

1] -

ufu=[ i l.f(a)ﬁdmm] :

and the inner product (f,g) of two point functions f(a) and g(a) of
L:(B) is defined as

(f, 9) = ff(a)g(a)d/sw).

Then it is well.known that the set of all point functions of Lx8) is &
Hilbert space, when two point functions, which differ at points of sets
whose B-value is zero, are considered as identical.

Now let us say that & real set function ¢(E), which is absolutely
continuous with respect to B(E), belongs to L.(8) when its general
derivative Dsyd(a) belongs to L.(R3). By the fundamental theorem of
the integration and differentiation, a unique general derivative Dgzyd(a)
exists almost everywhere (8) and

$(E)= f f(2)dB(E),

where F(a)=Dap(a).

Therefore, if we define the norm || ¢ || of $(E) as
e ll=ls 1

and the inner product (¢, ) of ¢(E) and ,\HE) as

where g {a) :Dﬁ(E)‘!’(a);
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the space of real point functions of L.(8) and the space of real set
functions of Ly(8) are isomorph.

But the space of real set functions has a peculier property. In the
case of point functions, the convergence of {f.(a)} to f(a) in the geo-
metrical sense, that is, the strong convergence of {f.(a)} to f(a), does
not imply the ordinary convergence of {f.(a)} to f(a) at all points a,
 even when we mneglect points of sets whose B-value is zero. But in the

case of set functions, when {¢.(E)} converges strongly to ¢(¥), then
{¢pn(E)} converges to ¢(E) at all sets E. Concerning the point func-
tions, the expansion of f(a) with respect to a complete orthogonal system
does not generally converge to f(a). But in the case of set functions,
the expansion of ¢(E) with respect to a complete orthogonal system
always converges to ¢(E).

In chapter I of this paper, I define the linear combination and
“linear dependency of a denumerably infinite system of set functions

{p.(E)} as follows: When

P(E)=cpi(E) +epo( E)+ .. .. +capu(E) + - ..

the series being strongly convergent, then ¢(E) is a linear combination
of ¢(E), dp«E),.. .., ¢u(E),..... And when ¢(E)=0, then ¢p.(E), $:(E),

.., ¢u(B),.... is linearly dependent. On the basis of these defini-
tions T investigate the properties of the space of set functions.

The weak convergence of the sequence of set functions may be
defined as in the case of point functions. But this convergence is a
conception barely compatible with the metric property of the space of
functions. Hence, instead of weak convergence, I introduce Courant’s
conception of asymptotic dimension, and investigate the properties of
the bounded sequence of set functions.

In chapter II, I apply the properties of the space of set functions
to the solutions of integral equations and find all the characteristic
functions of a real symmetric kernel with respect to a charactristic con-
stant simultaneously. The real symmetric kernel can always be expanded
with respect to the orthogonal system of characteristic functions. And
the solutions of the integral equation with real symmetric kernel are
obtained by the method of undetermined coefficients.
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Chapter I. Space of Real Set Funetions.

Metric Space Li(B).

1. Let B(E) be a completely additive, non-negative function of
normal sets defined in a metric space R which is compact in itself,
and let it be uniformly monotone®™ at a S-normal set 4. If a comple-
tely additive, real set function ¢(E), defined at any S-normal subset of
A, is absolutely continuous wlth respect to B(E), and

[ [ Dp () FAB(E)

is finite, then I say that ¢(E) belongs to the class or space Li(8). I
define the norm of ¢(E) as

3
| [1Dsottras )|
and denote it by {|¢|l. Then, by the Schwarzian inequality
| [Drsplaras (B)| 268 [[Daopl)FIS(E),

therefore, we have

. 1
[$(E)| = ¢l {B(E)}? 1)
for all B-normal subsets E of 4,

If ¢(E),¢(E) and ¢s(E) belong to Ls«8), then c¢¢(E) and
$:(E)-+¢. E) also belong to Ly(B), i.e., the space L:B) 1s linear. For
lepll=lci-llol],

and [ prtel| =il Pull+1] 2, (2)
where ¢ is a real number.
Let the distance between two set functions ¢(E) and ¢.(E) be

defined as || ¢ — ¢.|l, then the space Lo(B) is metric, since

i) “4’1—‘1’1”:07

(ii) 1 —pa||=][ps— [|>0 when ¢+,
for if || pi—.||=0, then by the definition Dgwpi(a)—Daumda(c) is zero
almost everywhere (3), therefore ¢(E)=d.(E).

(1) F. Maeda, this Journal, { (1931), 4.
(2) By Minkowski's inequality [ (ai+bz)’]%é[Zavf]%ﬁ-[szz]é.
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(iii) [ pr— ol +1| po—eps [|=!] 1 — s ||
by (2).

2. In the metric space L3), the convergence of the sequence of
elements shall be defined as follows:

Let {¢.} be a sequence of elements of the metric space L.(83); if
an element ¢ of Ly(B) exists so that

lim || ¢~ [[=0, (1)

then the sequence {¢.} converges to ¢.

But this definition of convergence is based on the conception of the
distance between two elements. Therefore this convergence must be
distinguished from the ordinary convergence of the sequence {¢,} of
set functions, i.e.

lim () = (B) )

(2) means that at any set FE, the sequence of real numbers {¢.(E)}
converges to a real number ¢ (X).

To keep the distinction between these two convergences, when the
sequence {¢,} satifies (1), we say that {¢p,] converges strongly to ¢. In
this paper I will denote this convergence by the symbol

[1itn] o E) = (E).
But, since, by (1) of sec. 1
$(E)—$(B)| =l g || 1BUDIF,

then 1771_1)2 Ou(E)=¢ (E).

This property is peculiar to the sequence of set functions, for, in .
the case of point functions, a strongly convergent sequence does not
necessarily converge in the ordinary sense.

8. The metric space L:(B) is complete.
Let {$.} be a sequence of set functions of Ly(8), and

lim | g — 0 | =0.

N-yoco

Then | Degmda(a)} is a sequence of point functions of L(3) and
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}nlglo I Dgypmla)— Dgmypa(a)||=0.

N-»oc0
Then, as J. v. Neumann did,” we can find a point function f(a)
of L.(3) so that

}LLI‘}OH Deypnla) —f(a) fl =0. 1)
Let
$(B)= [ () dB(E)
then (1) becomes
lim ||, —¢ || =0.
That is, {¢,} converges strongly to a set function of Ly(@8).

(63

4. The metric space La(B) is separable.
Consider a sequence of rational numbers

.. <P-n< e \/P_.9<p_1<Pu<p1<P2< e e <Pn,< e e

go that
limp_,=—00, lim p,=+ o0,
N-»o0 nyoo

and Prn— Pa-1<E

for any value of n.
For a set function ¢(E) of L.(B), consider a sequence of sets

A=A (Pz.éDg(E)(i)((L)/\:PHI)y (izo,i 1,+2,....,&£n,... )
and let us define a set function ¢.(¥) so that

() = j fila) dB(E)

where Sela)=pi
when ¢ is a point of A4;. Then since

e P= [[fele) FdBE) = [ [Dpcab(c)FdS(E)+n=]| §[F +n,
7 being a small number, ¢.(E) belongs to L.(3) and
H ¢’“¢E szf[Dﬁ<E)¢ (a) —fs(“)]de(E)—S—SZB (A) (1)

(1) J. v. Neumann, Mathematische Grundlagen der Quantenmechanik, (1932), 32-34.
(2) 1 have modified the proof of J. v. Neumann in respect of point functions. (Math.
Ann. 102 (1929), 109-111.)
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Now
uB)=3 [ fla)dp(B)=3 piB(4iE),
hence, v
| 96(8) ~Z pBAE) 1= X [1a)TdBE) =3 p5(4)
but Zpr (4= [[re@Tas(E)=|g.
if we make ¢ sufficiently large,
1$B) =3 pBUAB <e. )
Then by (1) and (2) the set L,'(8) of functions of the form
> rB(BE)

is dense in L,(8), where s is an integer, r; is a rational number, and
B, is a B-normal subset of 4. Of course, iZ:T; B(B.E) belongs to Ly(5).
B: being B-normal, there exists an opeI; set O, so that
0.2B;
and B(0:—B))<s.

Since I is compact in istself, it is separable. Then there exists a se-
quence of special neighbourhoods™

v Voo oy Vangeo
and any open set can be expressed as the sum of these neighbourhoods,
thus
Oi: Irl,i‘.l‘ Vz,i—'l- ceae + V,c,i-{'— ce e
Hence, if we take a sufficiently great integer £ which depends to 4,
BIO—BAVi+ Vayt .. + Vi)§ <2
for all values of 4.
Then
| ZnBLE Vit Vagt .o+ V)| = 2 rB(BE)||

=3l A BIE Vit Vaad o 4 Vid} = BB.E)|

(1) F. Hausdorff, Mengenlehre, (1927), 126.
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5 1
,S__Z_ \ i J [B{OL—‘Bi(I/],'i' Vz,i‘i"- ... ‘i‘ Vk,f)}Jz

$
<Y2& 2 mil-

i=1

Hence, the set L.'(8) of functions of the form
iZ"/‘z ,B{I'J(VLH.- ]7"2,1": e + Vk,’);
=1

ig dense in L.(8), and therefore dense in L(B). But L)S(B) is a
denumerably infinite set, and consequently L.(8) is separable.

5. Given a sequence {¢,} of set functions of Ly(8) and a sequence
{eal of real numbers, if a set function ¢ (E) of Ly(8) exists so that

(im]{eips(E) +copol E) + . . .. +capu(B)} = (E),
then I say that the series

b B) + cspo B)+ ... +exu(B)+ - .. 1)

converges strongly to ¢(E). Then, by sec. 2, the series (1) converges
to ¢(E) in the ordinary sense; i.e.

¢(E) :01¢1(E)+62¢2(E)+ cee +Gn§bn(E)+ .....

In this case, the convergence being strong, I say that ¢(E) is a linear
combination of the elements of j¢,}. And if there exists a sequence
{ca} of real numbers, not all of them being zero, so that the series (1)
converges strongly to zero, then I say that the elements of {¢.} are
linearly dependent.’

A subset L of L.(8) is called a linear manifold if every linear com-
bination of the elements of {¢,} belongs also to L, {¢.} being any de-
numerable subset of L. The linear manifold is closed, for if [lriblﬁ] é.(E)
=¢(E), then ¢ (E) is a lincar combination of ¢, (E), ¢(B)—di(E)-.. ..,
P (E)—b.oE),. .... If there exists a sequence {y,} of set functions
belonging to I, so that every clement of I is a linear combination of

the elements of {V.}, then {y,} is called the fundamental s. stem of the
linear manifold L.

(1) When the sequence {¢,} has only finite elements, the definitions of linear
combination and linear dependency are similar to those applying to the case of point
functions. But a finite sequence may be considered as a particular case of an infinite

sequence. Therefore, in many parts of this paper, I consider only the sequence of in-
finite elements.
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Complete Normalized Orthogonal System.

6. Let ¢(E) and ¢ (E) be any two set functions of L.(3), then
by the Schwarzian inequality

| Doz (@) Doy ¥ (a) dB ()

g

is always finite. I will denote this number by (¢,v) and call it the
inner product of ¢(E) and ¥ (E). Then

(¢’ "If) - (‘!’7 ‘;b)r
(¢1 +¢21 \I/\) = (¢‘1; \,’) + (¢‘2: '\,’),

(@, d)=II$IF,
and the Schwarzian inequality may be written in the form
@, W) =l
Since [($n—, ¥) [ =1l [ - [ ¥ 1],
of [lim] ¢..(E)=¢ (E),
then lim (¢, ¥)=($, %)

In other words, if
HE)=c1p1 (E) +cop2(E)+ . ... +end(E)+ ... .. ,

the convergence being strong, then

(@, ¥)=c1 (¢p1, ¥) +02(Ps, V) + . oo o Py )+ - - -

It (‘;b? \If) =0
then the two functions ¢(E) and ¥ (E) ars said to be orthogonal.

7. Let {¥.! be a sequence of set functions belonging to L.(8). 1f
(i, ¥)=0

for every pair of unequal values of ¢ and j, the system {y,} is said
to be an orthogonal system of set functions.

If ||y || has a value different from unity, that value can be made
into unity by multiplying ¥.(E) by the factor ITNEI—H. A set function

with norm 1 is said to be normalized. An orthogonal system of set
functions is said to form a normalized orthogonal system when (¥, (=1,
for all values of n. :
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The elements of normalized orthogonal system f{\¥a} are linearly
independent.

For, if there exists a sequence jc,} of real numbers, not all of
them being zero, so that

eV (E)+ eV (BE)+ . oo +eatn(BE)+ ... =0,
the convergence being strong, then, by the preceding section, taking
the inner product with ¥ (E),
cil| ¥ilf=e=0
for any value of 4. But this contradicts the assumption.

8. An orthogonal system {v¥,} is said to be complete in a set S
of functions, if no function ¢ (E) of S, except the null function, exists
so that

(¢; 1I"n) =0

for all values of n.

For any linear manifolds L, there exists a normalized orthogonal
system which is complete in L.

Since L.(B) is separable, L 1is likewise so. Then there is a de-
numerable subset {¢,} of I, which is dense in L. Take & as the first
¢,, which is not zero; & as the first ¢,, which is not a set function of
the form a:&q; & as the first ¢,, which is not a set function of the form
a171+asf:; and so on.

From {7,} by Schmidt's process of orthogonalization, we can con-
struct a normalized orthogonal system {v,} so that

v1=&, V= -"YI ’
oy ll
v=b— ¥y, Y=
Al
“/nzgn'—(é‘m ‘1’1) ‘!’1—(57t, ‘I"‘-’) ‘,’2_ e _(gn, ‘I’n—-l;) ’\l’n—ly \I’n~ In

Cllll”

[[7.1/=0, then &, is a linear combination of Y, s,.. .., Y-, that is, a
linear combination of £, &,....,£.-.; which is absurd.
Then the set M, composed by the linear combinations of the ele-
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‘ments of {yr,}, is dense in L. If {y,} is not complete in L, then there
exists a non-null function ¢(E) in L, so that

($,¥w) =0 (1)
for any value of n. But there exists a sequence {¥,*}{ of set functions
belonging to M so that

(Lm]¥* (E)=¢ (E). (2)
Since Y,*(E) is a linear combination of the elements of {V¥.}, by (1)
we have
(¢, ¥»*)=0

for all values of ». Hence, from (2)

(¢, ¢)=1 ¢ [F=0.
This is absurd. Therefore, {y,} is the required normalized orthogonal
system, complete in L.

If we take L.(8) instead of L, then there exists a normalized
orthogonal system which is complete in L.(3).

9. If a normalized orthogonal system {V¥.} iscomplete in a linear
manifold L, then {¥a} is a fundamental system of L.
For, let ¢(E) be any, non-null, set function in L, and put

cT:(‘i’)‘I’?'): (7':1727-“‘:77/7 ) (1)

then some of the ¢’s are not equal to zero. Denoting by . (E) the
partial sum Zlcr\]fr (E), we have
p—onll=li$]7— .
It follows that, for all values of n,
2 or =%
and that the series Zw,‘c,? converges to a number that is less than ¢ (F;
re=l

that is, we have the so-called Bessel’s inequality

Zorsl¢

IR
E

But since

n
H Tp— 0Oy i12=Z ¢’
F=n+1
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where m>n,

lim H O'M_U'nH:O-
M-y
7>

Therefore, by sec. 3 the sequence {o,(E)}} converges strongly to a set
function ¢*(E) of the class Lx(8). Then

¢*(E) = (E)+eVo(E)+ .. .. +ea¥a(E)+ .. .., (2)

(%, ¥r) =0, (r=1,2,....,0,....) (8
Therefore, from (1) and (3)

(p—o™, ¥)=0. (r=1,2, ....,my....)

Then, since {Y».} is complete in L, it must be that
¢ (E)—¢*(E)=0.
TFrom (2) we have
S(E)=cVi(E) +esyn(E)+ .. .. eV (B)+ .. .. (4)
where cr={(, ¥, (r=1,2,....,0,....)
and this series converges strongly. Thefore, {¥,} is a fundamental
system of L.

Conversely, if « normalized orthogonal system {V¥.} is a fundamen-
tal system of a linear manifold L, then (.} is complete in L.
For, let ¢(E) be any, non-null, set function of L ; then it may be
expressed as
SE)=ci(BE)+etn(E)+ .. .. +ea¥va(B)+ ... .,

the convergence being strong. Then, by sec. 6

(P, V) =c iV F=ec,- (r=1,2,....,m, ....)
Hence, there exists at least one set function ¥, (E) so that
(9"’: ‘[fi) :%:0

10. Let a normalized orthogonal system {¥,} be complete in a
linear manifold I, and ¢(E),¢’ () be two set functions of L. Then
by the preceding section their expausions with respect to {y,} are

¢(E):cllpl(E)4"cﬂ‘i’2(E)+ e +Cn‘lfn(E)+ ceey
¢,(E):cl,\P1(E)+C?l’\P2(E) +... +Cn"‘,’n(E)+ RS
where = (b, V),
C, (4),‘1’) w=1,2,....,n, ....)
o = (¢, %)

Then
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(o, @) =c161 +Caed + ... +c.c),
where g (B)=ciVi(B)+ eV (E)+ .. .. +eadrn(£).

But, since

[(@—aw $)=lld—all-ll¢]]

we have lim (¢ —on, 95,) =0,
that is (¢, ¢/) =lim (o, ¢I)
Therefore,

(B, d)=ciel + o0 + .. FCnln A o

We have now established the following theorem which is a genera-
lization of Parseval’s theorem in the theory of Fourier’s series:

If @ normalized orthogonal system {V¥.} is complete in a linear
manifold L, and {c.},{c.’t are the sets of coefficients corresponding to
two set functions ¢(E), ¢'(E) in L, then

(b, P )=cicy +eocs + ... FCaCd + ...,
and HpF=cl4cl+....+ci+....

11. Tet {y, be a complete normalized orthogonal system in L,
and

eV (E)+ eV (BE)+ .. ceatra (B)+ .. ..

be a series with coefficients ¢, such that > ¢’ is convergent. Denoting
=1

the partial sum of this series by ¢,(E), we have

mn

lim H Op—0Cu “3 =lim Z Crz =0,
m-»co Mm>0 r=n+l
n-»o0 P

where m>n. Then, by sec. 3, there exists a unique set function ¢ (&)
belonging to L, such that

or S(E)=ci¥ (E)+eaya(E)+ .. .. +eaVrn(E)+ .. ...

We have thus obtained the following theorem which corresponds to
the Ruesz-Fischer theorem in the theory of Fourier’s series:

If {¥a} is a complete normalized orthogonal system in L, and {c.}
is @ scquence of constants such that icﬁ is convergent, there exists
o unique set function ¢ (E) in L, so that

¢(E):Cl‘lf1(E)+02‘1’z(E) cee +Cn‘i"n(E)+ B
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where the series conwverges strongly.

12. Combining the last two theorems, we have the following
theorem :

If (¥} is a complete normalized orthogonal system in L, o necessary
and sufficient condition that a series

Cl'\lf1<E) +Cz\ll‘g(]’]) e e +(?n"7!’n.(E)+ e o
expresses a set function in L, is that 2 ¢’ is convergent.

Thus, in L, there is a one-to-one correspondence between the set
function ¢ (%) and the sequence {c,} of the coefficients of its expansion.
Therefore, if we consider {e.} as the coordinates of the set function ¢ (E),
the distance between two set functions ¢ () and ¢’ () whose coor-
dinates are {c,} and {c,} is

7 ’ 1

il¢_¢ ]f:{2(014—(j,.)2}2.
Therefore, if the fundamental system {v,} of L has only finite,
say p, set functions, then L is an Ewueclidian space of p dimensions,

and if the system {{r,{ has denumerably infinite set functions, then L is
an Euclidian space of denumerably infinte dimension or Hilbert space.

13. 1If the linear manifold I is of finite dimension, then by the
property of Euclidian space, every bounded sequence of set functions of
L is compact in [, that is, it contains a subsequence which converges
strongly to a set function of L. But, if the linear manifold L is of
denumerably infinite dimension, the bounded sequence of set functions
of L is not necessarily compact in L. For example, the normalized
orthogonal system {4.{ is bounded but is not compact. For,

'5 Yn—Yn HZ:H Yo |+ 17‘1"11\2:2
for any values of m and n.

Thus, we have the following theorem :

A necessary and sufficient condition that a linear manifold L be
of finite dimension is that every bounded sequence of set fumctions of
L is compact in L.%

In the following sections I will consider the sequence of linear
manifolds in order to investigate the properties of a bounded sequence
of set functions in the linear manifolds of denumerably infinite dimension.

(1) F. Riesz proved this theorem in the case of linear manifolds of continuous
point funetions f(x), defining ||/ || as the upper bound of |f(x)|. (Acta Muth., 41 (1918),
77-78).
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Sequence of Linear manifolds.

14. Let L be a linear manifold of finite or infinite dimension,
and {¥.} be a complete normalized orthogonal system in L. A set
function ¢ (E) in L.(8) is said to be orthogonal to L, when

(¢, ¥1)=0
for all values of 7. In this case, of course
(¢, ¥)=0

for any set function ¥ () in L.

A set function ¢ (E) in Ls(B) can be decomposed in one and only
one way into two components, one belonging to L and the other
orthogonal to L. For, let

"' (E)? Z(‘i’: ‘!’z) ‘!"L

and E(E)=9(E)—¥(E).
Then d(E)=v(E)+£(E), ey

and V(E) is a set function in L, and £(E) is orthogonal to L, for
from (1)
(b, Y1) = (b, ¥o) [| ¥ [P+ (€, ¥0),

therefore, (,4)=0
for all values of 7.

The distance between ¢ (E) and L [ will call ||£]| and denote it by
r (¢, L) ; it is zero when and only when ¢ (E) belongs to L. Of course
r(¢, L) is the least value of ||p—+}| for all set functions ¥ (E) of L.

If the component of ¢(F), orthogonal to L, is £(E), then the com-
ponent of c¢¢ (E), orthogonal to L, is ¢£(E) ; therefore,

r (C(ﬁ, L) : ¢ ‘ ” (¢1 L);

where ¢ is any real number.

15. Let
¢ (), $(E),...., ¢, (E) 0
be p set functions of L.(8). The least value «, which always exists, of
HC'1¢1+02¢2+....+C,;¢},H .

for all values of ¢’s, satisfying
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is called the measure of independency™ of the set functions (1). If a
null function exists in (1), then «¢=0. If there is no null function in
(1), then =0 when and only when the set functions (1) are linearly
dependent. '

If >0, we can consider a linear manifold L of p dimensions,
whose fundamental system is (1). Let ¢(E) be any set function in L,
then ¢ (E) can be expressed as

$(E)=dip: (E)+dopz (E) + . ... +dpd,(E).
If we put
ds

;= -

MZ@’

then, since 2 ¢’=1,
3

Il eipitcadpet . ... +cpdpl| = o
Therefore, we have

el o
V=
that is '
Zdﬁg JZJ i

16. Let L and L' be two linear manifolds of p dimensions, and
{¢:{ be a fundamental system of L, having the measure of indepen-
dency e. If

r (¢, L) <E, (1=1,2,....,p) (1)

then for any normalized set function 7 (E) in ‘L,
r (7/7 L,)<_p]—v
oL

For, if we express n(E) as
N=dipi+deps+ . ... +dpPy,
then by the preceding section

Z(,i ,;2 é ‘"17 .
7 2

(1) For point functions, cf. Courant-Hilbert, Methoden der Mathematischen Physik
1. zweite Aufl. (1931), 52.
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1

Hence ld:| = (i=1,2,....,p). (2)

Let ¢/(E) be the component of ¢,(E) contained in L', then by (1)
Il pi— ll=r (¢, L') <. (i=1,2,....,p) (3)
Then
¢ =dp e + ... +dudy
is a set function in L', and
Hn—¢ 1=l dil- [ pi—dd [+ da [ go—po/ll+ ..+ dol - ]| pr—pi [
hence, by (2) and (38)

’ k
In—¢'[| <L
ol
But #(y, L) is the least values of ||»p—¢’| for all ¢'(E) in L', therefore

r(n, L) <,% . (4)

Let n(E) be any normalized set function in L, then by (4) » (5, L)

is always less than ﬂk_ I will denote the upper bound of 7 (5, L') for
o

all normalized set functions in L, by 8(L,L'). We can define 8§(L’,L)
similarly. Whichever of 8(L’, L) and § (L, L’) is the greater, I call the
distance between L and L', and denote it by (L, L").

r(L, L')=0, when and only when L and L’ are identical.

i7. Let L,L,L” be 3 linear manifolds of p dimensions. Decom-
pose a normalized set function #(E) in L, into two components:
n(E)=y'(E)+ £ (E),
where ¥'(E) is the component which is contained in L', and £ (E) is
the component orthogonal to L". Then
¥i=1,
and r(n, L')=|| £ ||.
Next, decompose ' (£) into two components :
VA(E)=y"(E)+E"(E),
where ¥'/(E) is the component which is contained in L', and ¢"(E) is
the component orthogonal to L. Then
r (Y, L= €.

Now, since
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n (E)=v"(E)+ & (E)+E"(E),
r(n, L) =g +E" ||=r(n, L)+r (¥, L").
But r(n, L)=6(L,L)=r(L, L"),
and since ||V ||=1,
(¥ L= || r(

Therefore

,L'")=8 (L', L")=+(L/, L"
ol )( )=r (L', L").

r(n, L")=r (L,L")++ (L', L").
But since this inequality holds for any normalized set function in I,
we have

5 (L, L")sr (L, L)+ (L', ).
Similarly
S, Lysr(L", L")+r (L', L).
Therefore, we have ‘
V r (L, L")y (L, L") +r (L', L").
That is, the set of linear manifolds of p dimensions is a metric spuce.

In the metric space of linear manifolds of p dimensions, if
lim ¢ (Ly, L)=0,

tﬁen it is said that the sequence {L,{ converges to L. In this case,
for any positive number ¢, an integer N(g) exists, so that

# (L, L)=e .y
for n= N(g), and when &>¢/,
N()sN(¢),

and lim N (g)=oc.

Let ¢(E) be a set function in L, then since

¢
7 (9, Ln):‘-\[¢i\-¢<m:13n>,
from (1) there exists a set function ¢, (E) in L,, so that
lp—¢. | = ‘1‘44»1 (i=1,2,....)

d
7+1

for all values of », satisfying N (d> =n< 7\’( >, where d is the
q



18 ' F. Maeda.

upper bound of r(Ls L). Then the sequence {¢,} converges strongly
to ¢ (KE).
That 1is, 4f the sequence {Ln} converges to L, there exists a sequ-
ence {¢.}, $u(E) belonging to L, for ecch value of m, so that
[lim] $u(E) = (E)

for any set function ¢$(E) in L.

18. The space of linear manifolds of p dimensions is complete.
That is, if a sequence {L,} of linear manifolds of p dimensions be such
that

Lim ¢ (Lm, Ln) =0,

there exists a linear manifold L of p dimensions so that

Iim ¢ (Ln, L)=0.

n-»o0

For, by the assumption, for any positive number & a positive
number N (g) exists so that

7 (Limy, L) <e (1)
for any integer m and n greater than N(g), and when ¢>¢’,
N()=N().
Take an integer ny which is greater than N(%); and let a nor-

malized fundamental system of L, be
‘Ifi,l: \I’i,i‘, st "!’1,1; ’

and its measure of independency be c.

Next take an integer n, which is greater than N ( —5’—), then by (1)
\ 92
there exist p set functions of L.,
"1’2,11 '\["2,‘27 oy ‘#'lp’
go that

[ Yo |
and I ‘1"1,i — Yo

=1 :
(i=1,2....,p)

<.
2

Next take an integer ns; which is greater than N (—;;) Then there

exist p set functions of L.,
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'\P‘a,u "l"3,2; ety "lr&p s
so that

sl =l ]l =t

(L:l, 2, Ce . ,p)
and o= || <-;._,— .

Generally, let n, be an integer which is greater than N (j ); then

27
there exist p set functions of L,
) '\;"vg, "I"VI,?) ce sy ’\l”’m$
so that

[ill=1
and H ’\)[rv-l,i_’\l’v,i H <é€‘

v-1

(i:l,‘z,....,p)

Thus we have p sequences of set functions

{‘I’vﬂ}; {'4"”,2}’ BRI {‘1"»,11%

and
[ s:é«?f__l
when p>v.
Therefore, by sec. 3 there exist p set functions of L.(8)
Eiy By ooy Eny 2)
so that

[}im] Yoi=E&,
and Hﬂﬁ,i‘“fi“éa (8)
for :=1,2, . ,p.
Next, I will shew that the meaure of independency of (2) is not zero.
]

Let ¢, ¢2y ....,¢p be any p numbers satisfying > ¢i=1. Put
i=1

Yri=ciYria+ WPyt ... +Cp‘l’1,m
E=cki+ek+ . .. ek,
then, since the measure of independency of Yriy, Vi, . ..., ¥z IS o

»

Y |1 =ee. (4)
Therefore, by (3)

£l el =& ll+ed - W&l . +lel ¥ =&

=pe.
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Then, by (4) we have
€] =—ps.

But, since this inequality holds for any values of ¢, ¢, ... ., ¢, satisfying
»
2 ¢’=1, the measure of independency of (2) is not less than o—pe.
i=1

But we can take ¢ so small that

e< %,
by

therefore, «—pe>0, and the p set functions of (2) are linearly inde-
pendent. Then, there exists a linear manifold I of p dimensions, which

has (2) for its fundamental system. -
Lastly, I will shew that

lim ¢ (L, L)=0.

Nn->»0

Let 7, be any normalized set function in L., and

"71=d1‘1f1,1 1 dz"l"m + dp‘l"l,z) )
then by sec. 15,

Sa=1. (5)
i oL
Now
E‘l:dlfl"’d:ﬂf?'*— +d11:,1)
is a set function in I, and
Hnm—&l =] dif- Iy —&| +
Then, by (3) and (5)

. +]dp\"i“!’1,p“§p”-

H?h—fm 1)8
Therefore,

T (771, ) = l)i

But this inequality holds for any normalized set function » in L., ;
hence

8 (L, L)=PE., (6)
[0
Similarly, since the measure of independency of (2) is not less than
o—pe, we have

8 (L, Lm)= (7)




On the Space of real Set Functions. ' 21

By (6) and (7), we have

r(L, Ly)=—P& |
Oﬂ—ps

when ';L1>N<~;—>. Therefore, we have

lim 7 (L., L)=0.

it-»o0

19. Let {¢.} be a sequence of set functions of L.(s3). If, for any
given positive number ¢ however small, there exists a natural number
N, so that for any values of ni, ns, . ..., f1p.1 greater than N, the mea-
sure of independency of gbnl, Guy s bu, s is less than ¢; and for any posi-
tive number G however great, there exist p integers ni, ns,....,n, greater
than @, so that the measure of independency of 4),.1, (7!),,2, e Py is
greater than a fixed positive number «, then the sequence {¢,} is said
to have p asymplotic dimensions.

In this case, there exists a sequence of p set functions

4)1‘9 ¢12) -------- H ¢1p9

(}) RE <X EEE R ’ ¢2p’

d)nl’ ¢‘nz, -------- ’ d)np,
the measure of independency of ¢, , ¢, . ..., bs being greater than o
for any value of n, and the values of ni,ne, ....,n, increasing inde-
finitely with n. I will call the sequence of linear manifolds {L,} of
p dimensions, the fundamental system of L, being Pus (;b,,s, ....,cfinp, an

associated scquence of {¢.i.

If we take a different sequence of p set functions, satisfying the
above conditions, we have another associated sequence of i¢,}.

20. If a bounded sequence i} of set functions is of p asymptotic
dimensions, then all associated sequenmces 1L} of id,} converge to a p
dimensional linear manifold L, and

lim r (¢, L)=0.
I will first shew that

(1) Cf. Courant-Hilbert, loc. ¢it., 53. When p=0, then lim |/¢n|| =0, and [lim] ¢n=0.
1> 00 7->o0
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lim 7 (¢, L) =0.

Vvroo
>0

For any values of v and n, there exists a set of values of ¢, ¢s, Co

.., ¢p 80 that
coteldel+ . e, =1,
and L oot c1pn + o+ - - . - + o, |
is equal to the measure of independency of ¢, q5n1,¢>,,2, ....,'¢>,Lp.
Now

llcipn + Cadpu,+ - - - -+ o |
..S_[C()[H‘ﬁull‘*' !!Cw,¢v+01¢n!+02¢n2+ Cee s +C;¢n,pu,

and
1
T e e, e |2
for any values of v and n ; since
}im [ copy + cipn, + o + . . . +Cpn, | [=0, 1

and || ¢, || is always less than a fixed finite number, it must be that
‘ Co ;> k;
where % is a constant number independent of » and n.
Put

gy — Gt (1=1,2,....,p),
and we have

I] (I)v”(dl‘i)nl'{’ dngnz‘[" N dpff’np) ‘

1
< ‘k“H Co¢’v+ Cl¢)vl+ 02¢nz + IR +Cp(i)nyl {7 (2)

then by (1)
lim 7 (¢, L) =0.

N>oo

Substituting Guy Py ooy Py, Tor b, we have by sec. 16
lim 8 (L, La)=0.

m-roo
n-reo

If we interchange m and n,
lim 8 (L ny Lm) =0.

m-yoo
>0
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Therefore, we have
lim r (Lm, Ln): 0.

Then by sec. 18, {Lx} converges to a p dimensional linear manifold L.
If {L.)/{ and {L,”} be two associated sequences of {¢,}, then
Ll’,L]I,, LZ’, L2,,, e ,Ln’y Ln”,< P
is also an associated sequence, say (L.}, of {¢,}. If L be the linear
manifold to which {L.} converges, then {L,'} and {L,"”} must converge
to L. Therefore, all associated sequences of {¢,} converge to a unique

linear manifold L. _ __ —
Let ¢ be any given positive number, then by (2) there exists a
number N(¢) so that

| o (dipa +datpu + - - .. +dypn ) || <= (3)
for any values of v and n greater than N (g). But since
llm r (Ln, L) _—_O,

there exist p set functions £,&, .. ,&, in L, depending on n, so that
[ n,—Ei||=2 (1=1,2,....,p)
for any value of n greater than N'(¢). Now let n be greater than both
N (¢) and N'(¢). Then
(s, +dopu + - - -+ dyn) = (dir+dofot ... +dyEy) ||

§gld1|+idzl+~---+|dp”3; (4)
but since
— Cq
i T T
Co
and [Co{>k‘, |Ct'.§11
we have
ldi|<%7

¢p'_ 1£1+ 7+ i— = l _‘. p
H (d (iog' e e dpfp)“.__ < >E~"

that is
lim » (¢Va L):O
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Chapter II. Applications to the Theory of Integral Equations.

Space of Real Functions ot Two Sets.

21. Let o and o' be two points in the Fuclidian space™ R, of n
dimensions ; then this pair of points (a,a’) may be considered as a
single point ¢* in the Euclidian space Rs, of 2n dimensions. Then we
consider the pair of sets (4, A"), A and A’ being two sets in R,, as a
set of pairs of points (a,a’) for all points ¢ in 4, and o' in A’. Since
the interval W¥* in R,, is a pair of intervals (W, W'), we can define an
interval function 8* (W*) so that it is equal to 8(W) 8(W’). Then from
this interval function we can construct a completely additive function
of normal sets 8*(E*) in Rs. If £ and E’ are @-normal, then it is
obvious that (E, £') is 8*-normal.®

Let & (E*) be a completely additive set function defined in R.,, and
absolutely continuous with respect to 3*(E£*). Then by the so-called
fundamental theorem which I have proved in a previous paper,” & (E¥)
has a unique finite general derivative Dpx S (a*) almost everywhere

(8%),* and
G (E*)=| Deger,S(a®)dB* (E¥). (1)

When E*=(F, L), where I and E' are 8-normal, as in the previ-
ous paper,” I write (1) as follows :

S(E,E)= f { Diwises® (a, ') dB(E) dB(E")

and I say that Daxa, S(a,a') is doubly integrable with respect to
{8(E), B(E')} over (E, E'). Then

f D[S*(E*) & ((,é, a,’) d,@(E') and f.D[ ®(E*) 6((1, CL,) dB(E)
vE E

exist almost everywhere (8)® in E and £’ respectively ; and

(1) In the Euelidian space, the monotone uniformity of 8(E) at A has no bearing
on the problem. OCf. F. Maeda, this journal, 2 (1932), 33.

(2) Cf. F. Maeda, this journal, 2 (1932), 160.

(3) This journal, 2 (1932), 37.

(4) In what follows, I omit the words * almost everywhere (8*%) or (8).”

(6) This journal, 2 (1932), 161.
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[ [ Doscsn © (0,0') d8(E) dBE)= [ { | Donise) € (0, &) dB(E")} 18 (E)
EYE 'E \VE?

- { LDW*)@((L, a)d8 ()} d8(E);

that is, we can change the order of the integration.
Then by the fundamental relation

Doy © (a, B) = ] DpronS(a, a') dB(E),
'

where DgnS (a,E’') is the general derivative, at ¢, of & (&, F') which is
a function of set K, with respect to 8(E), and
Doceny Dpy® (@, 0 ) = Diorzny© (g, a').
Similarly we have
Doy Ds 0@ (a,0") = Dps xS (a, o).
Therefore, if Dpeas,S(a,a’) is doubly integrable with respect to
{B(E), 3(E", then we can change the order of the differentiation.

I have proved in a previous paper,” that on the same assumption
we can change the order of differentiation and integration ; i.e.

Dﬂ(E)f D;su«:/)@ (awﬂ/’) dB(E’) :f Dey Dpn'© (a, (1’) g (E’)
o E*
If € (E, E') belougs to the class Lq(8%), that is,
ff[DBw)Dﬂw')@ (a, o) dB (E)dB (E’)
Av A
exists, then since

[Dscsy &(E,a')1'= U Doy Dsan S (a, 0/) B (J«J)AJ.
=B(E) 'f[Dﬁ(E)DﬁtE”) S (a, a')]”d,é}(E),

f [Den® (E, o!)FdB(E') exists. Therefore, & (K, E') belongs to Lu(8),
A

as a function of E/, E being constant. Similarly &(E, E’) belongs to
L.(B), as a function of E,E’ being constant.

22. I will define the norm "' & of & (K, E') and the inner po"o.-

(1) In this peper, I use the symbol (=), as signifying “equal almost everywhere
(8*) or (B).”
(2) This journal, 2 (1932), 163.



26 F. Maeda.

duct (&4, S,) of &(E,E’) and S,(E, E') as follows:
1
2

&= [ j Do Dirr &, a’)]de(E)dB(E’)]

(&1, 8) :Jnf-DB(E)Dﬁ(E') Si(a, a') DeawmyDpnS:(a,a') dB(E) dB(E'),
AY A4
and I will use the same terminology as in chapter I.

Let {n,(E) and {n,/(E')} be two normalized orthogonal systems,
belonging to Li(8), then {n,(E)7,/(E")} is a normalized orthogonal system
of set functions, belonging to Ls(8%). Tor, since

DeaceyDen [ no(a) 1,/ (@')]= Dy 1 (@) Doy s’ ('),
we have
Hmm'HZUn»H'H’?»'H=1, (V=1,27 )
and (77»771&') 771"'7"'): (77;“ "71’) (.77;4."’ ’7»’)=0,
for every pair of unequal values of u and v.
Therefore, if the normalized orthogonal system {5.(E)»,/(E')} is

complete in a linear manifold L* of functions of two sets, then any
function &(H, E') in L* can be expanded uniquely as follows:

S(E, B")=con(E) n(E'") + can(E) 7 (E") + . . ..
+em(E) 0/ (EN+ . ...,
where ¢» =(8, '), v=1,2,....)

and all the considerations and theorems of chapter I for the normalized
orthogonal system hold also in this case.

Linear Set Functional Transformations.

23. Let & (E, E') be a real, non-null, function of two sets belonging
to Li(8%), then, since by sec. 21 &(E, E') belongs also to Li(8) as a
function of set E, and as a function of set E', the following two
integrals

f DonR(E, a') Do (a') dB(E") )

[ Dontt (@, ') Dyes) $(a) 48 (1) ()

exist, ¢ (E) being any set function of L,(8). As I have found in the



On the Space of real Set Functions. 27

preceding paper,”’ (1) and (1') represent two set functions of L.i(B), say
®(E) and ®'(E'). (1) and (1) are linear transformations in the space
L,(3), and K& (£, E') are their kernels. 1 denote these transformations
by

D'(E)=Te'd(E).
Since Dawm Do & (e, a') Decend (a') is doubly integrable with respect
to I8(E), B(E")} over (4, A4), we have

Doy Tad (@) :f])B(E)DB(E’}R (a,a') Dpwn ¢ (') dB (E',\,
=1

then by the Schwarzian inequality, we have
[Dsir Tad (@)1= [ (Do Dscntla, o ) FABE | $ I,
A

then | Tap =& 1- 1 i 2)
Similarly, we have

| Ta'p =81l

From (2), if

[lim] b (E)=¢ (E),
then [lim] Zedu(E)=Tsd (E). (3)
And, if

[lim] K. (E,E)=8 (E, E')

n-roo

then (lim] 7T'r, ¢ (E)=Ted (E). 4)
Similarly for the transformation 7% .

24. We will now apply theorems (3) and (4) of the preceding
section to Volterra’s solution of the integral equation :

¢(E)=V¥ (E)+ Tap (K),

which I have considered in a previous paper.®
Let us construct the iterated kernels:

RI(E7 E'):R(E: E,))

(1) This journal, 2 (1932), 164.
(2) This journal, 2 (1932), 168-174.
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92(E, E’) = ngﬁ\ (E, E,)U) :f.Dﬁ(r]n) 8 (E, (,Lr”) .Dﬁ(E!f) 8 (CI/”,E’) dB (E”),
A
S(E,E)=TeK:(E,E’)
:f DS (E,a"") U D Docennm®(a"', a'")
A A

% Do (a", B')dB(E ')] dB(E")

= f Do 8 E, ") Dpwn R0, E') dB(E"")

=Te,R(E,E").
Generally,
K(E,E)=TeR:(E,E")=Ts, K(E,E").
Then, since
(Kl =l S0 [ Ry |, (n=2.3,....)
we have
K. =K
Let
C(E,EN=8/(E,E")+ (£, E"N+ ... +8.E,E".
It ||&]|<1, since
| €0 =8| S Snsr [+ Ruse [+ +[[ K|
&
e
where m>n, we have
lim || &, —8&,i/=0.

m-»oco
f—>roo

Therefore, since L.* (8) is complete as proved in sec. 3, {&, (K, E')} con-
verges strongly to a function of L.*(8), say —f(E.E'); and
—8(E,E"N=8(E,E")+8(E,E"+.... +8&(E,E")+.. @
By (8) of the preceding section, we have
— Tat (B, £')==[lim] TeSu(E, E")

(1) This denotes the transformation of & (E, E’) as a function of E, E' being con-
stant.

(2) This proof of the convergence of the series is simpler than that of the preceding
paper. But the present method can not be applied to the case where the kernel is of
the form K(FE, a') or &(a,a’).
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=R (B, B + So(B,E) + - + R BB £ .
Similarly, by (4) of the preceding section, we have
— 1o (B, E)=[lim] Te,R(E, E') '
=R,E,EN+S8(E, EN+ . ... + 8 E,EN+ ... ..

Therefore, we have the reciprocal property between & (E, E') and £(E, E'),
ie.
K(E,E")+¥(E,E")=Tet(E,E")=T18(E,E").
Using this property, as in the preceding paper, we have the fol-
lowng theorem :
In the integral equation

¢ (B)=V(E) + f Dpon R(E, ') Do (a') dB(E'),

if R(E,E') and ¥ (E) belong to LAB*) and LiB) respectively, and
IR1<1,
then this equation has one and only one solution belonging to L:(8)

and this solution is givem by

¢ (B)=V(E)— j Deant (B, d) Dean¥r(a') dB(E").

Linear Manifold of Set Functions, determined
by a Real Symmetric Kernel.
25. Let the kernel & (E, E') be symmetric, i.e.
S(E,EN=8(E', E),
then Tap (E)=Td ¢ (E).
Since

(R, ¢‘P)=ffD3<E>Dﬂ<E'>-Q(a, ') D (@) Deen ¥ (') dB(E)dB(E'),
we hove the fundamental relations
('Qr d)‘p) = ( TR¢) "1!’) = (¢1 gyﬁ‘\l’)‘ (1)

Let % be a rcal number. Then if, in L:(8), the null function being
excepted, there exists a set function » (E), which satisfies
7 (B)=\Tgen(E), 2
then A is called a characteristic constant of the kernel & (E, E') and
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n (E) a characteristic function of & (E, E') with respect to A.

For any symmetric kernel, there cxists at least one charocteristic
constant.
By sec. 28 for any set function ¢ (E) in Li(B),

[ Ted||s[ K11l

[ lfA)
therefore, there exists a finite upper bound, say /, of [ Tedll for all

el
set functions ¢(E) in LiB). By (2), we have
N il °

therefore, if & (E, E') has characteristic constants, their absolute values
can not be less than —;. In what follows, I will show that at least one

value of % or —-—}— is a characteristic constant of & (£, E).
To prove this, I will first show that the lower bound of
=T T or (¥ Tull

for any normalized set function ¥ (F) in Ls8), is. zero.” For, if it is
not, then a positive number ¢ exists so that

;i¢—%TR¢;;>sH¢ll, 3)
;a¢+% Ted |>e ¢ | )

for all set functions ¢(E) in Li(B), except the null function. Then
19— T Tagll=] (9= Tad) + 7 To($—— Tuh) |

by (4) >sn¢—§—m¢u,

by (3) >e*ll |, (5)
for all set functions ¢ (F) in L.(B), except the null function.

On the other hand, in Li(83) there exists a set function ¢ (E) which
satisfies the following inequality

| Tad ;|2>P(1—F21) ey ®)

(1) I owe this property to F. Riesz, Math. Ann. 69 (1910), 484-487.
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With respect to this set function ¢> (E)
[6-L TaTep =61 26, TuTap)+ L 1| Te e
Then, since, by (1) and (6)
(4, TaTed)=(Tod, Tap)=| Tad >F(1-5 ) 61,
Lo !F

and | Te Tad =1

we have

4

qu—lizT@ Tod H?<H¢152{1—2(1~—52—>+1}

which contradicts (5).
Let the value, % or ——il , be denoted by A, so that the lower bound
of
=\ Te¥||
for any normalized set function Y (F) is zero. Then there exists a sequence
Wt which satisfies
Lim [[r, — X Teve, || =

I will call such a sequence {Yn¢ the minimal sequence of | Yr—ATe¥ ||

Let Yy} be of p asymptotic dimensions; then there exists an as-
sociated sequence {Ln} of linear manifolds of p dimensions, and the
measure of independency of the fundamental system of Ly

‘Pl?:‘l’na””z\!f”

»
is greater than a fixed postive number o, where m, N, . .., Ny iNCrease
indefinitely with n.

Let $.(E) be a set function of La, and let || ¢, |=Fk, & being a con-
stant number indepedent of n. If we express ¢, (E) as

¢n:dnx"l/‘nl+ dnz'\’"nz'i‘ ceeF dﬂp‘q’ﬂﬂ )
then by sec. 15

> dn=-

i

and L dy, =~ (:=1,2,....,p)

Q |& go}??;

for any value of n. Then, since
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H ¢n"_‘/\ TR¢TLH §1 dnl } . H '\I/‘,ﬂl—'}\T@’\ll‘,ll H-{—\ (‘77,2\ . H \PnZ—-XT@‘lfnz H
+ ... +‘\d77p‘l . H'\l/‘np—XT.Q‘[/‘np”;

we have
lim || ¢, —\ T [|=0. (M
If we take the normalized orthogonal system in L,
My Moy «evsne s M,

instead of ¢.(E), we have
lim{:’%;—xT@"?niuzo- (L:172’ “"’-p) (8)

Then, since l[7,,[l=1 for any value of n,
LHm - [ Temy, |l=1. (9)

Ny

Therefore, since
|2

[ 7y =N T, P =] 10, [P+ 22| T, |
by (8) and (9), we have

- 2>\ (nni; Yvﬁ n'l‘l)’

1 7 j— 1 > — ¢
lim (., Tama) =0 (i=1,2....,p)
Now by Bessel’s inequality
. p_‘ . ) P 5
[] 8 HHL?:; (R; 7’”1 "hl.)z:iz; (7771.[.; rj@nni)z
for any value of n, therefore we have

| &

2> P
=-T5-

That is, the asymptotic dimensions of minimal sequences of ||y —\ TV ||
can not be greater than A*||&!f. But, for any minimal sequence (Y}
the asymptotic dimension is =1, for, ||¥, |[=1 for all values of w.

Let {4, be the minimal sequence of |[Y¥—=ATsy |, which has the
greatest asymptotic dimension, say p (=1), and {L.} be the associated
sequence of {Yr,}. Then by secctions 20 and 17, there exist a linear
manifold L of p dimensions, and p sequences of sct functions

(b by tbnts s i) (10)

where ¢, bugy - -, bu, belong to L,, for each value of n, so that the
sequences of (10) converge strongly to p linearly independent set functions

El, EQ, ...... y Ezz
of I, respectively. That is,
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}L£1£||¢n,—ftfi=0- (i=1,2,....,p) (11)
Then, {¢,} being bounded, from (7) we have
}’Lim!'(l)"i_xTﬁ(ﬁntH:O' (”f:l) 2: c >P) (12)
But
[ (pn, = AT dn) — (Es—ATgE:) ||
=1 o, —Ell+IN] -] To (P, —ED |
S+ RID ] n,—Eill
Then, by (11) and (12), we have -

E—\TpEi=0. (i=1,2,....,p)
Therefore, A is a characteristic constant of & (X, E') and
517 EZ’ ------ ) ':?17

are characteristic functions of & (K, E') with respect to A. Hence all
set functions in L are characteristic functions of K (E, E') with respect
fo N.

Conversely, all chararacteristic functions of & (E, E') with respect to
N belong to L. For, let £ be a characteristic function with respect to
A ; then the sequence '} where

Yio1=§,
and . ‘[/‘,Zv:\!’v _ :
is also a minimal sequence of |[Y—ATeV |, {Yr! being the minimal
sequence above defined. Then, {y/{ being of p asymptotic dimensions,

the associated sequence of {L,} of {Yo} is also an associated sequence
of {¥/}. Then, by sec. 20

lim » (Y, L)=0,

?ro0

(1/:1,2, )

hence £ must be a set function of L.

I will call this linear manifold L the characteristic manifold of
R (E, E') with respect to A.

26. In the preceding section, we found a characteristic constant
of & (E, E') which has the least absolute value. We will denote this
characteristic constant by A and the characteristic manifold of & (E, E’)
with respect to A® by L®,

o)

1
m &

()
s M2y e ee oy Ny
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being a complete normalized orthogonal system in L®.
I will now find other characteristic constants and characteristic
manifolds.

Let it be assumed that two different characteristic constants A and
M\ exist, and let » and »' be the characteristic functions with respect to A
and N respectively. That is,

n=ATgen, ()
7' =NMTey/, (2)
From (1), we have
(n, 7" )=\ (Ten, n )=\ (R, 7).
And from (2), we have
(n, 7 )=N (9, Tan)=N (K, n').
Since A=%=N, it must be that
(n,7")=0.

Therefore, to find characteristic functions of & (E, E) with respect
to A, different from AV, it is sufficient to consider the set functions
which are orthogonal to L®. '

Put

8 (B, B)=ni® () ni® (') 40" (B) 2 (B) ...+ (B)n2(E).
Then Tem transforms each of the functions <;b(E) in L.(B} into fune-
tions of L. For, decompose ¢ (E) into two components

¢ (B)=¢"(E)+¥V(E),
where ¢P(E) is constained in L, and ¥™(E) is orthogonal to L®.
Then, since

Tewn(B)=n{"(E), (1=1,2, .. .., p)
and Ty ®(E)=0, '
we have
Taod (E)=oP(E). (8)

From this equality, we can say that 8(E, E') has only one charac-
teristic constant, that is 1, and a set function ¢ (E) is a characteristic
function of &V (X, E’) when and only when ¢ (E) is a set function in
L(l).

Now put

(B, B)=8 (B, B)~;8"(E, F) (4)
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Then
Teb (E)= Tad (E)— >T1< Tand (E).

Since ADTa ¢ (E)=oD(E),
we have, by (8)

Te,p (B)= 5 ™ (E) + Teb (E) - 3 $(E),

that is, Te,p (E)=TevV(E). 5)

If ¢ (E) is a characteristic function of & (E, E') with respect to A
different from A®, then, ¢ (E) must be orthogonal to L™, that is,

¢ (E)=¥"(E).
Henee by (5), ¢ (E) is also a characteristic function of &(F, E’) with
respect to the same characteristic constant A.

Next let ¢ (E) be a characteristic function of €,(E, E’) with respect
to A, then, since by (5) 7%, transforms all set functions in L™ into the
null funection, ¢ (E) must be orthogonal to L®. That is,

¢ (E)=4¥"(E).
Then by (5), ¢ (E) is also a characteristic function of & (E, E’) with
respect to the same characteristic constant .

Therefore, to find all the characteristic constants and corresponding
characteristic manifolds of & (E, E'), different from AP and L@, it is
sufficient to consider all the characteristic constants and corresponding
characteristic manifolds of &, (E, E').

Since
Te, 7" (E)=0, (i=1,2, .. .., p)
we have
m m
(8, R)= 2 (%, f'nf?) = 3 (T, nf, n) = 0.

Therefore, by (4)
1

IRIP=1lg Hz—l-‘)\(ﬁ,;“ KR
Then A -
' x(l)Z

1z

It A RlE—Pr_—o,
A
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then R(E, B)= " &, ).
But, if
p
| F—2i >0,

by the method of the preceding section, we find a characteristic constant
A® of (E, E') which has the least absolute value, and a linear mani-
fold of L™ of p. dimensions. Then

A=,
and KP(Z%_H&H"—H KIF- (m .
Now put
S(E,E)=%(E.E')— —ﬂm(E E'),
where
K2(E, E")=n(E) n"(E") + :*(E) n(E") + - . .. + 3 (B (E'),
2P (E), nP(E),........ ,n%2(E) being the complete orthogona,l system in

L( ), and apply the above methods to &(E, E') instead of &/(F, E’), and
SO on.
If an integer n exists so that

N U LA R 2
IRl— B - L P,

then

K(E, E)=—L &V, B)+ Lso@m )+ + L eEE) ()

(1) )\'(")

is the required result.

But, if

I &1F- )\al)z - 7\(;2 - ;fvgz >

for any value of n, then since the infinite series

y2! b- Pn
A2 +on A@2 Tt A2

converges,

Loz, B+ L Re(E, B+ .. ;}T)RW)(E,E'H .....
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converges strongly to a set function, say P (E,E’'), of L.*(5); and

lim | A |=c0

N-»roo

Since we have successively taken the characteristic constants which have
the least absolute values, there exist no characteristic constants except
)\’(1) 7\'(’) . )\(ﬂ) .

I W111 now show that KR (E,E') is equal to P (X, E'). For, if not,
put

Q(E,E)=8(E,E)-P(E,E);

then since Q (E, E') is symmetric, by the preceding section, O (E, E')
has at least one characteristic function, say = (E), with respect to a
characteristic constant A, i.e.

7 (B)=\Tqan(L). @)
Since
we have
(m, 96™)=(\Tan, nf*) = (1, Tan”)=0. (izl’ 2. "’p")
n=1,2,......
That is, 9 (E) is orthogonal to all the characteristic functions with res-
pect to A®, AP, A™ .. Therefore,
Ten(E)=0.
Consequently,
. Ton(B)=Ten (E)—Tpn(E)=Tan(E);
then by (7)

7 (E)=XTan (E).
Therefore, A, being a characteristic constant of & (£, E'), must be equal

to one of A, AP, ..., A", ... But 9(K) is orthogonal to all the
characteristic functions with respect to A®@, A® oA o0 oL,
which is absurd. Conscquently, it must be that

Q(E,E")=0.

Now, we have the required results :
8(E, f")*—ﬂ(1 (E, E)+ R(’)(E E'")

+,...+7\—%7T)R(”’(E,E’)+...., ®)
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and

2 P2 Pan
IR _—)%7+W+....+»W+.......

If we put as follows:

m=n{", m=n, ....... s M=,
77291+1'_"‘"752)s 77171+‘2:77§2)> -------- ’:E’,"?m-l-!o;:")g;zx);
and
PV W =N, =AY,
PP =N =N,

*ea co s

then (6) and (8) may be written as follows:

o1y — 5 1A E) n(E)
K(E,E") Z -

and

I8p=31

n
Thus, we can always expand the symmetric kernel with respect ‘to
the orthogonal system of characteristic functions.®

Similarly, we can expand the itcrated kernels.of & (E,E'). Thus®
8:(E,E)=Te K (E,E')

—[lim] T& zl’ﬂ%{@'—) (by sec. 23, (3))

N> »

:[hmﬁ@ T E)

N>y P=1

=[lim] %M . (E)
nyco ;:{ )\“ 7\1!

_ $ 2l E)nAE")

-> s

(1) When the symmetric kernel is a continuous point function, the expansion is
possible when the expanded series is uniformly convergent.
(2) When R(E, B') is expanded in the form {6), it is simple.
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Generally
oo nl ,
S(E,E") =Z]:”IVLE_)XQL,£E_) ’
"= v

the convergence being strong.

27. Let Lg denote the linear manifold whose fundamental system
is composed of the characteristic functions
nl(E)) nﬂ(E)’ seeey "’v(E): seeee
of the symmetric kernel & (E, E').
Let ¢ () be any set function in L.(8). If we put
n I'/
&z, £)=3, P EE)
v=1 »
then by sec. 23, (4)

Tap (i) =[1im] T, ¢ (1)=[lim]3] (%i”’—mm)

_ (¢, 1) W (B, 72) A (¢, 1) 5
= m(E)+ . n-(E)+...,+—~>\ n(E)+ ... ..

1 »

Therefore, Te¢p(E) is a function of Le; that is, Te transforms all set
Junctions in L:(B8) into set functions in Le.
If ¢(F) is orthogonal to Lg, then
(¢, 7,)=0. (v=1,2,....)
therefore,
Ted (E)=0.
Conversely, if
Ted (£)=0,
then
(¢, 7)=(d, Ay Tan)= M(Top, 7,)=0, (¥=1,2,....)

that is, ¢ (E) is orthogonal to Lg.
Consequently, the necessary and sufficient condition that a set function
¢ (F) in LAB) s orthogonal to Le, is that

Ted (E)=0.
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Solution of Integral Equations with
Real Symmetric Kernels.

28. Consider the linear integral equation of the first kind
Vv (E)=Ted(E) 1)
with real symmetric kernel & (E, E'). Then, by the preceding section,

it is necessary that the given function Y (E) is a set function in Lg.
Hence ¥ (E) may be expressed as follows

\P(E):Zvcvnv(E),
Z»:C"g being convergent. Let
¢(E):Z an(B)+9' (B),
where ¢' (F) is orthogonal to Lg, and Zaf is convergent. Since

Ted'(E)=0,
¢ (E) is arbitrary. We can determine the unknown coefficients a;, as,

...y @, ... . by the following equality, which we have from (1)
2 cvny ()= Tl 2 ayn, (K)}
a
= > 9. (E).
2 N (E)

Therefore, we haue
Oy =22 v=1,2,....)

Consequently, if > 2\’¢,” is convergent, the solutions of (1) are
given by .
¢ (E):Zv: Aoeon, (E) +9' (E),

¢'(E) being an arbitrary function orthogonal to Lg.

29. Next, consider the linear integral equation of the second kind

S(E)=V(E)+NTed(E) 1)
with real symmetric kernel & (E, E'). Let the given function ¥ (E) and
the unknown function ¢ (E) be

' (E):Zv Cv”lv(E)'*“l’,(E);
¢ (E)=Zavnu(E)+¢'(E),
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where ¥/ (E), ¢'(E) are orthogonal to Lg, and > ¢, > a,* are conver-
gent.  Since

Ted' (E)=0,
we have from (1)

Z U 7y (E)+¢’(E)=Z Cvnu(E)+‘l"(E)+7\7’@§Zamv(E)},

Then
¢'(E)=V'"(E),
and > (E)=2 cop(E) 422 f” ().
Hence
ay=Cy+F X\ Z . w=L2,....) (2
If A is not a characteristic constant of & (E, E'), then from (2)
xy CH
Ay —=——.
Ar—A

Therefore, we have a unique solution

" AyCy (T
B(E)=3 2o ()44,

or
$ (B) =V (E)+ 22— —n.(E), (3)
since
Auc, =c,+ ACy )
Ap—N Ao—N

<1 when v i8

Of course, the series (8) converges strongly, for ’l)\ 1 N

sufficiently large.
If » is a characteristic constant, and

7\:7\127\“1: e :?\i+h
then from (2), it must be that
ry=0, (V:'l:y":+1""',";+j)

that is, the given function ¥ (E) must be orthogonal to all characteristic
functions with respect to A, and ai, @41, ..., Gis; Can be arbitrary.
The solutions of (1) are given by
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B (B)=Z 20 ) 14/ (B) + 5, omd D)

i+
or ¢ (B)=¥ (B)+2 3 - n(E) + Z ' ni(E), (4)
where > represents the swmmation with respect to all values of v,
except v=4, i+1, ...., i+j, and a'i ais1, ...., o1y are arbitrary con-
stants.

(8) and (4) correspond to Schmidt’s solutions® of the ordinary in-
tegral equation.

(1) E. Schmidt, Math. 4nn. 63 (1907), 454.
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