
(Received Oct. rn, 1932) 

For a real point function f (a) which belongs to the class L,l/3), 
that is, [J(a)J is integrable with respect to a set function /3(E) over a 
set A, the norm IIJII off (a) is defined as 

1 

I I.I Ii= [jr.t(u)J2d/9(E) r, 
and the inner product (.f, g) of two point functions f(a) and g (a) of 
Le(/3) is defined as 

(j, g) = f(Ca)g(n)d/3(E). 

Then it is well-known that the set of all point functions of L/(3) is a 
Hilbert space, when two point function'3, which differ at points of sets 
whose B-value is zero, are considered as identical. 

Now let us say that a real set function ¢ (E), which is absolutely 
continuous with respect to /3(E), belongs to L 2(/3) when its general 
derivative DacEi¢(a) belongs to L-I(/3). By the fundamental theorem of 
the integration and differentiation, a unique general derivative D/lcEi</J(a) 
exists almost everywhere (f3) and 

cp(E)= lf(a,)d/3(E), 
E 

where f(a) =D/lcE1</>(a). 

Therefore, if we define the norm 11 ¢ii of ¢ (E) as 

I </> ll=liJII, 
and the inner product (¢, t) of ¢(E) and +(E) as 

(</>, +)=(f, g) 

where g (a) =D/lcEi'\f(a), 
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the space of real point functions of Li/3) and the space of real set 
functions of Lz(/3) are isomorph. 

But the space of real set functions has a peculier property. In the 
case of point functions, the convergence of !Jn(a) l to j(a) in the geo­
metrical sense, that is, the strong convergence of IJ,,(a) l to j(a), does 
not imply the ordinary convergence of !fn(a) l to j(a) at all points a, 
even when we neglect points of sets whose /3-value is zero. But in the 
case of set functions, when { c.p,,(E) l converges strongly to c.p(E), then 
{ c.pn(E) l converges to c.p(E) at all sets E. Concerning the point func­
tions, the expansion of j(a) with respect to a complete orthogonal system 
does not generally converge to J(a). But in the case of set functions, 
the expansion of c.p(E) with respect to a complete orthogonal system 
always converges to cp(E). 

In chapter I of this paper, I define the linear combination and 
· linear dependency of a denumerably ,infinite system of set functions 
l cp,.(E) l as follows : When 

<p(E) = C1cp1(E) + C2cplE) + .... + Cnc/Jn(E) + .. , . 

the series being strongly convergent, then cp(E) is a linear combination 
of c.f>1(E), c.f>i E), . ... , c.p,.(E),. . . . . And when cp(E) = 0, then cp1(E), ¢iE), 
.... , cpn(E),. . . . is linearly dependent. On the basis of these defini­
tions I investigate the properties of the space of set functions. 

The weak convergence of the sequence of set functions may be 
defined as in the case of point functions. But this convergence is a 
conception barely compatible with the metric property of the space of 
functions. Hence, instead of weak :convergence, I introduce Courant's 
conception of asymptotic dimension, and investigate the properties of 
the bounded sequence of set functions. 

In chapter II, I apply the properties of the space of set functions 
to the solutions of integral equations and find all the eharacteristic 
functions of a real symmetric kernel with respect to a charactristic con­
stant simultaneously. The real symmetric kernel can always be expanded 
with respect to the orthogonal system of characteristic functions. And 
the solutions of the integral equation with real symmetric kernel are 
obtained by the method of undetermined coefficients. 
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Chapter I. Space of Real Set Functions. 

Metric Space L(f)). 

1. Let /3(E) be a completely additive, non-negative function of 
normal sets defined in a metric space R which is compact in itself, 
and let it be uniformly monotone<1l at a $-normal set A. If a comple­
tely additive, real set function cp(E), defined at any ,8-normal subset of 
A, is absolutely continuous wlth respect to f)(E), and 

iLDt1u,i<p(a)]2d,8(E) 

is finite, then I say that cp(E) belongs to the class or space Ll/3). I 
define the norm of cp(E) as 

l 

[i[D13(E)cp(11)]2d,8(E) r 
and denote it by i I cp I j. Then, by the Schwarzian inequality 

[LD/!(E)cp(a)df)(E) r ~f)(E) L[DMEl¢(a)]\i/3(E), 

therefore, we have 
. l 
I cp(E) I~ II ¢11 l$(E)jZ 

for all ,8-normal subsets E of A, 

(1) 

If cp (E), ¢1(E) and cpz(E) belong to L(/3), then ccp (E) and 
q,i(E)-Hp/ E) also belong to Llf3), i.e., the space L 2(,8) is linear. For 

,. 11 , I 11,./..11 ; C<p1,1= C "I 't', 

and (2) 

where c is a real number. 
Let the distance between two set functions </>,(E) and </>lE) be 

defined as 1 ! ¢1 - ¢2 I I, then the space Lif3) is metric, since 

(i) ll¢1-¢1ll=O, 
(ii) :lc/J1-</>2ll=]\</>2-</>1i!>O when </>1*</>2, 

for if l\</>1-cf>2!i=O, then by the definition D,suJJ</>1(n)-D13cElcf>ia) is zero 
almost everywhere (/3), therefore </>1(E)=¢lE). 

(1) F. Maeda, this Journal, I (1931), 4. 

(2) By Minkowski's inequality LI: (a,+ b1)2]½~[L'a12J½ +[.~'bt2] ½_ 
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(iii) 

by (2). 

2. 111 the metric space Ll/3), the convergence of the sequence of 
elements shall be defined as follows : 

Let { </>nl be a sequence of elements of the metric space Lh3); if 
an elemm1 t </> of Ll/3) exists so that 

lim II </>n-rp l\=0, (1) 
n-,.oo 

then the sequence { </>n I converges to g,. 
But this definition of convergence is based on the conception of the 

distance between two elements. Therefore this convergence must be 
distinguished from the ordinary convergence of the sequence {</>nl of 
set functions, i.e. 

lim rj>n(E)=¢ (E). (2) 
17➔00 

(2) means that at any set E, the sequence of real numbers { c/>n(E) l 
converges to a real number <p ( E). 

To keep the distinction betwec·n these two convergences, when the 
sequence l4>nl satifies Cl), we say that {4>nl converges sfrongly to ¢. In 
this paper I will denote this convc-rgence by the symbol 

if 

then 

[lirn] c/>n{E)=<p(E). 
n-,.oo 

But, since, by (1) of sec. 1 
l 

I <f>n(E)-<t>(E) I~ II </>n-</> II l/3(E)I~, 

[lim] </>n(E) = cp (E), 
n-,oo 

lim cp,.(E) =cp (E). 
'11-+00 

This property is peculiar to the sequence of set functions, for, in. 
the case of point functions, a strongly convergent sequence does not 
necessarily converge in the ordinary sense. 

3. The metric space L2((:3) is complete. 
Let f </> 11 ! be a sequence of set functions of Ll/3), and 

lim II <f>,,, -</>n 11 =0. 
1n-+OO 
n-,.oo 

Then ) D 13<El<f>n(a)} is a sequence of point functions of Ll/3) and 
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lim II D/lcEd>m(a)-D/lcE)'Pn(a)li=O. 
m-->oo 
n-,.oo 

5 

Then, as J. v. Neumann did,<1l we can find a point function j(a) 

of Lid) so that 

lin II D13u:i'Pn(a)-f(a) II =0. 
n->-00 

Let 

rp(E)= ff(a)d,B(E) 

then (1) becomes 

lim II 'Pn-<p 11=0. 
n~oo 

That is, l <pn l converges strongly to a set function of L/,8). 

4. The m.efric space ·Ll/3) is separuble.c2i 

Consider a seq ucnce of rational numbers 

.... <r-n< .... < P-2<P-1<Po<Pi <p2< .... <p,,< ... , 

so that 

lim P-n= -oo, lim Pn= +oo, 
n-►oo n➔ oo 

and Pn-Po-1<s 

for any value of n. 

(1) 

For a set function rp(E) of Lz(/3), consider a sequence of sets 

Ai=A(p;~DflcEicp(n)<p;+1), (i=0,±1,±2, .... ,± n, .. .. ) 

and let us define a set function <pe(E) so that 

rp,(a) = Lje(a) d,8 (E) 

where J.(a)=pi 

when a is a point of .A;. Then since 

11 rfae i 'i
2 = L [Je(a)]2d,B(E) ~ l [D1,uA(ci)]\l;S(E) + 11= I I cp I + 17, 

1J being a small number, rpe(E) belongs to L/,8) and 

1, <p-<pe 112= j [D/lcEi'P (a)-f,(a)]2rl,8(E)~s2,8 (A). (1) 

--------·------

(1) J. v. Neumnnn, Jfathematische Grnndltigeri der Quantenme<Jhanik, (1932), 32-34. 
(2) I have modified the proof of J. v. Neumann in respect of point functions. (Jlfnth. 

Ann. 102 (1929), 109-lll.) 
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Now 

cf,e(E) = }LL je(a)d/3(E) ~tp;/3(.:LE), 
l 

hence, 

II ct,e(E)-J;'.1p1/3(AiE) l\2=1~tL[Je(a.)J2d/3(E) ~,?;//,e(A1); 
• l 

but i%,,,,rN3(A1)= L[Je(a)]2d/3(E)=!l c/>e 112, 

if we make t sufficiently large, 
t 

II cf,,(E)- L pJ3(A;E) Ii <e. 
i~-t 

(2) 

Then by (1) and (2) the set L/(/3) of functions of the form 
., 

.L r;/3(B;E) 
t~l 

is dense in L 2 (/3), where s is an integer, 1\ is a rational number, and 
s 

Bt is a ,8-normal subset of A. Of course, .L r1 /3(B1E) belongs to Li/3). 
i-1 

B, being ,8-normal, there exists an open set Ot, so that 

0;:::0 B; 

and 

Since .fl, is compact in istself, it is separable. Then there exist<i a se­
quence of special neighbourhoodsC1l 

v;, Vz, .. .. , V,,,, .. .. 
and any open set can be expressed as the sum of these neighbourhoods, 
thus 

. . . . 
01= V1,t+ V2,1+ .... + Vk,i+ .. .. 

Hence, if we take a sufficiently great integer k which depends to i, 

,8{01-Bi( Vwt- Vz,L+ .... + Vk,1)1 <2e 
for all values of i. 

Then 

s • • • 
2el: Ir, I- 'il/3 {E( Vi,,+ Vi,t+ .... + Vk,t)}-.B(B;E) II 

i=l 

----------

(1) F. Hausdorff, Jfenyenlehre, (1927), 126. 
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R 1 

~.Li 1';,. [,8 { 01 -B;( Vi, +Vi,;+ .... + Vk,i) I ]2 
i.=1 

s 
<Y2s Li r; /. 

i=1 

Hence, the set Lt(f:3) of functions of the form 

±rdJ{E(Vi,i+ l!;rt- .... + Vk,;)\ 
i~l 

7 

is dense in L/(/3), and therefore dense in L,(,8). But Lz"(/3) is a 
denumerably infinite set, and consequently Lz(/3) is separable. 

5. Given a sequence {¢,.} of set functions of L2(S) and a sequence 
{ cnl of real numbers, if a set function ¢ (E) of Lc(/3) exists so that 

[lim]{c1¢1(E)+c2¢c(E)+ .... +cn¢,,(E)} =<f>(E), 
n~oo 

then I say that the series 

(1) 

converges strongly to ¢ (E). Then, by sec. 2, the series (1) converges 
to ¢ (E) in the ordinary sense; i.e. 

<p (E) =c1 <Pi (E) + C2q>2 (E) + .... + Cn cf>,. (E) + · • · · • 
In this case, the convergeuce being strong, I say that ¢ (E) is a linea1· 
combination of the elements of )<pn}. And if there exists a sequence 
{ en} of real numbers, not all of them being zero, so that the sPries (1) 
converges strongly to zero, then I say that the elements of { cf>n I are 
linearly dependent. ci) 

A subset L of Li/3) js called a linear manifold if every linear com­
bination of the elements of ! ¢,,! belongs also t~ L, { ¢,, l being any de­
numerable subset of L. The linear manifold i,-, closed, for if [lim] <p,.(E) 

n➔oo 

=¢ (E), then ¢ (E) is a linear combination of ¢1 (E), <f>i{E)- ¢1 (E) ... . •, 
cf:>n(E)-<f>n-iCE),..... If there exists a sequence { \fr,,} of set functions 
belonging to L, so that every element of L is a linear combination of 
the elements of /"t,,l, then {Vn} is called the fundamental s: .stem of the 
linear manifold L. 

<l) ·when the sequence {c/>n} has only finite elements, the definitions of linear 
combination and linear dependency are similar to those applying to the case of point 
functions. But a finit.e sequence may be considered as a particular case of an infinite 
sequence. Therefore, in many parts of this paper, I consider only _the sequence of in­
finite elements. 
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Complete Normalized Orthogonal System. 

6. Let cp (E) and t (E) be any two set functions of Ll/3), then 
by the Schwarzian inequality 

1 Dr,cE;<p (a) Dfl<El 'Ir (a) d/3 (E) 

is always finite. I will denote this number by (cp, -/t) and call it the 
inner p1·odi1ct of <p (E) and t (E). Then 

(cp, -.fr)=(t, cp), 
( </>1 + </>2, "o/) = ( </>1, 'f) + ( ¢2, '\f), 

(cp,¢)=11¢[12, 
awl the Schwarzian inequality may be written in the form 

if 

then 

Since 

I(¢, '1r) I~ II cf> II· II t !1• 

I ( cf>n- cf>, t) I~ 11 </>n -4> i I · I: 'fr 11, 

[liln] </>n (E) = <p (E), 
n➔oo 

lim ( </>n, y-) = ( ¢, '1r). 
n➔oc 

In other words, if 

¢(E)=c1cf>1(E)+c2¢2(E)+ .... +cncf>,,(E)+ ..... , 

the couvergence being strong, then 

(¢, 'fr)=c1 (</>1, 'lr)+c2(<p2, '1r) + .... +c,,(¢,,,,fr)+ • • • •· 

If (¢, 'fr)=O 

then the two functions ¢(E) and "1r(E) ars said to be orthogonal. 

7. Let I+"! be a sequence of set fnnctious belonging to LJ/3). If 

(+,,'VJ)= 0 

for every pair of unequal values of -i and j, the system { 'o/n l is said 
to be an orthogonal systern of set functions. 

If II "Yn Ii has a value different from unity, that value can be made 

into unity by multiplying '1rn(E) by the factor -, -1-.. A set function 
fl"Ynll 

with norm 1 is said to be normalized. An orthogonal system of set 
functions is said to form a normali;;,ecl orthogonal system. when :1 "Yn I:= 1, 
for all values of n. 



On the Sp.ace of real Set Functions 9 

Tl,e element.~ nf normalized 01·thogonal system {'1rn} are linearly 
inde11endent. 

For, if there exists a sequence l Cn} of real numbers, not all of 
them being zero, so that 

C1V'1(E)+c2'1r2(E)+ .... +cn'1rn(E)+ .... =0, 

the convergence being strong, then, by the preceding section, taking 
the inner product with +, (E), 

C; :: 'Vt ;[2=c;=0 

for any value of i. But this contradicts the assumption. 

8. An orthogonal system l 'Vn} is said to be complete m a. set S 
of functions, if no function cf> (E) of S, except the null function, exists 
so that 

for all values of n. 

For any linear manifo1cls L, there exi8ts a normalized orthogonal 
system which i;; complete in L. 

Since Li/3) is separable, L is likewise so. Then there is a de­
numerable subset {cp,.j of L, which is dense in L. Take /;1 as the first 
cf, 11 , which is not zero ; fz as tho first cf>n, which is not a set function of 
the form a1/;1; /;a as the first cf>,i, which is not a set function of the form 
a1··1 +a2;2; and so on. 

From Un I by Schmidt's process of orthogonalization, we can con­
struct a normalized orthogonal system l + n ! so that 

',, 'Y n y,,=-1_1-11' 
''Y" 

Such a construction is always possible, that is, 11 'Yn 11 =\= 0. For, if 
11 'Yn i:=o, then l;n is a linear combination of 'Yi, '1r2, .... , 'Yn-,, that is, a 
linear combination of i;1, i;2, .••. , l;n-i; which is absurd. 

Then the set J.Vf, composed by the linear combinations of the ele-
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ments of f'tnl, is dense in L. If lt11J is not complete in L, then there 
exists a non-null function </> ( E) in L, so that 

(1) 

for any value of n. But there exists a sequence ! f·,* ( of set functions 
belonging to 1111 so that 

[lim] t, * (E) =</> (E). (2) 
V~oo 

Since '1/r,*(E) 1s a linear combination of the elements of 1'tnl, by (1) 
we have 

(</>, t,*)=0 

for all values of v. Hence, from (2) 

(</>, </>)=Ii cf> 112=0. 

This is absurd. Therefore, { t,, l is the required normalized orthogonal 
system, complete in L. 

If we take Llf:3) instead of L, then there exists a normalized 
orthogonal system which is complete in Li(:3). 

9. If a normalized orthogonal system { t,, ! is complete in a linear 
mrinifold L, then {t,.J is a fundamental system of L. 

For, lot </>(E) be any, non-null, set function in L, and put 

Cr=(cf>,'t,.), (r=l,2, .... ,n, .... ) (1) 

then some of the e's are not equal to zero. Denoting by u" (E) the 
n 

partial sum L Cr''fr(E), we han.• 
'J'-=1 

JI 

I ,J., I 12 _, ,J., I'" "' 2 , 't' - fY n I - , ! 't' I - L... C,· • 
r..:::l 

It follows that, for all values of n, 

and that the series i c/ converges to a number th{:tt is less than 11 cp ]12 ; 
?'=! 

that is, we have the so-called Bessel's •inequality 
00 

1: c} ~II</> 112• 
r=l 

Rut since 
m 

l]um-u,,,]l2=L c,.2, 
T:..--1t+l 
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where m>n, 

lim II O"m-O"n:[=0. 
m➔oo 

Therefore, by sec. 3 the sequence {u,,(E)l converges strongly to a set 
function ef,*(E) of the class Le(/3). Then 

ef,*(E)=c,+1 (E) + c,,JrlE) + .... + c,.,y,.(E) + .... , (2) 

(ef,*,'Yr)=cr. (r=l,2, .. .. ,n, ... . ) (3) 

Therefore, from (1) and (3) 

(ef,-ef,*,+,.)=0. (r=l,2, .. .. ,n, .. .. ) 
Then, since l + n l is complete in L, it must be that 

ef, (E)-ef,*(E) = 0. 

From (2) we have 

ef,(E)=c1,Y1(E)+cdrc(E)+ .... +cn,y,,(E)+ .. .. (4) 

where Cr=(1',+r), (r=l,2, .. .. ,n, ... . ) 
and this series converges strongly. Thefore, l+nl is a fundamental 
system of L. 

Conversely, if n normalized orthogonal system { +,.} is a fundamen­
tal system of a linear manifold L, then I ,y,,} is complete in L. 

For, let ef, (E) be. any, non-null, set function of L ; then it may be 
expressed as 

ef,(E)=C1,Y1(E)+c,+c(E)+ .... +cn'tn(E)+ • • • •, 

the convergence being strong. Then, by sec. 6 
(ef,, +,.) =c.,.I l+,.\12=c,.. (r= 1, 2, .. .. , n, .... ) 

Hence, there exists at least one set function 't1 (E) so that 

(ef,, 'Yi)=l=O. 

10. Let a normalized orthogonal system ! + n} be complete in a 
linear manifold L, and cp (E), ef,' (E) be two set functions of L. Then 
by the preceding section their expansions with respect to { 'Yn ! are 

where 

Then 

ef,(E)=c1't1(E)+c",h(E)+ .... +cn-.Yn(E)+ - .. •, 

ef,'(E)=ci'-r1(E)+cz'"h(E)+ .... +c,/,y,,(E)+ .... , 

C,= (cp, ,y,.), 

c,'=(cp', 't,). 
(v=l, 2, .... , n, .... ) 
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where 

But, since 

we have 

that is 

Therefore, 

F. Mae,la. 

( ,1..') , , ' <T,,,'t' =c1C1 +c,c2 + .... +c.c,,, 

I (</>-<Tn, ¢') I 5 II <p-<T,,.11 · :: ¢' II, 
lim (</>-<T,,, ¢}=0, 
:n➔oo 

(</>, ¢') =lim (<T,,,q/). 
n➔oo 

(</>, ¢') = c1ci' + C2cz' + .... + GnCn1 + ..... 
\Ve have now established the following theorem which is a genera­

lization of Parseval's theorem. in the theory of Fourier's series: 
lj a normalized orthogonal system l 'tnl is complete in a linear 

manifold L, nnd l Cn l, lcn' s are the sets of coefficients corresponding to 
two set functions </>(E), <p' (E) in L, then 

(</>, </>1 )=c1ci' +c2cz' + .... +c,,c,,' + .... , 

11. Let l't,J be a complete normalized orthogonal system m L, 
and 

00 

be a series with coefficients en such that L c/ is convergent. Denoting 
r=l 

the partial sum of this series by a,, (E), we have 

'" lim il <T-,n-<T11li"=lim L c,.2=0, 
m➔oo 111 ➔00 J'c.on+l 

11.➔cc 

where m>n. Then, by sec. 3, there exists a unique set function cf> ( l!J) 
belonging to L, such that 

cp (E) =[IimJ<Tn (E), 

or </> (E) = C1 Yi (E) + C2'¥'2 (E) + .... + c,. Yn (E) + ..... 
We have thus obtained the following theorem which corresponds to 

the R·ic,9z-Fische1· theorem in the theory of Fourier's series: 
If \ '[rn} is a complete normalized orthogonal system in L, and jc,,} 

co 

is a sequence of constants snch that L c,.2 ·is convergent, the1·e exists 
r=-1 

a uniq·ue set fw,ction cf> (E) in L, so that 

.... ' 
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where the series coni•erges strongly. 

12. Combining the last two theorems, we have the following 
theorem: 

If { 'Vn} is a complete 1wrnwlized orthogonal sy.~tem in L, a necessary 
and svfficient condition thut a series 

C1'V1(£)+c2f2(E) .... +cn'1rn(E)+ .... 
exprer<ses a set function in L, is that L r,,.2 is convergent. ,. 

Thus, in L, there is a one-to-one correspondence between the set 
function cf, (E) and the sequence ! Cn I of the coefficients of its expansion. 
Therefore, if we consider {en} as the coordinates of the set function cf, (E), 
the distance between two set functions cf, (E) and cp' (E) whose coor­
dinates are !en} and le/} is 

1 
ii cf,-cf,' II= 12: (c,.-c,.')2}'1 . ,. 

Therefore, if the fundamental system { 'Vn} of L has only finite, 
say p, set functions, then L is an Euclidian space of p dimensions, 
and if the system l tn ( has denumerably infinite set functions, then L is 
an Euclidian space of dennmorably iufiute dimension or Hilbert space. 

13. If the linear manifold L is of finite dimension, then by the 
property of Euclidian space, every bounded sequence of set functions of 
L is compact in L, that is, it contains a subsequence which converges 
strongly to a set function of L. But, if the linear manifold L is of 
dennrn.erably infinite dimension, the bounded sequence of set functions 
of L is not necessarily compact in L. For example, the normalized 
orthogonal system !tnl is bounded bnt is not compact. .For, 

II 'Vm-'Vn il2 =ll tni ii"+ 11 'Vn\1"=2 
for any values of rn and n. 

Thus, we have the following theorem : 
A uecessary and sufficient condition tl,at a linear nwnijold L be 

of finite dimension is that evM'Y bounded sequence of set junctions of 
L is compact ·in L.(1> 

In the following sections I will consider the sequence of linear 
manifolds in order to investigate the properties of a bounded sequence 
of set functions in the linear manifolds of denumerably infinite dimension. 

(1) F, Riesz prove<l this theorem in the case of linear manifolds of continuous 
point functionsj(,i-), defining \\.f\l as the upper bound of \f(x)\. (Acta Jllath., 41 (1918), 
77-78). 
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Sequence of Linear manifolds. 

14. Let L be a linear manifold of finite or infinite dimension, 
and i ,t,, l be a complete normalized orthogonal system in L. A set 
function cp (E) in Lz(/:3) is said to be orthogonal to L, when 

(¢,t;)=O 

for all values of i. In this cas0, of conrse 

(<p, -t)=O 
for any set function 't (E) in L. 

A set function <p (E) in Lz(/3) can be decomposed in one and only 
one way into two components, one belonging to L and the other 
orthogonal to L. For, let 

and 

Then 

"f (E) = L ( cp, "f;) "f; 
i 

~ (E) =cp (E)--t (E). 

cp (E) = -t (E) + ~ (E), (1) 

and t(E) is a set function in L, and f (E) is orthogonal to L, for 
from (1) 

(</>, ,t;)=(c/>, 'ti) II-ti 112+ (f, 't1), 
therefore, (f,,[J-;)=0 

for all values of i. 

The distance bet,veen cp (E) and L I will call i I g ii and denote it by 
r(cp,L); it is zero when and only when cp(E) belongs to L. Of course 
r(cp,L) is the least value of I ¢-'til for all set functions ,y(E) of L. 

If the component of cp(E), orthogonal to L, is f (E), then the com­
ponent of c<p(E), orthogonal to L, is cg(E); therefore, 

r(ccp, L) =: c I r(cp, L), 

where c is any real number. 

15. Let 

91 (E), c/:>z(E), .... , cf>v(E) (1) 

be p set functions of L(f:3). The least value ex, which always exists, of 

11 c1cf:>1+cecf:>2+ .... +cvC/>vll 
for all values of e's, satisfying 

p 

2, c/=1, 
l=l 



On the Space of real Set Functions. 15 

is called the measure of independcncyc1l of the set functions (1). If a 
null function exists in (1), then ct=O. If there is no null function in 
(1), then ct=O when and only when tho set functions (1) are linearly 
dependent. 

If ct>O, we cm1 consider a linear manifold L of p dimensions, 
whm,e fundamental system is (1). Let cf, (E) be any set function in L, 
then cf, (E) can be expressed as 

cf, (E)=d1cp1 (E) + d2cf,2 (E) + .... + dpcpv(E). 

If we put 

d1 
ci= ✓~d/' 

I 

then, since L c/ = 1, 
i 

Therefore, we have 

that is 

16. Let L and L' be two linear manifolds of p dimensions, and 
! 'Pi l be a fundamental system of L, having the measure of indepen­
dency ct. If 

r (cf,i, L')<k, (i = 1, 2, .... , p) 

then for any norrnalize,l .~et fnnct·ion rJ (E) in L, 

' pit ?' (r1, L )<_________v __ 
ct 

Por, if we express 'YJ(E) as 

11 = d1cf,1 + d 2'P2 + .... + cl v c/>v, 

then by the preceding section 

_l:d;2~~-
i cc 

(1) 

(I) For point functions, cf. Courant-Hilbert, Jfethoden de-,· Jfathem'.ttischen Physik 
I. zweite Aufl. (1931), 52. 
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Hence i di I~__!_ (i=l, 2, .... , p). (2) 
0/, 

Let ef,/ (E) be the component of cp;(E) contained in L', then by (I) 

llc/>1-ef>/il=r(cp;,L')<k. (i=l,2, ... . ,p) (3) 

Then 

¢' = d1¢/ + d2cp: + · · · · + di,ef>P' 

is a set function in L', and 

1177- cp' 11 ~ I d1 I· I I cp1 -cpl 11 + I d2 I • I I c/>2-c/>2 'II+ .... + I dv I . 11 'Pv -¢/ 11, 
hence, by (2) and (3) 

II 77-¢' II< pk . 
0/, 

But r(77, L') is the least values of 1117 -cp' ! for all cp'(E) in L', therefore 

r (77, L') < z>i· (4) 
0/, 

Let 77 (E) be any normalized sd functiou in L, then by ( 4) r ( 77, L') 

is always less than pk . I ,Yi.11 denote the upper bound of r (ry, L') for 
0/, 

all normalized set functions in L, by o(L,L'). We can define o(L',L) 
similarly. Whichever of '8(L', L) and o(L, L') is the greater, I call the 
distance between L and L', and denote it by r (L, L'). 

r(L, L')=O, when and only when L and L' are identical. 

17. Let L, L', L" be 3 linear manifolds of p dimensions. Decom­
pose a normalized set function r; (E) in L, into two components: 

r; (E) =-0 ,Jr' (E) + ( (E), 

where ,Jr' (E) is the component which is contained in L", and f (E) is 
the component orthogonal to L'. Then 

and 
11+'11~1, 

r(77, L')=l1 f II-
Next, decompose +' (E) into two components: 

'fr' (E)='fr"(E)+g''(E), 

where ,Jr"(E) is the component which is contained in L", and f"(E) is 
the component orthogonal to L". Then 

r ('fr', L")=II f" 11-
Now, since 
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'YJ (E)='Y'"(E)+r(E)+g''(E), 

r (17,L") ~i I!;'+ I;" I I ;:§;r( 17, L') + r ( 'Y'', L"). 

r (17, L') ~o (L, L') ~r (L, L'), 

and since i I 'Y'1 I I~ 1, -

1·('Y'', L")=J; 'Y'' ;I· r(~, ,, , L")~o (L', L")~r (L', L''). 
I 'Y' I 1 

Therefore 

r ('YJ, L") ~1· (L, L') + 1· (L', L''). 

17 

But since this inequality holds for any normalized set function in L, 
we have 

o (L, L")~r (L, L') +r (L', L")­

Sirnilarly 

o (L", L)~r (L", L') +r (L', L). 

Therefore, we have 

r (L, L") ~1· (L, L1) +r (L', L''). 

That is, the set of linear manYolds of p dimensions is a metric space. 

In the metric space of linear manifolds of p dimensions, if 

lim ?' (Ln, L)=o, 
rl➔OO 

then it is said that the sequence l L,,( converges to L. In this case, 
for any positive number e, an integer N(e) exists, so that 

r(Ln, L)~E (1) 

for n~ N(e), and when s>z', 

and 

N (e);:§;N (s'), 

lim 1V (e) = oo. 
e--,o 

Let <f,(E) be a set function in L, then since 

r (</>, Ln)=[ 1 <p [[ ·r ( r! [[' Ln), 

from (1) there exists a set function </>n (E) in L,., so that 

l
:rlo._rlo. 11<d -

1
rlo., 

. ,'t' 't'n,1= _ 't'l, 
i 

(i=l, 2, .... ) 

for all values of n, satisfying x( ~) ~n<N(~), where d 1s the 
i, i+l I 
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upper bound of r (Ln, L ). Then the sequence l c/>n} converges strongly 
to cf> (E). 

That is, i:f the sequence { Ln} converges to L, there exi;Jts a sequ­
ence lcf>n}, cf>n(E) belonging to Ln for ec1ch t•aluc of n, so that 

[lim] </>n(E)=cf>(E) 
n•➔ OIO 

for any setjilnction </>(E) in L. 

18. 1.'he space of linem· man{folds of p dirnensfons is complete. 
That is, if a sequence {Ln} of linear manifolds of p dimensions be such 
that 

lim r(Lm, Ln)=O, 
1It---),::,o 

there exists a linear manifold L of p dimensions so that 

lim 1·(Ln, L)=O. 
n➔ oo 

For, by the assumption, for any positive number e, a positive 
number N (e) exists so that 

r (Lm, Ln)<s (1) 

for any integer rn and n greater than .Y(e), and when e>s', 

N(e) ~ N (e'). 

Take an integer n1 which is greater than N(-{-); and let a nor-

malized fundamental system of Ln1 be 

and its measure of independency be Cl. 

Next take an integer n2 which is greater than N ( ; 2 ), then by (1) 

there exist p set functions of Ln2 

' i./r:?,p ' 
so that 

and 

II '¥'2,11 1 ~1 

11 't'1,1-t2,1 II<-{-. 
(,i=l,2 ... . ,p) 

Next take an integer na which is greater than N ( : 3 )- Then there 

exist p set functions· of Ln. 
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'o/s,1, 'o/s,:1, • • · -, 'o/s,p , 
so that 

11 ts,t 11 ~ I! 'o/z,i 11 s; 1 

and I'.,,., __ .,,,.[]< €_ 
11 'f -,t 't'. ,t '' 2:2 . 

(i=l,2, . ... ,p) 

Generally, let nv be an integer which is greater than N ( J-;-); then 

there exist p set functions of Lnv 

so that 

ii 'o/v,1 II~ 1 

and ii t,-1,1-t,,, II <f..~. 
(i=l,2, .... ,p) 

Thus we have p sequences of set functions 

l'o/v,d, {,Yv,2J. .... , l'/r,,Pj 
and 

II ·1 /L~ t <-!__ 1/r,,i-,Yµ.,i I ~L..-2i 2•-l 
t~, 

when µ.>z,. 

Therefore, by sec. 3 there exist p set functions of L2(/3) 

f1, fz, · · • · > ~Pl (2) 

so that 

and (3) 

for i = 1, 2, , p. 
Next, I will shew that the moaure of independency of (2) is not zero. 

11 

Let Ci, c2, .... , Cv bo any p numbers satisfying L c!= 1. Put 
1~1 

'1ft = C1,Y1,1 + C2o/1,2 + · · · · + C'p '1f1,v, 
g=cl1+c2f2+ .... +cvgp, 

then, since the measure of independency of 't1,1, 'o/1,2, .... , 'o/1,v is or,, 

llt1:1;;;;.:;cx. (4) 
Therefore, by (3) 

I I t1-f II ~1 Ct i. ii 'o/1,1-g1 II+ ic2I · I lt1,z-g2 II+ .... +[cpl· llv1,p-gp11 
'&.pt. 
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Then, by (4) we have 

iltll~rx-pe. 
But, since this inequality holds for any values of c1, c2, .••• , Cv satisfying ,, 
L c? = 1, the measure of independency of (2) is not less than ex~ pe. 
i=1 

But we can take e so small that 
. (X 

e<._- -, 
p 

therefore, OG-ps>O, and the p set functions of (2) are linearly inde­
pendent. Then, there exists a linear manifold L of p dimensions, which 
has (2) for its fundamental system. · 

Lastly, I will shew that 

Jim ?°(Ln, L)=O. 
n➔oo 

Let 171 be any normalized set function in Lnn and 

171 = d1 '¥'1,1 + dio/1) + ·. -. + d1,"Y'1,v, 

then by sec. 15, 

..._, d-"<___!__ .L..J i= <>. 
i OG" 

Now 

g1=d1g1+d2g2+ .... +dvtv 

is a set function in L, and 

(5) 

I l'lJ1-g1[[ ~[ d1l · [ 'Y'i,1 -ti[!+ id2l · I \'¥'1,2-g2ll + • • · • + [ dvi · i I '¥'1,p-fvll­
Then, by (3) and (5) 

Therefore, 

] i t7t - g 1 I s; 1)_2,_ 
(X 

pe r(1J1,L)~~-
"' 

But this inequality holds for ·any normalized set function 1)1 in L,., ; 
hence 

(6) 

Similarly, since the measure of indepe11dency of (2) is not less than 
ex - pc, we have 

(7) 
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By (6) and (7), we have 

when n1>N(; )- Therefore, we have 

lim r (Ln, L)=O. 
/l....,,.00 

19. Let l ¢, l be a sequence of set functions of Ll/3). If, for any 
given positive number e however small, there exists a natural number 
lv, so that for any values of n1, n2, .... , np+1 greater than N, the mea­
sure of independency of 'Pn , ¢n , .... , </>n 1 is less than e; and for any posi-

1 2 P+ 

tive number G however great, there exist p integers n1, nc, .... , np greater 
than G, so that the measure of independency of cpn , cf>n , .... , 'Pn is 

l 2 P 

greater than a fixed positive number CJ., then the sequence jcp, l is said 
to have p asymptotic dirnensions.(1J 

In this case, there exists a sequence of p set functions 

'Pn, <pn , ........ , cp" , 
l 2 J) 

the measure of indepen<lency of ¢,, , cp,, , .... , ¢,, being greater than 01 
1 2 J) '--

for any value of n, and the values of n1, n 2, .••• , np increasing inde-
finitely with :n. I will call the sequence of linear manifolds l L,,} of 
p dimensions, the fundamental system of Ln being 'Pn, 'Pn, .... , 'Pn, an 

l 2 P 

associated sequence of !¢,l . 
If we take a different sequence of p set functions, satisfying the 

above conditions, we have another associated sequence of )cp.l . 

20. If a bounded seqv,encc !¢. l of set fnncl"ions is of p asymptotic 
dimensions, then all associated sequences lL,,l of !¢,( converge to a p 
dimensional linea1· manifold L, and 

lirn r (</>,, L)=O. 
•~oo 

I will first shew that 
~-~--------

(1) Cf. Courant-Hilbert, lac. cit., 53. When p=O, then lim [ l<f,nl I =0, and [liml <pn=O. 
1,➔ 00 n➔ oo 
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lim r (cf>,, Ln)=O. 
V➔oo 

n➔oo 

For any values of v and n, there exist::; a set of values of c,,, c1, c2, 
, Cv so that 

c/+c/+cl+ .... +cv2 =l, 

and I\ Coc/>v + C1c/>n + C2c/>n + • • • • + Cpc/>n \ f 
l 2 P 

is equal to the measure of independency of cf>,, <Pn , cf>,. , .•.. , c/>n • 
I 2 P 

Now 

I[ Ct,J..n + C,,J..n + ·. · · + C1,,J..n \\ 't' l ... ,y 2 '-p P 

~/col· llc/>,11 + !lci.<pv+ C1</>111 +c2<pn2 + ... • +cftc/>n)I, 
and 

✓. l ~-11 C1,/..n + tz,/..n · · · · + Cp,/..n 'i ~Cl l 2 'f"l 'f,'2 't,Jp,I 
-Co 

for any values of v and 11 ; since 

Jim ! l Co<pv + C1c/>n1 + C2c/>n + .... + Cvc/>n1,: [ = 0, 
V-i"oo 2 

(1) 

and II c/>v II is always less than a fixed finite number, it must be that 

I col>k, 
where k is a constant number independent of v and n. 

Put 

(i=l,2, .... ,p), 

and we have 

1 < ~-1 j Coe/>,+ C1<pn + Czc/>n + • • .. + Cvc/>n I!, k · 1 , v 

then by (1) 

lim r (</>,, Ln)=O. 
V➔ oo 

Substituting cf>"' , c/>m , ... , c/>m for cf>,, we have by sec. 16 
I 2 V 

limo (Lm, Ln)=O. 
W➔oo 

If we interchange n, and n, 

lim O (Ln, Lm)=O. 
m➔oo 

n➔ oo 

(2) 
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Therefore, we have 

lim 1' (Lm, Ln)= 0. 
m➔oo 

Then by sec. 18, {Lnl converges to a p dimensional linear manifold L. 
If !L,/! and !Ln"I be two associated sequences of l¢vl, then 

Li', Li'', Li, L/1, .•• 'Ln', Ln11 , .••• 

is also an associated sequence, say {Lnl , of l¢v}. If L be the linear 
manifold to which !Lnl converges, then )Ln' l and !L,/11 must converge 
to L. Therefore, all associated sequences of l<fivl converge to a unique 
linear manifold L. _ _ 

Let s be any given positive number, then by (2) there exists a 
number N(s) so that 

II c/>v-(d1¢n +d2</>n + • • .. +dp<pn) II <s (3) 
l 2 P 

for any values of v and n greater than N (s). But since 

lim r (Ln, L) =0, 
n➔ oo 

there exist p set functions f1, f 2, . . , f 11 in L, depending on n, so that_ 

II cf>ni-fi ll~s (i=l, 2, .... , p) 

for any value of n greater than iV1(e). Now let n be greater than both 
N (s) and N'(s). Then 

11 (d1¢n1 + d2c/>n2 + · · · · + dp<pn 11)-(d1f1 + d2g2 + .. • • + dvf 11) 11 

s;lld1l+ld2I+ .... +ldPlls, (4) 
but since 

and I Co i>k, 
we have 

, I i ldt <~, 
k 

therefore, by (3) and ( 4) 

llc/>v-(d1,1+d2f9,+ •· .. i-dpgp)II~ (i+ { )s, 
that is 

lim r (</>v, L)=0. 
V➔OO 
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Chapter II. Applications to the Theory of Integral Equations. 

Space of Real Functions ot Two Sets. 

21. Let a and ct' be two points in the Euclidian space<1 J Rn of n 
dimensions ; then this pair of points (a, a') may be considered as a 
single point a* in the Euclidian space R2,, of 2n dimensions. Then we 
consider the pair of sets (A, A'), .,I and A' being two sets in Rn, as a 
set of pairs of points (a, a') for all points a in A, and a' in A'. Since 
the interval W* in R"n is a pair of intervals (W, W'), we can define an 
interval function fJ* (W*) so that it is equal to ,B(W) f3(W 1). Then from 
this interval function we can construct a completely additive function 
of normal sets /3*( E*) in R 2n. If E and E' are ,8-normal, then it is 
obvious that (E, E') is (3*-normal.< 2J 

Let 6 (E*) be a completely additive set function defined in R,n, and 
absolutely continuous with respect to /3* (E"). Then by the so-called 
fundamental theorem which I have proved in a previous paper,<3J iS(E*) 
has a unique finite general derivative Dr:* E*/5 (a;~) almost everywhere 
(/3*),<4> and 

6 (E*) = ~}>1>*cE*Jf5 (a*) d/3* (E*). (1) 

When E¾c = (E, E'), where E and E' are /3-normal, as in the previ­
ous paper,<5> I write (1) as follows: 

f5 (E, E')= L(,Dl>*C"*lf5 (a, a') cl/3(E) d/3(E') 

and I say that Dl>*<E*l f5 (a, ci') is donbly integi·able with respect to 
!/3(E), /3(E')I over (E, E'). Then 

[ Dl>*<E*l f5 (a, a') d(3(E') 
""E' 

and Jnl*<E*;f5(a, cc') dfJ(E) 
E 

exist almost everywhere (;3)<41 in E and E' respectively ; and 

(1) In the Euelidian space, the monotone uniformity of /3 (E) at A has no bearing 
on the problem. Cf. F. Maeda, this journal, 2 (1932), 33. 

(2) Cf. F. Maeda, this journal, 2 (1932), 160. 
(3) This journal, 2 (1932), 37. 
(4) In what follows, I omit the words "almost everywhere (/3*) or (/3)." 
(5) This journal, 2 (1932). 161. 
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1LD1i*u,*i 6 (a, a') df] (E) cl/3 (E') = L {l, D 13,cE*J 6 (a, a,') d/3 (E')} d,6' (E) 

= L {L D13 ,CE*> 6 (a, a')dfj (E)} dB(E'); 

that is, we can change the orde?· of the integration. 
Then by the fundamental relation 

D/lcEJ 6 (a, E')= L D/3*CE*J6 (a, a') d/3(E'),z1> 

25 

where D.dun6 (a,E') is the general derivative, at a, of 6 (E, FJ') which is 
a function of set E, with respeet to /3(E), and 

D/3(E') Dp(E)s (a, a')=D;o*(E*)s (a,a'). 

Similarly we have 

D/3cEJDfl,1:,i6 (a,a') =D/3*U""l6 (a, a1). 

Therefore, if D 13.c;;•J6 (o,, a') is doubly integrable with respect to 
j fJ (E), /3 (E') l, then we can change the order of the differentiation. 

I have proved in a previous paper,<") that on the same assumption 
we can clwnge the order of d (t1;1·ent1·ution and integration ; i.e. 

Df!(E)LD/3(E')6(a,u/) (i,/3(E')= l,n/3(E)D/3CE')6 (a, a') ll/3 (E'). 

If 6 (E, E') belongs to the class L 2(/3*), that is, 

If cn/3(E)D/3(E')cs (a, ci')ld/3(E) df3(E') 

exists, then 8ince 

[D/3cE'J CS(E, a')]~= [Ln/3(E)D/3(U) 6 (a, a') elf] (E) r 
~/3 (E) · ([D/lu:,D 13 ,E') 6 (a, a')J2df:J (E), JE 

frn/l(E')6(E,ci')] 2cl/3(E') exists. Therefore, S(E,E') belongs to Li/3), 

as a function of E', E being. constant. Similarly 6 (E, E') belongs to 
L 2(/3), as a function of E, E' being constant. 

22. I will define the norm ! I 6 11 of 6 (E, E') and the inne1· pro-

(1) In this peper, I use the symbol ( = ), as signifying "equal almost everywhere 
(/3*) or (/3)." 

(2) This journal, 2 ( 1932), 163. 
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l 

116 ll= [ll[D/3(E)D/3(1':') 6 (a, a1)]2df3(E)dB(E') r' 
(61, 62)= ilD/3cEJD/3cm C51(a, a') D/3cE)D/3(J;;,J62(a,a')df3(E) d/3 (E'), 

and I will use the same terminology as in chapter I. 

Let j-,,,(E)( and j17,'(E')l be two normalized orthogonal systems, 
belonging to Ll/3), then ! 17,(E) 17,'(E') l is a normalized orthogonal system 
of set functions, belonging to L 2((3*). For, since 

D/3cE)D/3cE'>l'YJ,(a) 17,'(a')J=D/3<EJ 'YJ(a) D/3cE•i1Jv' (a'), 

we have 

:I 17,'YJv' l'=:l 'YJ, 1.1 · [I 17/ li=l, (v=l, 2, ... ) 

and 

for every pair of unequal values of µ and v. 

Therefore, if the normalized orthogonal system { 17,(E) 'Y]/ (E') l is 
complete in a linear manifold L * of functions of two sets, then any 
function 6 (E, E') in L * can be expanded uniquely as follows: 

6 (E, E') =C1'YJ1(E) 17i(E 1) + Cz'YJiE) 'YJ21(E') + ... . 
+cv'Y]v(E) 17/(E')+ .... , 

where Cv =(6, 'YJv'YJv'), (v=l, 2, .... ) 

and all the considerations and theorems of chapter I for the normalized 
orthogonal system hold also in this case. 

Linear Set Functional Transformations. 

23. Let st (E, E') be a real, non-null, function of two sets belonging 
to Ll/3*), then, since by sec. 21 st (E, E') belongs also to Lif3) as a 
function of set E, and as a function of set E', the following two 
integrals 

l D13cvi5t (E, a') D/3cE•J<:/> (a') d(3 ( E') 

l D/3cEist (a, E') D/3cEJ <:/> (a) d/3 (E) 

(1) 

(1') 

exist, cf, (E) being any set function of L 2((:J). As I have found in the 
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preceding paper/1' (1) and (1') represent two set functions of LlfJ), ~ay 
<f> (E) and <:P'(E'). (1) and (1') aro li,ncar transformations in the space 
Lz(/3), and st (E, E') are their kernels. I denote these transformations 
by 

<P (E) = TS'l<p (E), 

<t>'(E) = TS'l'<p (E). 

Since D1>cmDwE•ist(a, a') D1>u:,></>(a') is doubly integrable with respect 
to l/3(E),fJ(E')l over (A,A), wo have 

D/>(E)Tte<p(a) = lD/>(E)D/>cE•)st(a,a') D/3(/'Y)cp(a') df](E':, 

then by the Schwarzian inequality, we have 

[Dw1 T,re</> (a)]2 §; f [D13cE>D1><E'>st(a, a')]2df3(E') · 1 l cp \12, 

then 

Similarly, we have 

From (2), if 

then 

And, ·if 

then 

[lim] </>n(E)=cp (E), 
n-+oo 

[lim] 'Tsic</>n(E)= 'i'S'l,p(E). 
n-->oo 

[liin] St.n(E, E')=R (E, E') 
n➔oo 

[lim] T,rn</>(E)= Tsic</J(E). 
n-->oo 

Similarly for the transformation 1.'S'I'· 

(2) 

(3) 

(4) 

24. We will now apply theorems (3) and (4) of the preceding 
section to Volterra's solution of the integral equation : 

cp(E)='lr (E) + TS'lr/> (E), 

which I have co!lsidered in a previous paper. cii 

Let us construct the iterated kernels: 

-- ----------

(1) This journal, 2 (1932), 164. 
(2) This journal, 2 (1932), 168-174. 
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Sf.2(E, E') = 'i'fftSt1 (E,E')(l) = f D/J(liJ") $t (E, a") D/J(E") Sf_ (a",E') d/3(E"), 
.1 

Sf.:s(E, E')= Tlftst,(E,E') 

= l D/JcE,,,)Sf, (E, a/") [J D,iu:uiDfl(E"'lSf, (a'", a") 

x Dpu.,,ist (a", E') d/3 (E ')] d/3 (E'") 

= Jn/l(Eff)st2!E,a") f)/3(E")st(a",E')d/3(E") 

= Tf/2 st (E, E'). 

Generally, 

st,, (E, E') = TS'lstn-1 (E, E')= 'l1fl,,_1 st (E, E'). 

Then, :::ince 

(n=2. 3, .... ) 

we have 

Let 

'5n(E, E')=Sf.1(E, E')+stlE,E')+ .... +stn(E,E'). 

If llstll<l, smce 

11 '5 ,n - '5 n 11 ~ 11 Sf.n+l 11 + 11 S'tn+2 \I+ · · · • + , , Sf,rn ) I 

where ni>n, we have 

,1se11n+1 < I. __ ·_•_ 

1-]ISt:, , 

lim [ 6,,,-6,, ii=O. 
m➔ oo 

n...:,,.oo 

Therefore, since L2* (/3) is complete as proved in sec. 3, j 6n(E, E')! con­
verges strongly to a function of L 2*(/3), say -f(E,E'); and 

-t(E, E')=Sf.1(E, E')+stiE,E')+ .... +stn(E, E')+.. <2i 

By (3) of the preceding section, we have 

-Tflf (E, E')=[lim] Tf1'5,.(E, E 1) 
n.+oo 

(1) This denotes the transformation of !1'1 (E, E') as a function of E, E' being con­
stant. 

(2) This proof of the convergence of the seri('s is simpler than that of the preceding 
paper. But the present method can not be applied to the case where the kernel is of 
the form Sr (E, a.') or St (a, a'). 
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. 
=ie2(E,E')+St:i(E,E')+ .... +It,,+1(E,E')+ ..... 

Similarly, by (4) of the preceding section, we have 

-1~st (E, E')=[liml 1'6,,Sf-(E, E') 
n+oo 

=lt2(E, E') + !e:i(E, E') + .... +ten+1(E,E') + ..... 
Therefore, we have the reciprocal property between St (E,E') and t(E, E'), 
i.e. 

!e(E,E') + f(E, E') = T~t(E,E')= 'l'r!e(E,E'). 

Using this property, as in the preceding paper, we have the fol­
lowng theorem : 

In the integrnl eq 11ntion 

</>(E)="t(E) + r Dt,(B')•ff,(E, a') D/3w)</>(a') d(3(E'), 
C •' 

if S?(E, E') w1d '1r (E) belong to Li/3*) nnd Li/3) reRpectively, and 

I, re 1 1<1 
, ' ' 

then this equntion has one and only one soliition belonging to Lz(/3) 
nnd thif! solntion ill given l>y 

</>(E)="t(E)- lD/3cmHE, n1) D13cE1i'1r(a 1) d(3(E 1). 

Linear Manifold of Set Functions, determined 
by a Real Symmetric Kernel. 

25. Let the kernel .R (E, E') be Rymmetric, i.e. 

St (E, E')=!t(E', E), 

then TS'e</> (E) = Tl</> (E). 

Since 

(St, </>"t)=jf D13unDflcE,1St(a, a') Drvi</>(n) Dfl<E'J"t(a')d/3(E)d/3(E'), 
A A 

we have the fiindnme1,tal relations 

(Sf-, </>"t)=(T~cp, "t)=(cf>, T~-t). (1) 

Let °A be a real number. Then if, in L 2 ({3), the null function being 
excepted, there ~ists a set function '1/ (E), which satisfies 

'1/ (E)=A7'~'1/(E), (2) 

then r-. is called a characteristic constant of the kernel re (E, E') and 
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17 (E) a characteristic fu.,nction of st (E, E') with respect to i\.. 

For ar1y symmetric keniel, there 6xists at least one characteristic 
constant. 

By sec. 23 for any set function <p (E) in Li/3), 

l! 'l'St¢ )1~11 st ll -11 ¢ II, 
I I 1' ,I-· 1 

therefore, there exists a finite upper bound, say l, of l:_,llt±:'___I 1
- for all 

! c/> I 
set functions cp(E) in Ll/3). By (2), we have 

1 _ I I Tfe 11 I I . 
~-7G-li-, 

therefore, if st (E, E 1) has characteristic constants, their absolute values 

can not be less than l. In what follows, I will show that at least one 
l 

1 1 value of -- or - - is a characteristic constant of st (E, E'). 
l l 

To prove this, I will first show that the lower bound of 

I I.I, 17,,l,I[ 1 -,1, 17,.1,1· 
, 1 y-·-r fey I Or ii Y+z fey ii 

for any normalized set function t(E) in Li/3), is. zero.<ll For, if it is 
not, then a positive number E exists so that 

Ii cp-l 'l'S'ec/> 11 > E i: ¢!I, (3) 
l 

I I ¢ + ~ Tsrcp \ I > t Ii ¢ i I ( 4) 

for all set functions ¢ (E) in Ll/3), except the null function. Then 

by (4) 

by (3) 

1 I 1 1 1 
! I cp-r 'l'S'e TStc/> II =I I (cp-T TS'e<p) + ,: 'l'St(cf>-,: Tree/>) 11 

>e II 4>-+ 'l'retf> Ii, 

>e2 ii ti> 11, 

for all set functions cp (E) in L 2(/3), except the null function. 

(5) 

On the other hand, in LifJ) there exists a set function cp (E) which 
satisfies the following inequality 

I\TSt¢\\2>l2(1-f)il¢W. (6) 

(I) I owe this property to F. Riesz, Math. Ann. 69 (1910), 484-487. 
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With respect to this set function cf> (E) 

11 ,,_ _ _!_1' T "- 1?= 'A..112 --~-(A.. TT "-)+J_ll 'T T ,1.11 2• 'I' za ~ ~'t'I, ,'t' za 't', ~ ~'I' [4 ~ Sf:'!' 

Then, since, by (1) and (6) 

( cp, T~ T~ <p) = ( 'l.'~ cf,, T~<p) = ] 1 'l.[r cp 113 > z.2( 1 - ; ) 11 cp ' 2, 

and 

we have 

I! A,. - l_ T T A,. 112 < : A,. 11 2 { 1-2(1-£) ..L 1} 
. 't' z2 ~ ~ 'I' ' I 't' • 2 ' 

- 4'/A..'I" -e1'f'I, 

which contradicts (5). 

Let the value, 1_ or _ __!_, be denoted by:>.., so that the lower bound 
l l 

of 

11-t-:>..r~+l1 
for any normalized set function ,fr(E) is zero. Then Uwre exists a sequence 
j,fr, ( which satisfies 

lim I I "1r.- A T~,Jr.. I I= 0. 
•~= 

I will call such a sequence j,fr.! the ,ninimal sequence of Ji ,fr-?\.'l.1~+ ff. 
Let li/r.l be of p asymptotic dimensions; then there exists an as­

sociated sequence !Lnl of linear manifolds of p dimensions, and the 
measure of indopendoncy of the fundamental system of Ln 

"rn, "rn, • • • •, "rn 
I 2 P 

is greater than a fixed postive number a, where n1, n2, .... , nv increase 
in<lefinitnly with n. 

Let cp,.(E) be a set function of Ln, and let ii¢~ li~k, k being a con­
stant number indepedent of n. If we express <fln(E) as 

<pn = dn "rn + cln "rn + .. • • + dn "rn , 
1 l 2 2 V P 

then by sec. 15 

and I l ·:s;; k 
( "l ;-

Cl 
(i=l,2, .. .. ,p) 

for any value of n. Then, since 
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1!¢n-"X.T.re<J,nl[~Jdn ·ll'Vn-ATfit'o/u ll+ 1 dn [·lf'tn-A1'tt'o/n [[ 
l 1 1 2 2 2 

+··•·+I dnpl · f: 'o/n - A'l'St'o/n J[, 
1J p 

we have 

lim ;I <J,n-7'.T,re<J,n 1[=0. (7) 
·n➔ oo 

If we take the normalized orthogonal system m L,, 

1Jn1, 1Jn2 , , •• , • • , 'Y/nJI 

instead of <J,n(E), we have 

lim[l'TJn.-ATttTJn IJ=O. (,i=l,2, .... ,p) (8) 
n➔oo l i 

Then, since I~ 'Yin; 11 = 1 for any value of n, 

lim I A I· II Ttt'Y/n1 l[=l. (9) 
n➔ oo 

Therefore, since 

I TJ )l_'J' 11 2 l1l 1J 11~+-:\.2 [I 'j_' '12 2A / 'j_' ) II n1 - fe'Y/n1 = n1 . fitTJn1 I - \'T/n1, Sf'T/n1 , 

by (8) and (9), we have 

1. ( m ) _ 1 Im 'TJ,,1, .1_ fit'T/n1 - - • 
n➔ oo I\,. 

( ·-1 ') ) 1,-- ' ~, •••. 'p 

Now by Bessel's inequality 
P 11 

11 st I?;;,,: L (st, 'Y/r,. 'TJ,,Y= L ('TJn' Tiit1Jn,.) 2 

l=l t I l-1 t 

for any value of n, therefore we have 

11 st I i2;;,,: _E" 
A -

That is, the asymptotic dimensions of minimal sequences of II t-A Tsrt \ 
can not be greater than "X. 2 11 .I{ I j2. But, for any minim.al sequence !t v 

the asymptotic dimension is ;;,,:1, for, Ii t, ii= l for all values of v. 

Lot lt.\ be the minimal sequence of ilt-7'.Tsrt II, which has the 
greatest asymptotic dimension, say p (~1), and {L,,! be the associated 
sequence of !t.l. Then by sections 20 and 17, there exist a linear 
manifold L of p dimensions, and p sequences of set functions 

(10) 

where 4>,.1, 4>,,2, •.•. , <Pnv belong to L,,, for each value of n, so that the 
sequenc('S of (10) converge strongly top linearly independent set functions 

f1, t2, -• • • .. , ~p 

of L, respectively. That is, 
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lim/l<f>n1 -fi/l=O. (i=l,2, .... ,p) (11) 
n➔oo 

Then, j<f>,.1l being bounded, from (7) we have 

limllef>n1 -AT.!fcpn1 ll=O. (i=l,2, .. ,p) (12) 
n->oo 

But 

11 ( <f>n; - ?t Tsr <f>n,)- (~, - A TsrE,) ! I 
~,[ <f>n1-ft ;l+I A~• II 'TS'r (cpni-;;) II 
$(1 +I A I· II st II) II <f>,.1-E1 II. 

Then, by (11) and (12), we have 

(i=l, 2, ... . ,p) 

Therefore, :\ is a characteristic constant of st(E, E') and 

33 

are characteristic functions of st (E, E') with respect to ?t. Hence all 
set functions in L are characteri~tic functions of -~ (E, E') with 1·espect 
to ?t. 

Conversely, all chararacte1·istic .fiinctions of .R (E, E') with 1·espect to 
X belong to L. For, let E be a characteristic function with respect to 
?.. ; then the sequence lt.'! where 

'¥'12v-1=E. 
and t'2,=t, 

(v=l, 2, .... ) 

is also a minimal sequence of Ii t-?..Tsrt II, Iv,! being the minimal 
sequence above defined. Then, !t/l being of p asymptotic dimensions, 
the associated sequence of {Lnl of lt,l is also an associated sequence 
of It.' l - Then, by sec. 20 

lim r (t.', L) =0, 
•-+oo 

hence g must be! a set function of L. 

I will call this linPar manifold L the characteristic manifold of 
$? (E, E') with respect to ?t. 

26. In the preceding section, we found a characteristic constant 
of R (E, E') which has the least absolute value. We will denote this 
characteristic constant by ?.. <11 and the characteristic manifold of $? (E, E') 
with respect to x<1> by L(l), 

11P', 11i1l, ...... , 11~~ 
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being a complete normalized orthogonal system in Lc1). 

I will now find other characteristic constants and characteristic 
manifolds. 

Let it be assumed that two difforent characteristic constants -;\ and 
)..' exist, and let "7 and "7' be the characteristic functions with respect to A 

and X' respectively. That is, 

'TJ=ATS'l'T/, 

"1' = V 'l'fl "7'' 

From (1), we have 

('TJ, 'TJ')=X (TS'l'T/, "7')=-;\ (Sl:, "7"7'). 

And from (2), we have 

('TJ, 'TJ')=A1 ('TJ, TS'lr,')=X' (~, 'TJ'TJ'). 

Since, X =I= X', it must be that 

('I], r/)=0. 

(1) 

(2) 

Therefore, to find characteristic functions of ~ (E, E') with respect 
to A, different from xcii, it is sufficient to consider the set functions 
which are orthogonal to Lc1i. 

Put 

st0 ) (E,E)='TJi') (E) "7i'i (E') + "7~') (E) r,?i (E') + .... +'T/~~(E) 'T/i/:/(E'). 

Then Ttecii transforms each of the functions cp (E) in L 2 (/3) into func­
tions of L<1l. For, decompose cp (E) into two components 

<p (E)=cp(ll(E)++(ll(E), 

where cpr1l(E) is constained in LC1 1, and +c1J(E) is orthogonal to Lc1J. 

Then, since 

and 

we haV(' 

TS'1<1l'1][1l(E) = 'l]il)(E), 

Tf/Cll"fr(l)(E) = 0, 

(i=l, 2, .. .. ,p) 

(3) 

From this equality, we can say that 5tc1l(E, E') has only one charac­
teristic constant, that is 1, and a set function cp (E) is a characteristic 
function of JtC1l(E, E') when and only when cp (E) is a set function in 
L(I). 

Now put 

2 (E E')=st (E E')--!___st<1l(E E') 
i ' ' -;\ i1, ' 

(4) 
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Then 

T2 1¢ (E) = Trerf:, (E)- x~iJ Tfe 11 cp (E). 

Since X <1> Tse cpc1J(E) = cb 0 '(E), 

we have, by (3) 

T2 cp (E) = _!_ cp(l)(E) + Tfe,Jr< 1>(E)-. l cp<1l(E) 
I ?._(1) ;\_(1) > 

that is, (5) 

If ¢ (E) is a characteristic function of st (E, E') wifo respect to ';\. 
different from ?..(I), then, cp (E) must be orthogonal to L 0 l, that is, 

¢ (E)=,Jr 11 l(E). 

Hence by (5), cp (E) is also a characteristic function of £1(E, E') with 
respect to the samo characteristic constant A. 

Next let cp (E) be a characteristic function of 53 1 (E, E') with respect 
to A, then, since by (5) T21 transforms all set functions in L(1J into the 
null function, cp (E) must be orthogonal to L(1l. That is, 

¢ (E)=,fr(11(E). 

Then by (5), ¢ (E) is also a characteristic function of st (E, E') with 
respect to the same characteristic constant ?... 

Therofore, to find all th0 charactt>ristic constants and corresponding 
charackristic mallifolds of st (E, E'), different from ';\.<1J and Lei), it is 
sufficient to consider all the characteristic constants and corresponding 
characteristic manifolds of 531 (E, E'). 

Since 

we have 

Therefore, by ( 4) 

Then 

If 

(i=l,2, .. .. ,p) 

II st l'12=i 53 11'2+- _I__ I 5t(l) 112. 
I • t ' A (I 2 'I 

+I fro : l Pi -. .n.11 ----0 
?.. <n2 ' 
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then st(E E')=_!_ st<1l(E E') 
' A(l) ' • 

But, if 

II st JJ2-1.!_>o, 
A(l)2 

by the method of the preceding section, we find a characteristic constant 
x<2> of £1(E, E') which has the least absolute value, and a linear mani­
fold of L <2> of p 2 dimensions. Then 

I A (l) I;§; I A (2) I, 

and j1z :s;\\ 2 11·!-II st 112 - pi 
x<2J2 - 1 - xc1i2 • 

Now put 

where 

stC2> (EI E') =,,,f2l(E) ,,,f21(E') + '1/~2l(E) '1}}21 (E') + • • .. + ,,,<;j(E)'TJ~!'(E'), 

,,,[2l(E), '1/~2l(E), ........ , 'TJ1~(E) being the complete orthogonal system in 
L<2i, and apply the above methods to 2lE, E') instead of 2,(E, E'), and 
so on. 

If an integer n exists so that 

II st 112 p1 p2 - Pn =0 
- x<1J2 - xc2J2 - · · · xcni2 , 

then 

S?(E E 1)=_l__Sf_(ll(E E')+ _l_Sf,<2l(E E 1)+ .... ~-1-st<n)(E E') (6) 
' -;>,,c1> ' xc2i ' x<n1 ' 

is the required result. 
But, if 

II st 11 2-~- p 2 - -~>0 
-;>,. c1i• A c2i• • · • • A cni• 

for any value of 11, then since the infinite series 

p1 p2 Pn 
xc1i2 + X (:!l• + · · · · + -;>,_CnJ2 + · · · · 

converges, 

).,~l)jt(ll(E, E') + A~2)st<2l(E, E')+ • • • • + -;>,_7,.)st(")(E, E')+ .... • 
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converges strongly to a set function, say ,.P (E,E'), of L2*(j3); and 

lim I ;\cnl l=oo. 
n➔oo 

87 

Since we have successively taken the characteristic constants which have 
the least absolute values, there exist no characteristic constants except 
A. (1)' A. (2>, . . . . ' A. ( "l, .. ' .. 

I will now show that .re (E, E') is equal to ~ (E, E'). For, if not, 
put 

D (E, E')=st (E, E')-,.P (E, E'); 

then "lince D (E, E') is symmetric, by the preceding section, D (E, E') 
has at least one characteristic function, say 77 (E), with respect to a 
characteristic constant ;\, i.e. 

77 (E)=;\To77(E). (7) 

Since 
('n,) (ti) 

11 (11) T (nJ T (n) 'Y/t _'Y/_I___ _ 0 or;, = ser;; - W;'Y); =-A.(n) - A.(n) = . ( i = 1, 2, .... , p") 
n-1, 2, ..... . 

we have 

( i=l, 2, - . ·. ,Pn) 
n=l, 2, ..... . 

That is, 77 (E) is orthogonal to all the characteristic functions with res­
pect to A (1>, ;\ <2l, .... , ;\rro, . . . . . Therefore, 

TW;77(E)=O. 

Consequently, 

Ton (E)= T~rJ (E)- 1.'W;11(E) = Tse17(E); 

then by (7) 

17 (E)=AT~r; (E). 

Therefore, A, being a characteristic constant of .re (E, E'), must be equal 
to one of ;\ cii, ;\ c2>, ..•. , 71. <n>, But 77 (E) is orthogonal to all the 
characteristic functions with respect to A C1l, -X. c2i, .... , -x. <ni, . . . . . ... , 
which is absurd. Consequently, it must be that 

D (E, E')=O. 

Now, we have the required results: 

st (E E')=__!_5eci,(E E 1)+ __!_,rec2l(E E') 
' A.(l) ' 71,(2) ' 

+ .... + J:____Stcnl(E, E') + .... , (8) 
A.(nl 
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II l'.l)j"l=_]}___]___ P2 Pn 
ol'- I A (1)2 + A is,2 + · · · · + >.,r~ + · · · · • · • 

If we put as follows : 

'T/1 = 'T/il), ....... ' 

A1 =;\2= ..••..•. =A1,1=X0 l, 

Ap1+1 = Ap1+2= ..•.•••• = Ap1+v2=A <2J, 

then (6) and (8) may be written as follows : 

jt (E, E') = L'T/v(E) 'T/v(E') 
" Av 

and 

jlstW=~ ~!. 

Thus, we can always expand the syrnmetric kernel with respect 'to 
the orthogonal system of characteristic fnnctions. <1l 

Similarly, we can expand tho iterated kernels of st (E,E'). Thus<2J 

st-2(E,E')=TseSt (E,E') 

= [lim] 'Tse i: 17,(E) 'T/v(E') 
'il ➔D v'-1 Av 

(by~sec. 23, (3)) 

= [lim]_± 'T/v(E') TS?'TJiE) 
n--,.c.;i. v=1 Av 

= riimJi; 7Jv{E') . 'TJ,(E). 
n➔c.o V=l AJ, Av-

= l; 'TJiE) 'TJ_;(E') 
v~1 A; 

(1) When the symmetric kernel is a continuous point function, the expansion is 
possible when the expanded series is uniformly convergent. 

(2) When ~ (E, E') is expanded in the form , 6), it is simple. 
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Generally 

st:,(E ,E') = f 17,(E) 11.(E') , 
v-1 A.' 

the convergence being strong. 

27. Lot Lr;e denote the linear manifold whose fundamental system 
is composed of the characteristic functions 

111 ( E), 1J2 (E), .... , 11, (E), ....• 

of the symmetric kernel st: (E, E'). 
Let ¢ (E) be any set function in Li/3). If we put 

C5n(E, E') = i 3J.,(E)1],(E') , 
v-1 Av 

then by sec. 23, ( 4) 

'l'r;e¢(E)=[lim] 'l'e;n¢(E)=[lim]i; (cf>, 17,) 11,(E) 
n-+oo n➔oo v •-1 Av 

= (cp, ?Ji) 111 (E) + (cp, 172) ?JiE) + ... , + Cch_17,l 11vCE) + ..... 
At A2 Av 

Therefore, 'l'secf>(E) is a function of Lse; that is, Tse transfoi·nw all set 
functions in L2(f3) ·into set Junctions in Lse. 

If cp(E) is orthogonal to Lse, then 

(cf>, 17,)=0. (v=l, 2, .... ) 

therefore, 

Conversely, if 

then 

(¢, 17,)=(¢, Av Tse17,!= X,('l'secf>, 17,)=0, (v=l, 2, .... ) 

that is, cf, (E) is orthogonal to Lr;e. 
Consequently, the n(cessary and sufficient condition that a .~et fuuctiori 

cf, (E) in Li/3) 1:s orthogonal to Lst, is that 

Tse cf> (E') = 0. 
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Solution of Integral Equations with 
Real Symmetric Kernels. 

28. Consider the linear integral equation of the .first kind 

t (E) = 1'Sic cp (E) (1) 

with real :oymmetric kernel st (E, E'). Then, by the preceding section, 
it is necessary that the given function t (E) is a set function in Lsr. 
Hence ,fr (E) may be expressed as follows 

,fr (E)=L,Cv'f/v(E), 
• 

L c.2 being convergtnt. Let 
V 

</>(E)=L a,,,,,(E)+</>' (E), 
V 

whero <!>' (E) is orthogonal to Lsr, and L a.2 is convergent. Since , 

TSiccp'(E)=O, 

cp' (E) is arbitrary. We can determine thn unknown coefficients a1, az, 

.... , a,, . . . by the following equality, ·which we have from (1) 

L c,,,,,(E)= T.re{L a,,,,,(E)I 
V V 

=L~TJ,(E). 
V Av 

Therefore, we hane 

c,=-0--"- (v=l, 2, ... . ) 
::\, 

Consequently, if .L ;,../c/ is convergent, the solutions of (1) arc 
given by 

<p (E)= L, AvCv'f/v(E) +¢'(E), 
V 

cf>' (E) being an arbitrary function orthogonal to· Lsr-

29. Next, consider the linear integral equation of the second kind 

<!>(E)=t(E) + ;,..1~¢(E) (1) 

with real symmetric kernel st (E, E'). Let the given function t (E) and 
the unknown function <p (E) be 

t (E)=L, Cv'f/v(E)+t'(E), 
V 

<p (E) = L a,'f/, (E) + cp'(E), 
V 
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where 't' (E), ¢'(E) are orthogonal to Lse, and L c.2, L re/ are conver-
• . 

'Pse¢' (E)=O, 

we have from (1) 

L a,'T}. (E) +¢'(E) = L Cv'T)v (E) +-t'(E) + A:l'se) L a,'T},(E) L 
V V V 

Then 

¢' (E) ='t'(E), 

and L a,'T}·(E)=L Cv'T}v(E)+AL-a-"-'TJv(E). 
v v v Av 

Hence 

a,=c,+;>._~. 
A, 

(v=l, 2, .... ) (2) 

If A 1s not a characteristic constant of re (E, E'), then from (2) 

A, c, a,=--. 
:.\.,-A 

Therefore, we haye a unique solution 

<p(E)= L A,C, 'T},(E)+-t'(E), 
• A,-A 

or 

¢ (E)=-t (E) + AL ___iv -7J,(E), 
• ;\,-A 

(3) 

since 

71. V s,_ - C + ~___£,,__ 
A,-A - • i\,-A. 

Of course, the series (3) converges strongly, for J.-1-\ < 1 when v is 
!A,-:\ 

sufficiently large. 
If X is a characteristic constant, and 

then from (2), it must be that 

r.=O, (v=i, ·i+ 1, ... ,, i+j) 

that is, the given function 't (E) must be orthogonal to all characteristic 
functions with respect to i\, and ai, ai+i, ... , ai+i can be arbitrary. 
The solutions of (1) are given by 
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cp (E) = 2' Av Cv '1],(E) + y1 (E) + ~ a,'l]v(E), 
v Av-A v-i 

or 
C !+./ 

</> (E)=Y (E) + A21 ··-'-'IJ,(E)+ Lav' 'f/,(E), 
v Av-A v=l 

(4) 

where 2' represents the summation with respect to all values of v, 
V 

except v=i, i+l, .... , i+j, and a'1 a1;+1, .••• , a11+1 are arbitrary con-
stants. 

(3) and (4) correspond to Schmidt's solutions<1> of the ordinary in­
tegral equation. 

(1) E. Schmidt. Math. Ann. 63 (1907), 454. 
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